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Intrinsic UDE Control of Mechanical Systems on SO(3)

A. L. M. Sanka Liyanage, Jordan M. Berg, Beibei Ren, and D. H. S. Maithripala

Abstract— The uncertainty and disturbance estimation
(UDE) structure provides flexible and intuitive controller design
for command following and disturbance rejection in uncertain
linear and nonlinear systems. In this paper, an intrinsic UDE
controller is demonstrated for fully-actuated mechanical sys-
tems on SO(3), the group of rigid-body rotations in three-
dimensional Euclidean space. The controller is derived in a
geometric framework, thereby avoiding issues arising from
any particular set of coordinates. Simulations and experiments
using a quadrotor test bed show that the controller can stabilize
a desired equilibrium attitude in the presence of disturbances
and parameter error.

I. INTRODUCTION

The uncertainty and disturbance estimator (UDE) control
structure provides a useful control design framework for
linear and nonlinear systems [1], [2], [3], [4]. The UDE
approach reduces the servomechanism problem to that of
selecting an appropriate filter to capture the dynamic char-
acteristics of the commands to be tracked or the disturbances
to be rejected [3]. Recent work has extended the UDE frame-
work to time-delay systems [5], [6]. This paper considers the
coordinate-free extension of the UDE framework to fully-
actuated mechanical systems on Lie groups.

Geometric control design addresses the control of dynamic
systems evolving on manifolds that cannot be identified
with Euclidean spaces [9], [10], [11], [12]. Inherent in
the manifold description is the requirement for multiple
coordinate charts to describe the configuration and velocity
of the system. This requirement for multiple coordinate
systems naturally raises the question of which is the best
choice for control design. The geometric approach to control
is based on the premise that the controller itself should
be described in a coordinate free, or intrinsic, setting [8].
Intrinsic controllers may be directly expressed in any choice
of coordinates without the need for additional analysis, and
with no special logic needed to handle transitions from one
chart to another. Results on geometric control for tracking
and disturbance rejection in SO(3) includes [9], [13], [14],
[15], [16].

Deriving a coordinate-free, intrinsic UDE formulation
presents several challenging obstacles. The main UDE design
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parameter is a filter that incorporates the dynamic properties
of the commands and disturbances. The meaning of this filter
is a general geometric setting, is unclear. Here we proceed
from the premise that the filter should capture the physical
nature of the command and disturbance signals. Hence, dis-
turbances that are expected to be constant or slowly varying
in a particular reference frame are filtered in that frame. To
develop this notion more fully it is useful to focus on a
particular case. Therefore this paper is concerned specifically
with rigid-body attitude control, which is naturally expressed
in the Lie group SO(3), the space of all rigid rotations in
three spatial dimensions.

This paper is organized as follows: Section II presents
the dynamic equations of a fully-actuated mechanical system
on SO(3). Section III derives the UDE controller for this
system. Section IV describes simulation results for attitude
stabilization of a quadrotor model subject to disturbance
forces and parametric uncertainty. Section V describes pre-
liminary experimental results on a small quadrotor UAV.
Finally Section VI presents our conclusions.

II. INTRINSIC GOVERNING EQUATIONS ON SO(3)

The orientation of a rigid body in three-dimensional Eu-
clidean space is an element of the Lie group SO(3). The
state space is the tangent bundle for SO(3). We represent the
attitude of the body at time t by R(t) ∈ SO(3), where R is
a 3× 3 orthogonal matrix with determinant +1. Every R ∈
SO(3) satisfies RT R = I. Thus ṘT R = −RT Ṙ = −

(
ṘT R

)T ,
and so ṘT R is an element of Skew3, the space of 3×3 skew-
symmetric matrices. The skew-symmetric matrix RT Ṙ is the
velocity vector. Skew3 may be identified with R3 using the
“hat” map,

Ω̂ ,

 0 −Ω3 Ω2
Ω3 0 −Ω1
−Ω2 Ω1 0

 , (1)

where Ω= [Ω1,Ω2,Ω3]
T ∈R3. Subsequently we refer to both

Ω̂ = ṘT R and the corresponding Ω as the velocity vector,
where the meaning should be clear from context. For further
details we refer to [17], [18].

