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Abstract—Robust and precise control of piezoelectric ac-
tuators is quite challenging due to the existence of strong
hysteresis nonlinearities. In this paper, a control strategy is
proposed based on the uncertainty and disturbance estimator
(UDE) to improve the performance of the positioning control
of piezoelectric actuators. Compared to the existing hysteresis
inversion based or other robust control strategies, the UDE-
based controller can achieve excellent positioning precision
without the knowledge of the bound and shape of hysteresis.
Simulation results are presented to illustrate the effectiveness
of the UDE-based controller, where the system dynamics of
the piezoelectric actuator are characterized by a second order
linear system preceded by a symmetric or an asymmetric
generalized Prandtl-Ishlinskii (GPI) input hysteresis model.
The extraordinary capability of the UDE-based controller is
further demonstrated on other smart material-based actuators,
e.g., magnetostrictive, shape memory alloys (SMA), where the
hysteresis is characterized by a saturated GPI model.

Index Terms—Piezoelectric actuator, hysteresis, generalized
Prandtl-Ishlinskii (GPI), uncertainty and disturbance estimator
(UDE), robust control.

I. INTRODUCTION

P IEZOELECTRIC actuators are widely applied in both
industrial and academic research, e.g., in nanoposition-

ing stage, microrobotics, active vibration control etc. [1],
[2], [3], [4], [5], [6], [7]. The popularity of piezoelectric
actuators can be attributed to its inherent merits, including
fast response, ultra-high resolution, high output force, large
bandwidth, zero backlash and little heat generation [8].

Despite the advantages of piezoelectric actuators, they
generally exhibit strong hysteresis effects in their output
response [9], which might cause inaccuracies, oscillations
and even instability in some closed-loop systems. Since the
1980s, it has been found that the hysteresis nonlinearities
in charge-driven piezoelectric actuators are minimal [10],
[11]. Therefore, the hysteresis effect can be eliminated or
reduced by using a charge-driven approach or a capacitor
insertion method [12]. In [13], [14], a new type of current
and charge amplifier was proposed and analyzed. Neverthe-
less, this unique property of piezoelectric materials has not
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been widely used yet because it is difficult to drive highly
capacitive loads with available charge/current amplifier [15].

Compared to the charge control method, the voltage
control method is more widely applied in practical systems
actuated by piezoelectric materials. Generally, most existing
voltage control strategies will be either hysteresis model-
based compensation or non-model-based compensation. For
the first category, a suitable hysteresis model is needed
for identifying the hysteresis behavior. Several phenomeno-
logical models have been proposed and widely used for
piezoelectric actuator modeling, e.g., Preisach model [16],
[17], Prandtl-Ishlinskii (PI) model [9], [18], [19], [20],
[21] and Bouc-Wen model [2], [22]. Also, a polynomial-
based hysteresis model is introduced in [23]. Typically, a
corresponding inversion of the hysteresis model needs to be
calculated for the compensation of hysteresis by feedforward
control. The challenges with such approaches lie in the hys-
teresis modeling complexity and parameter sensitivity. It has
been found that the hysteretic behaviors of smart materials
might be be varying with time, temperature or some other
ambient conditions [24]. In addition, some of the hysteresis
models (e.g., Preisach model) are not analytically invertible
[9], so only approximate inversions can be obtained. Thus,
such inversion-based feedforward controllers are generally
employed with other feedback controllers to achieve preci-
sion positioning. Liu et al. in [17] combined a hysteresis
compensator based on the inversion of Preisach model with
a PID controller to achieve robust control of piezoelectric
actuator. For the second category, a robust controller is
designed to handle the uncertainty or disturbance introduced
to the nominal system by the hysteresis effect. In [2], Li et al.
proposed a sliding mode control with disturbance estimation
featured by a PID-based sliding surface and adaptive gains,
which only requires online estimation of disturbance and
control gains rather than the knowledge of bounds on uncer-
tainties. Wu et al. in [25] introduced a H∞ robust feedback
control combined with feedforward control based on system
inversion to achieve high-speed precision output tracking
on the piezoelectric actuator. A fuzzy decentralized control
approach was proposed and applied for trajectory tracking by
Hwang [26]. Enlightened by [27], a dynamic surface control
scheme is proposed for piezoelectric fuel injector [28].

