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ABSTRACT
The uncertainty and disturbance estimator (UDE)-based ro-

bust control has a two-degree-of-freedom nature through the de-
sign of the error dynamics and the design of the UDE filters.
In the conventional design to handle periodic disturbances or
mixed sinusoidal disturbances, high-order UDE filters incorpo-
rated with the internal model principle (IMP) or time-delay fil-
ters (TDF) are adopted to achieve the asymptotic reference track-
ing and the asymptotic disturbance rejection. In this paper, a new
error dynamics design combined with a repetitive loop is pro-
posed for the UDE-based robust control to achieve the asymp-
totic rejection of both step disturbances and periodic distur-
bances. The disturbance rejection performance is investigated
through the two-degree-of-freedom nature, and the practical im-
plementation of the proposed design is illustrated to eliminate the
infinite bandwidth of the repetitive loop. The proposed design is
validated through the simulation studies of a battery charging
system with comparison to different reported designs of the con-
ventional UDE-based robust control.

Keywords: Rejection of periodic disturbances, error dy-
namics design, repetitive loop, uncertainty and disturbance es-
timator (UDE).

INTRODUCTION
Engineering signals usually include periodic signals or

mixed multi-frequency sinusoidal signals. In the control sys-

∗Contact author: yeqin.wang.1987@ieee.org

tem design, in order to deal with these signals, particularly from
the disturbances, and to achieve the asymptotic reference track-
ing, one possible solution is through the internal model principle
(IMP) design. Based on the idea of the IMP, a repetitive con-
trol (RC) method is proposed in [1] to handle periodic reference
commands or periodic disturbance inputs. In order to improve
the robustness of the RC, the infinite dimensional structure in
the RC can be modified via adding a low pass filter in [1] or
a real-rational, stable single-input-single-output (SISO) transfer
function in [2]. Moreover, a slight time delay is introduced in
the period parameter of the RC to further improve the perfor-
mance [2]. Later, the RC is discretized for the implementation
in the digital controllers in [3]. Nowadays, the RC technique has
been widely used in various control systems, such as servo motor
control in [4], power electronics control in [5,6], and laser-based
additive manufacturing in [7].

On the other hand, a robust control method, the uncertainty
and disturbance estimator (UDE)-based control, is proposed in
[8] to handle uncertainties and disturbances as a replacement of
the time delay control (TDC) in [9], where measuring the deriva-
tive of the states is avoided, compared to the TDC. The UDE-
based robust control is based on the assumption that a signal can
be approximated and estimated through a filter with the proper
bandwidth. Hence, it is able to quickly estimate uncertainties and
disturbances and provide the outstanding robust performances.
In recent years, the UDE-based robust control has demonstrated
excellent performances in broad practical applications [10–13].
In addition, the theoretical extensions of the UDE-based robust
control are further investigated in many studies. In [14], the two-
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degree-of-freedom nature with both error dynamics design and
filter design of the UDE-based robust controller is analyzed to
guide the parameter selections. The tradeoff between the refer-
ence tracking and disturbance rejection under finite bandwidth
constraints in the UDE-based controller is investigated in [15].
The output feedback design of the UDE-based robust control
is investigated in [16] with limited plant information, where an
equivalent system consisting of a first-order linear system plus a
lumped uncertain term is used to represent the general class of
nonlinear SISO systems. Particularly, in order to achieve asymp-
totic reference tracking and disturbance rejection, different filter
deigns are investigated to improve the performance of the UDE-
based robust control based on the two-degree-of-freedom nature.
For example, in [17], the filter design based on the IMP is in-
vestigated with multi-frequency components targeted to reject
mixed sinusoidal disturbances. A time-delay filter (TDF) com-
bined with a low pass filter is adopted in [18] to handle nonlinear
loads in power electronics control subjected to multi-frequency
disturbances. However, in practice, the high-order filter design
might increase the difficulty of the discrete implementation for
the UDE-based robust control.