The intrinsic equations describing the evolution of R ∈
SO(3) are [18],

Ṙ = RΩ̂ (2)
∇ΩΩ = Tu +d (3)

where Tu is the generalized control force vector, Tu = I−1τu
where τu is the physical control torque and I is the inertia
matrix. Vector d is the generalized external disturbance force
vector, including the generalized force equivalents arising
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from unmodeled dynamics in the body frame. ∇ΩΩ is the
intrinsic acceleration of the system, found as the covariant
derivative of Ω along itself. The covariant derivative gener-
alizes the notion of the directional derivative, and may be
thought of as the component of the velocity vector that is
tangent to the configuration manifold. For further details we
refer to [11], [18]. For two velocity vectors, η̂ , ζ̂ ∈ R3, at
the same configuration R,

∇ζ η = η̇ + 1
2

(
ζ ×η− I−1(Iη×ζ + Iζ ×η)

)
. (4)

where η̇ is the normal time derivative of η measured in the
body frame [13], [14], [17]. Thus

∇ΩΩ = Ω̇− I−1(IΩ×Ω). (5)

The control objective is for the system (2)–(3) to asymptot-
ically track a reference system, specified as

Ṙd = RdΩ̂d (6)
∇Ωd Ωd = fd(t) (7)

where fd(t) is a given reference control input. We require that
fd be bounded for all t. The various results and definitions
given above for (2)–(3) naturally apply to (6)–(7) as well.

III. INTRINSIC UDE CONTROL ON SO(3)

A. UDE Overview

Given a system with state x∈Rn, state equation ẋ= f (x)+
u+∆(t,x), where u is a control input and ∆ includes both
disturbance forces and modeling errors, and reference system
ẋd = fd(xd)+ud(t), consider the problem of driving a scalar
error function E (x,xd) to zero. Differentiation gives

Ė =

(
∂E

∂x

)
( f (x)+u+∆)+

(
∂E

∂xd

)
( fd(xd)+ud(t))

to which we wish to assign the dynamics

Ė =−kE .

Thus, (
∂E

∂x

)
( f (x)+u+∆) =−Fd(t,xd),

where Fd(t,xd), kE +
(

∂E
∂xd

)
( fd(xd)+ud(t)), or

u(x,ud ,∆) =− f (x)−∆−
(

∂E

∂x

)−1

Fd(t,xd). (8)

Note that xd(t) can be found from ud(t), the specified
reference dynamics, and the initial condition xd(0). However
because ∆ is unknown, we cannot directly implement (8).
Hence it is necessary to find an estimate ∆̂. In the UDE
framework, this estimate is obtained based on the identity
∆ = ẋ− f (x)−u. To do this, the signal ẋ− f (x)−u is passed
through a linear filter with impulse response g f (t) to obtain

∆̂(t) = g f (t)? ẋ−g f (t)? f (x(t))−g f (t)?u, (9)

where “?” denotes convolution. To avoid the need to measure
ẋ, the filter is designed to include an integrator. Substituting
(9) into (8) yields the following implicit expression for u:(

δ (t)−g f (t)
)
?u(t) =−(δ (t)−g f (t))? f (x(t))−g f (t)? ẋ

−
(

∂E

∂x

)−1

Fd(t,xd), (10)

where δ (t) is the delta function.
A common scenario in the UDE literature is to consider a

second-order system with vector error [xE ,vE ]
T , where xE ,

x− xd is a scalar and vE , ẋE . A scalar error is defined
as E = k1x+ v, with scalar k1 > 0. Subsequently we will
translate this formulation into the geometric setting for a Lie
group. In that case such a scalar error will be defined for
each independently actuated degree of freedom. The result
will be separate UDE controllers for each degree of freedom,
coupled by the system dynamics.