Unlike those aforementioned robust but complex con-
trollers designed for specified hysteresis (model or shape),
the target of this paper is to introduce a more simplified and



robust controller, which can mitigate the hysteresis effects
of piezoelectric actuators modeled by various generalized
Prandtl-Ishlinskii (GPI) hysteresis, including symmetric or
asymmetric shape. To achieve this, an uncertainty and distur-
bance estimator (UDE)-based controller will be developed.
The UDE is constructed based on an assumption that any
signal can be recovered via a filter with the appropriate band-
width [29]. In [30], the UDE-based controller was proved
to be robust and applied to a class of nonlinear non-affine
systems, and additionally the uncertainty and disturbance was
well estimated. Such extraordinary capability of the UDE-
based controller will be explored to alleviate the hysteresis
effects of piezoelectric actuators in this paper.

The remainder of this paper is organized as follows. The
preliminaries and problem formulation are given in Section
II. In Section III, the UDE-based controller will be designed
for piezoelectric actuators and the stability analysis of the
closed-loop system will be given. Simulation results are
provided in Section IV to verify the effectiveness of the
proposed UDE-based control on the hysteresis compensation
in piezoelectric actuators. In order to show the extraordinary
capability of the UDE-based control, further study on the
tracking control of other types of smart material-based actu-
ators with saturated hysteresis, e.g., magnetostrictive, shape
memory alloys (SMA), is presented in Section V. Conclusion
will be made in Section VI.

II. PRELIMINARIES AND PROBLEM FORMULATION

The linear dynamics of piezoelectric actuators are typically
identified as a second-order linear system as follows:

ẍ(t) + 2ξωnẋ(t) + ω2
nx(t) = ω2

nu(t), (1)

where x(t) is the system output (i.e., actuator displacement),
and u(t) is the excitation force generated by piezoelectric
material deformation when the input voltage is applied.
Due to the hysteresis effects in piezoelectric actuators, the
relationship between the excitation force u(t) and the input
voltage v(t) are usually nonlinear, which will be character-
ized by the generalized Prandtl-Ishlinskii (GPI) model in this
paper.

A. Review on the GPI Hysteresis Model

The classic PI model integrates the classic play operator
with a density function to describe the input-output hysteresis
relationship. However, the nature of the classic play operator
limits the capability of the classic PI model to characterize
only symmetric hysteresis loops of piezoelectric actuators
[19]. On the other hand, asymmetric hysteresis loops have
been observed on some actuators using hard piezoelectric
materials and saturated hysteresis loops also exist on some
shape memory alloys (SMA) and magnetostrictive actuators
[31]. To characterize such asymmetric hysteresis or saturated
hysteresis, the GPI hysteresis model is proposed by introduc-
ing envelope functions to the classic play operator. Assume
that the input signal v(t) ∈ C[0, T ) is monotonic on the

subinterval [ti, ti+1], i = 0, 1, 2, · · · , and t0 = 0. Then the
GPI hysteresis model can be represented as below [9]:

u(t) = H[v](t) =

∫ D

0

p(r)Fr[v](t)dr, (2)

where r refers to the threshold value as 0 = r0 < r1 <
· · · < rn = D; the density function p(r) satisfies p(r) > 0
with

∫∞
0
rp(r)dr < ∞; D is a constant so that the density

function p(r) vanishes for r larger than D; the generalized
play operator Fr[v](t) is defined as