The two-degree-of-freedom nature of the UDE-based robust
control provides another option for the error dynamics design.
For example, instead of the traditional linear design of the error
dynamics, a nonlinear design with the time-varying gain is inves-
tigated in [19] to handle both the input constraint and the integral
windup. In this paper, a new error dynamics design based on a
repetitive loop is proposed for the UDE-based robust control to
handle periodic disturbances or mixed sinusoidal disturbances.
The disturbance rejection performance for both step disturbances
and periodic disturbances is investigated through the two-degree-
of-freedom nature of the modified UDE-based robust control,
and the practical implementation of the proposed design is pro-
vided to eliminate the infinite bandwidth of the repetitive loop.
Compared to the filter designs investigated in [17, 18] for the re-
jection of periodic disturbances or sinusoidal disturbances, the
proposed design has a simple structure that can be implemented
easily. And the simulation studies of a battery charging system
are provided to validate the proposed design with comparison to
the conventional UDE-based robust control [8] and different fil-
ter designs in [17].

1 Overview of the UDE-based Robust Control with
Two-degree-of-freedom Nature
Consider the following first-order SISO plant

ẋ = ax+ f (x,u)+bu+d(t) (1)

where x∈R is the system state, a is a known constant, f (x,u)∈R
is the unknown system dynamics, b is a known non-zero con-
stant, u ∈ R is the system input, and d(t) ∈ R is the bounded ex-

ternal disturbance. The unknown system dynamics and external
disturbance can be lumped into an uncertain term

ud(t) = f (x,u)+d(t).

Therefore, the original system can be represented as

ẋ = ax+bu+ud(t)

and its corresponding system in the frequency domain can be
obtained as

sX(s) = aX(s)+bU(s)+Ud(s) (2)

where the Laplace transformation of a signal is denoted by the
corresponding capital letter. A reference model is given to gen-
erate a reference trajectory with a desired performance

sXm(s) =−amXm(s)+bmC(s) (3)

where Xm(s) ∈ R is the reference state; am > 0, bm > 0 are the
reference system parameters; and C(s) can be a piecewise contin-
uous and uniformly bounded command signal. In the UDE-based
robust control, the control objective is to make the system state
X(s) asymptotically track the desired reference trajectory Xm(s).
Therefore, a desired error dynamics is designed as

sEx(s) =−(am + k)Ex(s) (4)

with the tracking error defined as Ex(s) = Xm(s)−X(s), where
(am + k)> 0 is the error feedback gain.

Combining (2)-(4), the control law U(s) can be obtained as

U(s) =
1
b

[
−aX(s)−amXm(s)+bmC(s)

+(am + k)Ex(s)−Ud(s)
]

(5)

and the lumped uncertain term Ud(s) can be represented as

Ud(s) = sX(s)−aX(s)−bU(s). (6)

Following the procedures in [8], Ud(s) can be approximated by a
filter G f (s) with

Ûd(s) = G f (s)Ud(s) = G f (s) [sX(s)−aX(s)−bU(s)] (7)
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(a) Conventional UDE-based robust control
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(b) Proposed modified UDE-based robust control based on the new error dynamics with a repetitive loop

FIGURE 1. The scheme of the conventional UDE-based robust control and the proposed modified UDE-based robust control.

where G f (s) is the UDE filter with both a strictly proper stable
manner and an appropriate bandwidth to cover the spectrum of
Ud(s). Replacing Ud(s) with Ûd(s) in (5), there is

U(s) =
1
b

{
−aX(s)−amXm(s)+bmC(s)

+(am + k)Ex(s)

−G f (s) [sX(s)−aX(s)−bU(s)]
}
. (8)

Then, the final UDE-based robust control law can be formulated
as

U(s) =
1
b

{
−aX(s)−

sG f (s)
1−G f (s)

X(s)

+
1

1−G f (s)

[
−amXm(s)

+bmC(s)+(am + k)Ex(s)
]}

. (9)

The scheme of the conventional UDE-based robust control is
shown in Fig. 1(a).

Substituting (9) into (2), different from the desired error dy-
namics (4), the actual error dynamics becomes

sEx(s) =−(am + k)Ex(s)+
[
G f (s)−1

]
Ud(s). (10)

Then the final tracking error Ex(s) is obtained as

Ex(s) =
1

s+(am + k)
Ud(s)

[
G f (s)−1

]
. (11)

In order to achieve the asymptotic reference tracking and elimi-
nate the tracking error, specifically to handle the lumped uncer-
tain term Ud(s), there are two-degree-of-freedom designs: one is
through the design of the error dynamics feedback gain am+k in
(4), the other is through the filter design G f (s) to eliminate the
estimation error Ũd(s) of the lumped uncertain term

Ũd(s) =Ud(s)
[
G f (s)−1

]
. (12)

Then, the actual error dynamics of the conventional UDE-based
robust control with the two-degree-of-freedom nature becomes