B. UDE for Fully-Actuated Systems on SO(3)

The goal of this section is to stabilize a rigid body at a
desired operating attitude Rd on SO(3). Let the configuration
error be E = RT

d R [17], [13], [14], [12], [15]. Then the error
dynamics can be written intrinsically as,

Ė = EΩ̂E (11)
∇ΩE ΩE = Tu +d (12)

where Tu is the generalized control force and d is the gener-
alized disturbance force. Ω̂E =ET Ė is a skew symmetric ma-
trix which consists of the error body angular velocities. It can
be shown that error velocities are ΩE =Ω−ET Ωd . Next con-
sider a polar Morse function f : SO(3)→R, with a unique
global identity I3×3. Polar Morse functions exist on any com-
pact manifold [17]. Let f (t) = f (E(t)) and let the gradient
be η = E(t)T grad( f (E(t))). Subsequently we consider the
globally defined polar Morse function f (E) =tr(I3×3 − E)
[17]. It follows that Îη = (E − ET ) and η̂ = 1

det(I) I(E −
ET )I. It also follows that f (E) has four critical points at
E0 = I3×3, E1 =diag{1,−1,−1}, E2 =diag{−1,1,−1}and
E3 =diag{−1,−1,1}, where E0 is a global minimum and
the others are local maxima [17].

Define the variable

η̂ =
1

det(I)
I(E−ET )I

e =

[
η

ΩE

]
6×1

(13)

where η and ΩE are vectors in R3, associated with η̂ and Ω̂

respectively.
Define the the scalar error function on SO(3)

E3×1 =
[
(K1)3×3 I3×3

]
e6×1 (14)

where K1 =

k1 0 0
0 k1 0
0 0 k1

, where k1 > 0 is a scalar. Also Ê

lies on tangent space so(3), where Ê = k1η̂ + Ω̂E . Then,

E = k1η +ΩE ∈ R3 (15)
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Covariant derivative of the filtered tracking error

∇E E = ∇(k1η+ΩE )(k1η +ΩE) (16)

By expanding the right hand side

∇E E = k1∇(k1η+ΩE )η +∇(k1η+ΩE )ΩE

= k2
1∇η η + k1∇ΩE η + k1∇η ΩE +∇ΩE ΩE (17)

Covariant derivative of η according to (4)

∇η η = η̇− I−1(Iη×η)

Then (17) becomes

∇E E = k2
1(η̇− I−1(Iη×η))+∇ΩΩ−ET

∇Ωd Ωd

+k1∇ΩE η + k1∇η ΩE (18)

Substitute (3) and (7) to (18)

∇E E = k2
1(η̇− I−1(Iη×η))+Tu +d−ET fd

+k1∇ΩE η + k1∇η ΩE (19)

Following (4), the covariant derivative of E is

∇E E = Ė − I−1(IE ×E ).

Expanding the left hand side gives

Ė − I−1(IE ×E ) = k2
1(η̇− I−1(Iη×η))+Tu +d

−ET fd + k1∇ΩE η + k1∇η ΩE

Thus,

Ė = k2
1(η̇− I−1(Iη×η))+Tu +d−ET fd

+k1∇ΩE η + k1∇η ΩE + I−1(IE ×E ) (20)

Lets define D = k1∇ΩE η +k1∇η ΩE +d. Then (20) becomes

Ė = k2
1η̇ +Tu−ET fd + I−1(IE ×E )− k2

1I−1(Iη×η)+D
(21)

Consider
Tu = v+ud (22)

where v and ud are stabilization term and disturbance can-
cellation controllers. v can be considered as

v = −kpη− kdΩE − k2
1η̇ +ET fd− I−1(IE ×E )

+k2
1I−1(Iη×η) (23)

where kp and kd are constants. ud can be selected as

ud =−D (24)