Fr[v](t) = fr(v(t), Fr[v](ti)), for ti < t < ti+1,

Fr[v](0) = fr(v(0), 0),

fr(v, w) = max(γL(v)− r,min(γR(v) + r, w)),

where γL(v) and γR(v) are the aforementioned envelope
functions. By choosing different envelope functions, the
GPI model can be used to characterize various shapes of
hysteresis. When γL(v) = γR(v) = v, the GPI model is
reduced to the classic PI model, i.e., the classic PI model is a
special case of GPI model. The asymmetric hysteresis loops
can be characterized by using different γL(v) and γR(v),
and the saturated hysteresis can be modeled by choosing the
envelop functions, e.g., in the form of a0 tanh(a1v+a2)+a3,
with a1, a2, a3 as constants.

B. Problem Formulation

Define X(t) = [x1(t) x2(t)]T = [x(t) ẋ(t)]T as the state
vector, then (1) can be re-expressed as

[
ẋ1(t)
ẋ2(t)

]
=

[
0 1
−ω2

n −2ξωn

] [
x1(t)
x2(t)

]
+

[
0
ω2
n

]
u(t).

(3)
Substituting the input hysteresis (2) into (3), the full dynam-
ics model of the piezoelectric actuator can be obtained as

Ẋ(t) = AX(t) +BH[v](t), (4)

with A =

[
0 1
−ω2

n −2ξωn

]
and B =

[
0 ω2

n

]T
. For

the trajectory tracking task, the desired trajectory is specified
by Xm(t) = [x1m(t) x2m(t)]T = [xm(t) ẋm(t)]T , which is
assumed to be piecewise continuous and uniformly bounded.
The control objective is to design the control signal v(t) so
that the tracking error e(t) = [e1(t) e2(t)]T = Xm(t) −
X(t) asymptotically converges to zero with the desired error
dynamics governed by

ė(t) = Ke(t), (5)

where K ∈ R2×2 is the error feedback gain matrix and

chosen to be in the form of
[

0 1
−k1 −k2

]
, with k1, k2 > 0.

III. CONTROL DESIGN AND STABILITY ANALYSIS

A. UDE-Based Controller Design

The UDE-based controller will be designed in this subsec-
tion for the tracking problem stated in Section II-B without



knowing the dynamics and bound of hysteresis. To facilitate
the control design, the dynamics model of piezoelectric
actuators (4) is reformulated as

Ẋ(t) = AX(t) +B · [v(t) +H[v](t)− v(t)]

= AX(t) +B · v(t) + ud(v(t)), (6)

in which, the lumped vector ud(v(t)) includes the GPI
hysteresis H[v](t) and the control signal v(t), i.e.,

ud(v(t)) , B · [H[v](t)− v(t)]. (7)

Combining (5) and (6) results in

Ẋm(t)− [AX(t) +B · v(t) + ud(v(t))] = Ke(t).

Thus, the control signal v(t) should satisfy

Bv(t) = Ẋm(t)−AX(t)− ud(v(t))−Ke(t). (8)

According to the system dynamics (6), the lumped uncer-
tainty and disturbance term ud(v(t)) can be represented as

ud(v(t)) = Ẋ(t)−AX(t)−Bv(t).

This shows that the lumped term can be obtained from the
known dynamics of the piezoelectric actuator and voltage
input. However, the direct use of this relation will cause
algebraic loops and the control law can not be formulated.
In [29], Zhong and Rees derived the UDE-based robust
controller by using the estimation of this lumped signal in
the frequency domain. This is achievable because a signal
can be recovered by passing it through a filter, of which
the bandwidth is wide enough to cover the spectrum of that
signal. According to the assumption in [29] that if the filter
Gf (s) is strictly stable and has the unity gain and zero phase
shift over the spectrum of ud(v(t)) and zero gain elsewhere,
then ud(v(t)) can be accurately represented by

ûd(v(t)) = ud(v(t)) ∗ gf (t)