Ex(s) =
1

s+(am + k)
Ũd(s). (13)

In order to achieve good disturbance rejection, specifically
for periodic disturbances or sinusoidal disturbances, the filter
design based on the IMP is investigated in [17], and a TDF is
adopted in [18]. In [17], if the disturbances with mixed multi-
frequency sinusoidal signals are considered, the high-order fil-
ters are required to handle all frequency components. The TDF
developed in [18] needs to combine with a low-pass filter for
the practical realization. However, the high-order filter designs
might increase the difficulty of the practical implementation for
the UDE-based robust control in real applications, because the
UDE filter appears in both the numerator and denominator of the
UDE-based robust control law (9), as shown in Fig. 1(a).

2 Error Dynamics Design with a Repetitive Loop
In order to achieve the asymptotic reference tracking and

eliminate the tracking error, instead of the filter design, a new
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error dynamics based on a repetitive loop is proposed for the
UDE-based robust control to handle periodic disturbances. The
disturbance rejection performance for both step disturbances and
periodic disturbances is further analyzed. How to carry out a
practical implementation is also provided to eliminate the infi-
nite bandwidth of the repetitive loop.

2.1 Control Design
Instead of the error dynamics in equation (4), a new error

dynamics with a repetitive loop is designed as

sEx(s) =−
am + k

1− e−τds Ex(s) (14)

where τd is a time constant, which should be designed according
to the frequency spectrum of the lumped uncertain term Ud(s).

Following the similar procedures of the conventional UDE-
based robust control in Section 1, the modified UDE-based ro-
bust control law can be obtained as

U(s) =
1
b

{
−aX(s)−

sG f (s)
1−G f (s)

X(s)

+
1

1−G f (s)

[
−amXm(s)

+bmC(s)+
am + k

1− e−τds Ex(s)
]}

. (15)

The scheme of the proposed modified UDE-based robust con-
trol is shown in Fig. 1(b). Compared to the conventional UDE-
based robust control in [8], shown in Fig. 1(a), it can be seen
that only a time-delay feedback loop is added to the error term
(am + k)Ex(s) in the proposed modified UDE-based robust con-
trol.

Substituting (15) into (2), it can be achieved that

sEx(s) =−
am + k

1− e−τds Ex(s)+Ũd(s) (16)

then, the new actual error dynamics with the similar two-degree-
of-freedom nature for the proposed modified UDE-based robust
control (15) is obtained as

Ex(s) =
1− e−τds

s− se−τds +am + k
Ũd(s). (17)

The Bode diagrams for the transfer functions of both the con-
ventional actual error dynamics (13) and the new actual error dy-
namics (17) with am +k = 100π and τd = 0.05 are shown in Fig.

2. They show that the magnitudes of both curves are far below
0 dB, and the phases of both curves are far beyond −180o. This
indicates that both (13) and (17) have large positive phase mar-
gins (PM) and the infinite gain margins (GM). Therefore, both
the original actual error dynamics (13) and the new actual error
dynamics (17) can provide the stable convergence of the tracking
errors in the UDE-based robust control framework. In addition,
the Bode diagrams for the transfer function of the new actual er-
ror dynamics (17) with different time constants τd are illustrated
in Fig. 3. It can be seen that their maximum magnitudes are al-
ways below -44 dB, and the phases are always remained between
−90◦ and +90◦ with different τd , which can make sure the stable
convergence of the tracking errors.

-200

-150

-100

-50

0

M
ag

ni
tu

de
 (

db
)

Org Err Dyn New Err Dyn

10-1 100 101 102 103

Frequency (Hz)

-100

-50

0

50

100

Ph
as

e 
(d

eg
)

FIGURE 2. The Bode diagrams for the transfer functions of the con-
ventional actual error dynamics (13) and the new actual error dynamics
(17).
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FIGURE 3. The Bode diagrams for the transfer function of the new
actual error dynamics (17) with different time constants τd .
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In the above design, the first-order SISO system is consid-
ered. The proposed control can be extended to high-order sys-
tems in future work, e.g., with the combination of the output
feedback design technique [16].