By subtituting (23) and (24) to (21) gives

Ė = −kpη− kdΩE

Ė = −kE (25)

where k = kd and kp = k1kd . By substituting (22) and (23)
to (21) gives

Ė =−kpη− kdΩE +D +ud

Solving it for D

D = Ė + kpη + kdΩE −ud (26)

Assume that G f (s) is a strictly proper low-pass filter with a
unity gain. Then D can be approximated by [1]

D̂ = g f (t)? (Ė + kpη + kdΩE −ud) (27)

Here ? is the convolution operater and g f (t) =L −1
{

G f (s)
}

whereL −1 {.} is the Laplace inverse operator. Selecting
ud =−D̂ substituting it to (27)

ud =−g f (t)? (Ė + kpη + kdΩE −ud) (28)

Solving (28)results in

ud =−L −1 G f

1−G f
? (Ė + kpη + kdΩE) (29)

Substituting (29) and (23) in to (22) gives

Tu = −kpη− kdΩE − k2
1η̇ +ET fd− I−1(IE ×E )

+k2
1I−1(Iη×η)−L −1 G f

1−G f
? (Ė + kpη + kdΩE)

Assume that external disturbance bounded within the expec-
trum [0,w f ] where w f > 0 Then G f can be taken as a first
order law pass filter [7]

G f =
1

1+ τs
(30)

where τ = 1
w f

> 0 is a time constant

G f

1−G f
=

1
τs

(31)

Equation (30) can be further simplified to

Tu = −kpη− kdΩE − k2
1η̇ +ET fd− I−1(IE ×E )

+k2
1I−1(Iη×η)− 1

τ
(E +

∫ t

0
(kpη + kdΩE)dt)

with (15) above equation can be further simplified to

Tu = −(kp +
k1

τ
)η− (kd +

1
τ
)ΩE − k2

1η̇− I−1(IE ×E )

+k2
1I−1(Iη×η)− 1

τ
T u

I −ET fd (32)

where

T u
I =

1
τ

∫ t

0
(kpη + kdΩE)dt

η = (E−ET )

ΩE = (Ω−ET
Ωd)

Ė = EΩ̂E
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Fig. 1. Stabilization at angles (0,0,0) under parametric uncertainty with
initial upside-down configuration.

T u
I can be considered as the covariant integral of (kpη +

kdΩE).Then the following equation holds [16]:

∇ΩE T u
I =

1
τ
(kpη + kdΩE) (33)

where

T u
I ,

ΩI1
ΩI2
ΩI3


By (4) ∇ΩE T u

I can be calculated as

∇ΩE T u
I = Ω̇I +

1
2
(ΩE ×ΩI− I−1(IΩI×ΩE + IΩE ×ΩI))

(34)
Equation (32) with (33) forms the geometric UDE controller.

IV. QUADROTOR UAV SIMULATION RESULTS

We use the nominal inertial properties M = 1.2,
I =dig{.005, .005, .008} to calculate the thrust forces and
moment Tu. We select the control parameters in (32) to be
kp = 65,kd = 30,k1 = 10,τ = .05 and also assume that the
inertia is perturbed by error ∆I =dig{.1, .2, .4}. Equations
were simulated in the MATLAB environment using the
ode45 function. Quaternions were used to represent the
system configuration. Results, shown in Fig. 2, indicate that
E exponentially approaches zero. Fig. 1, show the quadro-
tor stabilizes from initial upside configuration to hovering
position

V. QUADROTOR UAV EXPERIMENT RESULTS

The UDE algorithm (32) with (33) was implemented
on an AscTec Hummingbird quadrotor UAV (Ascending
Technologies). The Hummingbird platform shown in the Fig.
3 includes the following equipment:

1) ZigBee RF transceiver for data acquisition and remote
control.

2) Low level processor (ARM 7) for sensor and actuator
interfacing.