= (Ẋ(t)−AX(t)−Bv(t)) ∗ gf (t), (9)

where “∗” is the convolution operator and gf (t) is the
impulse response of Gf (s). This procedure is equivalent to
amplify the signal ud(v(t)) by the gain 1 without shifting
the phase for the frequency components that fall into the
bandwidth of the filter Gf (s), and at the same time, block
anything outside the bandwidth of the filter Gf (s), which is
0 anyway. Therefore, the signal is well represented without
adding or losing any information. Replacing ud(v(t)) with
ûd(v(t)) in (8) results in

Bv(t) = Ẋm(t)−AX(t)−Ke(t)

−(Ẋ(t)−AX(t)−Bv(t)) ∗ gf (t). (10)

By noting Bv(t) = φ(t), then

φ(t) = (Ẋm(t)−Ke(t)) ∗ L−1
{

1

1−Gf (s)

}
−AX(t)−X(t) ∗ L−1

{
sGf (s)

1−Gf (s)

}
(11)

where L−1{·} is the inverse operator of Laplace transform.
It is noted that no approximation is made before this point,
and (11) should satisfy (4).

By rewriting (10) as[
0
ω2
n

]
v(t)

=

[
ẋm(t)
ẍm(t)

]
−
[

0 1
−ω2

n −2ξωn

] [
x(t)
ẋ(t)

]
−
[

0 1
−k1 −k2

] [
e1(t)
e2(t)

]
−
([

ẋ(t)
ẍ(t)

]
−
[

0
ω2
n

]
v(t)

)
∗ gf (t)

+

([
0 1
−ω2

n −2ξωn

] [
x(t)
ẋ(t)

])
∗ gf (t),

it can be found that the first equation is always satisfied.
That means the solution for the second equation [i.e., ω2

n ·
v(t) =

[
0 1

]
φ(t)] which is unique, can be used as the

controller to fulfill the trajectory tracking task. The UDE-
based controller for piezoelectric actuator systems is then
established in the following

v(t) =
[

0 1
ω2

n

]
φ(t). (12)

It is worth pointing out that no bound and other information
of the hysteresis nonlinearities is needed for the UDE-based
controller design.

B. Stability Analysis

The asymptotic stability of the closed-loop system is
presented in the theorem below.

Theorem 1. For a closed-loop system consisting of the
dynamic model (4), the desired trajectory Xm(t), and control
law (11), if the filter Gf (s) is chosen to be a strictly-proper
stable with unity gain and zero phase shift over the spectrum
of the lumped term ud(v(t)) and zero gain elsewhere, then
the closed-loop system is asymptotically stable. Furthermore,
the tracking error dynamics converge as governed by (5).

Proof: If the lumped uncertainty and disturbance term
ud(v(t)) is known, then substituting (8) into (6) will result in
the desired error dynamics (5). However, without knowing
ud(v(t)), the estimated term ûd(v(t)) from (9) is used to
replace ud(v(t)). This brings the error dynamics in the form
of

ė(t) = Ke(t) + ũd(t), (13)

where ũd(v(t)) := ud(v(t)) − ûd(v(t)) is the estimation
error of the lumped vector. Based on (9), the estimation error
should be ũd(v(t)) = ud(v(t)) ∗ L−1 {1−Gf (s)} . Since
the filter Gf (s) is designed to be strictly proper and stable
with unity gain and zero phase shift over the whole spectrum
of ud(v(t)) and zero gain elsewhere, then ũd(v(t)) = 0.
Hence, the error dynamics (13) will converge to the desired
dynamics (5), which is asymptotically stable. This completes
the proof.
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Figure 1. Symmetric and asymmetric GPI hysteresis loops.