2.2 Performance analysis for disturbance rejection
In order to analyze the disturbance rejection performances,

the new actual error dynamics (17) can be rewritten as

Ex(s) =
(1− e−τds)

[
G f (s)−1

]
Ud(s)

s− se−τds +am + k
. (18)

As an engineering signal, the lumped uncertain term Ud(s) might
includes step signals and periodic signals or mixed sinusoidal
signals. If the UDE filter G f (s) is designed as a low-pass filter
with G f (0) = 1, then

G f (s)−1 = 0

and

(1− e−τds)
[
G f (s)−1

]
s− se−τds +am + k

= 0

when s = 0. This indicates that the step part of the uncertain term
Ud(s) can be handled through the low-pass filter G f (s).

In order to handle periodic signals or mixed sinusoidal sig-
nals in the lumped uncertain term Ud(s), the time constant τd in
the new error dynamics (14) should be well designed. For exam-
ple,

τd =
1
fd

where τd is the common period of the periodic signals, or fd is
the common frequency of all sinusoidal signals in the lumped
uncertain term Ud(s). Normally, the minimal common period or
maximal common frequency can be selected. In this way, when
s =±2π fd j,

1− e−τds = 0

and

(1− e−τds)
[
G f (s)−1

]
s− se−τds +am + k

= 0.

This means that the periodic part of the lumped uncertain term
Ud(s) can be handled through the repetitive loop in the error dy-
namics design.

With both the step and periodic parts of the lumped uncer-
tain term Ud(s) effectively rejected through the two-degree-of-
freedom design, the tracking error can converge to zero finally.
It is worth noting that the UDE filter G f (s) can be simply se-
lected as a first-order low pass filter in the proposed design with

G f (s) =
ω0

s+ω0
(19)

then 1
1−G f (s)

= 1+ ω0
s and G f (s)

1−G f (s)
= ω0. Compared to the UDE

filter G f (s) design based on the IMP in [17] or the combination
of TDF with a low pass filter in [18], the proposed design is con-
venient for the practical discrete implementation.

2.3 Practical implementation
The proposed design in (14) is characterized by an infinite

bandwidth, as illustrated in Fig. 2, which might cause some is-
sues during the practical applications, as discussed in [2, 18]. It
should be modified as

sEx(s) =−
am + k

1−W (s)e−(τd−4τ)s
Ex(s) (20)

where W (s) is a real-rational, stable SISO transfer function with
‖W (s)‖

∞
≤ 1, as illustrated in [2], and ‖W (s)‖

∞
denotes the in-

finity norm of W (s). 4τ is the delay term caused by W (s). A
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FIGURE 4. The Bode diagram for the transfer function of the new
actual error dynamics with the practical implementation (24).
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FIGURE 5. A battery charging system.

simple choice of W (s) is a low pass filter, for example,

W (s) =
1

τrs+1
(21)

and the corresponding4τ can be designed as

4τ = τd tan−1(
τr

τd
). (22)

Normally, τr� τd , hence,4τ can be approximated as

4τ ≈ τr. (23)

More information about the4τ design for different W (s) can be
found in [18]. Usually, a very large bandwidth of W (s) can be
selected in practical applications, but should be within the sam-
pling frequency of the digital controllers. It is worth noting that
the practical implementation by adding the W (s) term does not
complicate the proposed modified UDE-based robust control de-
sign too much, because the e−τs term in Fig. 1(b) can be simply
replaced by W (s)e−(τd−4τ)s.

Through the modification of (20), the new actual error dy-
namics (17) becomes

Ex(s) =
1−W (s)e−(τd−4τ)s

s− sW (s)e−(τd−4τ)s +am + k
Ũd(s). (24)

The corresponding Bode diagram is show in Fig. 4 with am+k =
100π , τd = 0.05, W (s) = 2000π

s+2000π
and4τ = 1

2000π
. It can be no-

ticed that the infinite bandwidth is eliminated by W (s). With the
compensation of the delay term 4τ , the same frequency com-
ponents targeted to the spectrum of the disturbances within the
bandwidth of W (s) still can hold, compared to Fig. 2.

3 Simulation Studies
In order to verify the proposed modified UDE-based robust

control design, a battery charging system, as shown in Fig.5, is
built for the simulation studies. The main part of this battery-
charging system is a buck DC/DC converter, where the output

TABLE 1. Control Parameters

Parameters Values Parameters Values

a 3.333 G f (s) 2000
s+2000

b 50000 τd
1

120

am, bm 100 W (s) 10000π

s+10000π

am + k 200 4τ
1

10000π

side is a 48V lead-acid battery pack, and the input side is a single-
phase rectifier combined with the utility-level 120 Vrms, 60 Hz
AC grid. The input capacitor is Cin = 1000 µF, the battery ca-
pacitor is Cba = 250 µF, and the inductor is L = 3 mH. There are
two modes for battery charging: constant current mode and con-
stant voltage mode. In this simulation, only the constant current
mode is considered, and the battery charging current will be con-
trolled with the reference set as 30 A. According to the output
feedback design technique in [16], the input-output relationship
of this battery-charging system can be modeled as