3) High level processor (ARM 7) for system-level control.
4) IMU and GPS modules for navigation and control.
To filter out noise in the angular velocity data from the

IMU, we used the following first-order discrete low-pass
filter:

y(tk) =
T

T +h
y(tk−1)+

h
T +h

u(tk), (35)

Fig. 2. Scalar error E and body angular velocities Ω for stabilization
at angles (0,0,0) under parametric uncertainty with initial upside-down
configuration.

Fig. 3. Experimental test bed

where T is the time constant, h is the sampling time ,u is
the filter input , y is the filter output and tk is the kth time
stamp. For the test we select h = 0.001 and T = 0.09.

We carried out three different tests on the quadrotor in a
1m × 3 m × 2.5 m high netted test area, as shown in the Fig.
3. All the system parameters and controller parameters were
recorded by a remote data acquisition and storage system via
the on-board ZigBee communication module with a sampling
rate of 1 ms. The following controller parameters were used:
M = 1.2, I =dig{.005, .005, .008} kp = 35,kd = 6,k1 = 3,τ =
10. The standard Hummingbird UAV is not designed for
inverted flight, so experiments for large angle maneuvers are
pending modification of the platform. Below we report the
response of the geometric UDE controller to disturbances
when flying in the upright equilibrium configuration.

A. Test 1

For this test we tested the controller performances on the
quad rotor without external disturbance. We assumed that the
parametric uncertainty and modeling errors were non-zero.
Reference inputs were given via remote control module and
data were recorded over 17s. Results are presented in Fig. 4
and Fig. 5. According to the Fig. 4, scalar error E lies with
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Fig. 4. Plot of E (Scalar error) under parametric uncertainty without external
disturbance and with reference input

Fig. 5. Plot of angles and reference signal under parametric uncertainty
without external disturbance,Red(reference signal),Blue(Actual angle)

in −0.2 rad/s and 0.2 rad/s range. Fig. 5 shows the system
is tracking the reference input signal during the test.

B. Test 2

For this test we tested the controller performances on the
quad rotor with external disturbance applied manually by
hand in +pitch and −roll direction at 0.6 s , 7.18 s and 11.8
s . We assumed that the parametric uncertainty and modeling
errors were non-zero. Reference inputs were given via remote
control module and data were recorded over 20 s. Obtained
results are presented in Fig. 6 and Fig. 7. Fig. 6 shows that
after the first disturbance, the system took approximately .5
s to recover to within ±0.1 rad/s of E . Likewise, the time
taken for E to recover to within ±0.1 rad/s for the 2nd and
3rd cases is approximately 0.7 s and 0.5 s, respectively. Fig.
7 shows the system is tracking the reference input signal

Fig. 6. Plot of E (scalar error) under parametric uncertainty with external
impulse disturbance and with reference input

Fig. 7. Plot of angles and reference signal under parametric uncertainty
and external impulse disturbance Red(reference signal),Blue(Actual angle)

during the test.

C. Test 3

In this test we tested the closed-loop performance
of the quadrotor with matched input disturbance
[13sin(3t),12sin(2t),2sin(5t)] added in software. Reference
inputs were given via remote control module and data were
recorded over 20 s. Results are presented in Figs. 8–9.

VI. CONCLUSION

We have implemented an intrinsic geometric UDE con-
troller on SO(3), to control rigid-body attitude in the pres-
ence of disturbances and modeling error. The proposed
control system was tested in simulation and on an actual
quad rotor system. Simulation results suggest the ability to
handle large maneuvers. The experimental platform is being
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Fig. 8. Plot of E (scalar error) under parametric uncertainty and sinusoidal
disturbance and with reference input

Fig. 9. Angles and reference signal under parametric uncertainty and
sinusoidal disturbance. Red curve is the reference signal, blue curve is the
actual angle.

modified to allow testing of large roll or pitch maneuvers.
Preliminary experimental results for small initial error, time-
varying disturbances, and parameter uncertainty are promis-
ing.
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