IV. SIMULATION RESULTS

In this section, simulation results will be provided to verify
the effectiveness of the proposed UDE-based controller for
the piezoelectric actuator model in (1) with ωn = 50 and
ξ = 0.5. Thus, the system is identified as

Ẋ(t) =

[
0 1

−2500 −50

]
X(t) +

[
0

2500

]
u(t),

where u(t) is the GPI hysteresis output fed by the control
signal v(t). Additionally, the error feedback gain matrix is

chosen as K =

[
0 1

−8100 −1800

]
. As mentioned in Sec-

tion II-A, hysteresis effects in most piezoelectric actuators
are symmetric, but asymmetric hysteresis effects also exist
in some other piezoelectric actuators. Examples for these
two different kinds of hysteresis characterized by the GPI
model will be taken into consideration. In [9], the envelope
functions in the forms of γR(v) = cR0v+ cR1 and γL(v) =
cL0v+ cL1 are used to model both symmetric hysteresis and
asymmetric hysteresis in piezoelectric actuators. The density
function is chosen to be p(ri) = ρe−σri with the threshold
values ri = αi, i = 0, 1, · · · , N . In particular, the param-
eters of symmetric hysteresis Hsym[v](t) in a piezoelectric
micropositioning stage (P-753.31 C) from the Physik Instru-
mente Company are identified as [9] cR0 = cL0 = 0.89,
cR1 = cL1 = 0.37, α = 3.47, ρ = 0.54, σ = 0.16 and N =
9. The parameters of asymmetric hysteresis Hasym[v](t) are
given as cR0 = 1.2, cR1 = 1.9, cL0 = 1, cL1 = 0,
α = 0.24, ρ = 0.07, σ = 0.1 and N = 49. The hysteresis
loops of Hsym[v](t) and Hasym[v](t) are illustrated in Fig.
1 by using v1(t) = 30 sin(0.75πt) + 20 sin(0.5πt) (V ) and
v2(t) = 15 sin(2πt) + 13.5 cos(6t) (V ) as the excitation
signal respectively.

As noted in Section III, the filter Gf (s) should have the
unity gain on the spectrum of ud(v(t)) without phase shifting
and zero gain outside the spectrum of to achieve the desired
error dynamics. The following first-order low-pass filter is
considered in the practice,

Gf (s) =
1

1 + τs
(14)

with the time constant τ . Though for such an approximated
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Figure 2. Trajectory tracking performance of piezoelectric actuator with
symmetric hysteresis.

implementation of the filter specified in Theorem 1, UDE-
based controller would lead to a non-zero but small estima-
tion error ũd(t) and thus result in degraded performance,
the performance could be excellent when a small enough
τ is chosen such that the bandwidth of filter (14) is wide
enough to cover most spectrum of ud(v(t)). In [32], some
guidance of the filter design was provided by revealing the
two-degree-of-freedom nature of the UDE-based controller.
In practice, due to the limitations of sampling time ∆t, τ
can not be chosen as small as desired. Also, the filter with
too wide bandwidth, when τ being too small, will introduce
sensor noise with high frequency, and thus might degrade the
performance of the UDE-based controller. Therefore, how to
choose τ depends on the specified application including the
hardware capability and the performance requirements. In
our case, the acceptable range of τ is [5∆t, 50∆t], with the
sampling time ∆t = 0.001s.

By using such a filter (14), the following equations can be
achieved

1

1−Gf (s)
= 1 +

1

τs
and

sGf (s)

1−Gf (s)
=

1

τ
.

Therefore, the UDE-based controller can be further derived
from (11) and (12) as

v(t) =
1

2500
(ẍm(t) + 8100e1(t) + 1800e2(t) + 50ẋ(t)

+2500x(t)) +
1

2500τ
(−ẋ(t) +

t∫
0

(ẍm(ξ)

+8100e1(ξ) + 1800e2(ξ))dξ). (15)

Other parameters are chosen as: the simulation time 4s,
and the filter parameter τ = 0.01s. The desired trajec-
tory is specified as Xm(t) = [xm(t) ẋm(t)]T , xm(t) =
M cos(2πt) (µm) with the magnitude M . The initial states
of the system are set to be X(0) = [M 0]T . Due to different
operation ranges of different actuators, the magnitudes of
trajectories are set accordingly. Here, we set M = 40 for the
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Figure 3. Trajectory tracking performance of piezoelectric actuator with
asymmetric hysteresis.

system with symmetric hysteresis Hsym[v](t), and M = 10
for the system with asymmetric hysteresis Hasym[v](t). The
simulation results are presented in Figs. 2 and 3.