ẏ(t) =−ay(t)+bu(t)+ud(t) (25)

where y(t) is the system output, which represents the battery
charging current; u(t) is the control input, which represents the
duty cycle for the power electronic device; and the lumped un-
certain term ud(t) represents the unmodeled dynamics and dis-
turbances of this battery charging system. Because the input side
of this system is a single-phase rectifier combined with the AC
grid, ud includes mixed periodic disturbances with the common
frequency of 120 Hz, according to the properties of the single-
phase rectifier.

The proposed modified UDE-based robust control (15) is
used to control the battery charging current based on the system
model (25), where the control parameters are shown in Table 1.
How to choose parameters for the output feedback design, the
UDE filter, and the error dynamics in the UDE-based robust con-
trol, can refer to [14, 16, 17]. In order to show the advantages of
the proposed design, the conventional UDE-based robust control
(9) in [8], and the UDE-based robust control with an IMP filter in
[17] are also provided for comparison, where only one frequency
component of 120 Hz is considered for the IMP design.

The system responses are shown in Fig. 6, including the
battery charging current in Fig. 6(a), the fast Fourier transform
(FFT) analysis of the battery charging current during 0.5s∼ 0.6s
in Fig. 6(b), the duty cycle for the power electronic device in Fig.
6(c), and the capacitor voltage of the input side in Fig. 6(d). It
can be noticed that all three controllers can converge to steady
states quickly. Though the proposed modified UDE-based robust
control needs an additional 0.2 s for the convergence compared
with the conventional UDE-based robust control and the UDE-
based robust control with the IMP filter, this small time slot does
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Proposed Design Conventional UDE UDE with IMP
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(a) Battery charging current
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(b) FFT analysis of the battery charging current during 0.5 s∼ 0.6 s
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(c) Duty cycle for the power electronic device
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(d) Capacitor voltage at the input side

FIGURE 6. Simulation results with the proposed UDE-based robust control (left column), the conventional UDE-based robust control (middle
column), and the UDE-based robust control with a single-frequency IMP filter (right column).

not affect the battery charging performance. The proposed mod-
ified UDE-based robust control can effectively reject the mixed
periodic disturbances at steady state. The battery charging cur-
rent only has very small oscillations, as shown in Fig. 6(a).
The current harmonics within all frequency components are very
small, which indicates the mixed periodic disturbances are effec-
tively rejected, as shown in Fig. 6(b). The conventional UDE-
based robust control cannot achieve the good rejection of mixed
periodic disturbances with large oscillations of the battery charg-
ing current shown in Fig. 6(a), and the disturbances with all
frequency components still appear in the harmonics of the bat-
tery changing current, as shown Fig. 6(b). The UDE-based ro-
bust control with the IMP filter has smaller oscillations, com-
pared with the conventional UDE-based robust control, as shown

in Fig. 6(a), but it only rejects the disturbances within the spe-
cific designed frequency of 120 Hz, as shown in Fig. 6(b). The
proposed modified UDE-based robust control has a larger peak
value of the duty cycle for the power electronic device than the
other two controllers, as shown in Fig. 6(c), because it needs
larger control efforts to reject more disturbances. The mixed pe-
riodic disturbances from the capacitor voltage of the input side
are clearly indicated in Fig. 6(d). It is well known that large
oscillations in the battery charging current will affect the battery
performance, e.g., the degradation of the battery lifespan. The
proposed modified UDE-based robust control with the new error
dynamics based on the repetitive loop demonstrates better con-
trol performances than the other two controllers for this battery
charging system.
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4 Conclusion
In order to improve the UDE-based robust control to achieve

the disturbance rejection of both step disturbances and periodic
disturbances or mixed sinusoidal disturbances, this paper has ex-
plored the error dynamics design instead of the filter design to
simplify the practical implementation. The new error dynamics
has been proposed based on a repetitive loop. The performances
of disturbance rejection have been further investigated, and the
practical implementation of the proposed design has been dis-
cussed. The simulation results have validated the effectiveness
of the proposed design with the comparison to different designs
of the conventional UDE-based robust control.
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