From Fig. 2(a), the system output can follow the desired
output trajectory very well in the presence of a symmetric
input hysteresis Hsym[v](t). From Fig. 2(b), the tracking
error is at most 0.29µm, i.e., the relative tracking error is
0.7%. Due to the existence of hysteresis, it can be seen
that the voltage input v(t) and hysteresis output u(t) are
different in Fig. 2(c). The use of UDE keeps the uncertainty
and disturbance lumped term ud(v(t)) being well estimated,
as seen from Fig. 2(d). In this way, the lumped term ud(v(t))
can be compensated by the UDE-based controller to fulfill
the trajectory tracking task successfully. It is noted that such
a good performance is achieved by the proposed UDE-based
controller (15) in the existence of hysteresis uncertainty
Hsym[v](t) but without the knowledge of its bound and
shape.

Fig.3 shows the good trajectory tracking performance
of the proposed UDE-based controller for piezoelectric
actuators in the presence of asymmetric input hysteresis
Hasym[v](t). In this case, the tracking error is at most
0.17µm, i.e., the relative tracking error is 1.7%. As shown
in Fig.3(c), the difference between v(t) and u(t) is much
larger than that in Fig. 2(c), which makes the hysteresis more
difficult to compensate and control, and thus results in a little
larger relative error.

V. FURTHER STUDY ON SATURATED GPI HYSTERESIS
COMPENSATION

In Section IV, both symmetric and asymmetric hystere-
sis nonlinearities of piezoelectric actuators can be well
estimated and compensated by the UDE-based controller
without knowing the bound and shape. Different from those
hysteresis existing in piezoelectric actuators, the hysteresis
nonlinearities might be saturated in some actuators driven by
other smart materials, e.g., magnetostrictive, shape memory
alloys (SMA). In this section, the hysteresis loop of a
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Figure 4. Saturated hysteresis loop.

SMA actuator characterized by the saturated GPI model is
taken into consideration for the system (4). As identified
in [9], the envelope functions are chosen to be γL(v) =
22.271 tanh(0.0098v) and γR(v) = 23.352 tanh(0.011v) +
2.279. The density function is chosen to be p(ri) =
1.36e−0.21ri while the thresholds are ri = 0.86i, i =
0, 1, 2, 3, 4. The hysteresis loop is given in Fig. 4 by
using v(t) = e−0.2t(sin(2πt)+1)−0.7(◦C) as an excitation
signal. For the tracking task, the desired trajectory is chosen
as xm(t) = 40 cos(2πt) (mm) and the initial states of
the system are set to be X(0) = [40 0]T . The simulation
results are given in Fig. 5, from which, it can be seen
that the tracking error is very small (0.79mm with relative
error 1.9%) and the lumped term is well estimated. This
further demonstrates the extraordinary capability of UDE-
based controller in handling the hysteresis uncertainty.

VI. CONCLUSIONS

In this paper, the dynamics model of the piezoelectric
actuator was identified as a second-order linear system
preceded by the hysteresis characterized by the generalized
Prandtl-Ishlinskii (GPI) model. Without the knowledge of
the bound and shape of the hysteresis, the UDE-based
controller was proposed and applied to piezoelectric actuator
positioning control. The simulation results showed that both
symmetric and asymmetric hysteresis uncertainties can be
well estimated and compensated, and the trajectory tracking
errors were all small enough to demonstrate the effectiveness
of the proposed UDE-based controller. Further study on the
saturated hysteresis effect compensation for SMA actuator
was presented by using the UDE-based controller. In the
future work, the experimental validation of the presented
results will be conducted on a piezoelectric micropositioning
stage from the Physik Instrumente Company.
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