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Asymptotic Reference Tracking and Disturbance
Rejection of UDE-Based Robust Control
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Abstract—The uncertainty and disturbance estimation
(UDE)-based robust control strategy is able to achieve good
robust performance by estimating and compensating the
uncertainty and disturbance in a system with a filter having
the appropriate frequency characteristics. However, how to
systematically design the filter and the reference system
in a UDE-based control system to achieve asymptotic ref-
erence tracking and disturbance rejection is still missing
in the literature. In this paper, this is solved by applying
the well-known internal model principle. The conditions to
guarantee the closed-loop system stability and to achieve
asymptotic disturbance rejection and reference tracking are
derived. Experimental results on a servo system are pre-
sented as an example to demonstrate its excellent perfor-
mance, which can actually reach the hardware resolution
limit, with comparisons to the disturbance-observer-based
control and the active disturbance rejection control.

Index Terms—Asymptotic disturbance rejection, asymp-
totic tracking, internal model principle, robust control, un-
certainty and disturbance estimator (UDE).

I. INTRODUCTION

MANY systems have unknown dynamics, modeling er-
rors, various sorts of disturbances, and noise. When the

uncertainty/disturbance is measurable, the measured informa-
tion can be feedfowarded to compensate its effects before it
affects the system. Otherwise, several other strategies are avail-
able. For example, the adaptive control is capable of handling
parametric uncertainties by adjusting the control parameters [1]
and the adaptive neural network control works for nonparamet-
ric uncertainties, e.g., unmodeled dynamics, by identifying it
on the basis of the universal function approximation theorem
within a compact set [2]–[4]. With the robust control frame-
work, a nominal model of the plant is assumed, and a controller
is sought such that the closed-loop performance and stability
are guaranteed for all plant perturbations not greater than a pre-
specified bound [5]. The sliding-mode control is another robust
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control method for uncertain systems, where the uncertainty is
handled by the high-gain feedback in order to guarantee the
accessibility of the sliding mode [6]–[8].

Another class of approaches lies in the direct extraction of
the uncertainty and disturbance information from the system
dynamics and input signal. The disturbance observer (DOB)-
based control estimates the uncertainty and disturbance by us-
ing the inverse of the nominal plant model and a Q-filter [9]–
[12]. The DOB-based control is applicable for stable, unstable,
minimum phase, and nonminimum phase systems with differ-
ent bandwidth constraints [13]. The active disturbance rejection
control (ADRC) method treats the total disturbance including
both the uncertainty and disturbance as an additional state and
estimates it via an extended state observer (ESO) [14]–[18]. The
equivalent-input-disturbance approach [19] interprets the uncer-
tainty and disturbance as being applied at the input and then esti-
mates it. The time delay control [20] uses the past observation of
uncertainty and disturbance as the estimation to modify the con-
trol action directly, based on the assumption that a continuous
signal remains unchanged during a small enough period (delay).
The uncertainty and disturbance estimator (UDE)-based control
[21] follows this idea, but employs a low-pass filter instead of a
delay term.

In the UDE-based control design, the filter plays a very im-
portant role in estimating the uncertainty and disturbance. One
option is to choose it as a strictly proper stable filter with unity
gain and zero phase shift over the spectrum of the uncertainty
and disturbance [21]–[23]. In practice, a low-pass filter is often
enough to serve the purpose [21]. In [22], the two-degree-of-
freedom nature of the UDE-based control has been revealed,
which enables the decoupled design of the reference model and
the filter. Some methods have been proposed for the filter de-
sign, e.g., in [24]–[27]. However, how to systematically design
the filter to achieve asymptotic disturbance rejection in general
is still missing in the literature. Another aspect that is not ex-
posed fully is that the UDE-based control is formulated in a
way for the system state to track the reference state. Hence, the
system state is able to asymptotically track the reference state
but not the reference. In other words, there may be a gap be-
tween the desired reference signal and the system state. In this
paper, these two problems will be addressed thoroughly, based
on the well-known internal model principle [28]–[31], and sys-
tematic design guidelines for the filter and the reference system
will be provided. Then, the conditions to guarantee the closed-
loop system stability and to achieve the asymptotic distur-
bance rejection and reference tracking will be derived. Extensive
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experimental results on a servo system are presented as an exam-
ple to validate the systematic design procedure with comparison
to the DOB-based controller designed with the internal model
principle and a third-order ADRC. Following the systematic
approach proposed in this paper, the performance of the UDE-
based controller is better than that of the other two methods
and can reach the hardware resolution limit. The results in this
paper may provide some insights to further improve the other
controllers.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Overview of the UDE-Based Control Strategy

The UDE-based control framework is applicable to nonlinear
or linear, time-varying, or time-invariant systems. In order to fa-
cilitate the presentation, consider the following uncertain linear
time-invariant system:

ẋ(t) = (A + ΔA)x(t) + Bu(t) + d(t) (1)

where x(t) = [x1(t), . . . , xn (t)]T ∈ Rn is the state, u(t) ∈ R
is the control input, A ∈ Rn×n is the known state matrix,
ΔA ∈ Rn×n is the unknown state matrix, B ∈ Rn is the con-
trol vector, and d(t) ∈ Rn is the external disturbance. The UDE-
based control adopts a stable reference model to meet the desired
specifications of the closed-loop control system, e.g., overshoot
and settling time. Assume the reference model is

ẋm (t) = Am xm (t) + Bm c(t) (2)

where xm (t) ∈ Rn is the reference state vector, and c(t) ∈ R
is a piecewise continuous and uniformly bounded command to
the reference model.

The objective is to design a control law u(t) such that x(t)
asymptotically tracks the reference state xm (t) and, ideally, the
tracking error e(t) = xm (t) − x(t) satisfies the dynamics

ė(t) = (Am + K)e(t) (3)

where K ∈ Rn×n is an error feedback gain matrix and Am + K
is Hurwitz.

Combining (1)–(3) results in

Am x(t) + Bm c(t) − Ax(t) − ΔAx(t)

− Bu(t) − d(t) = Ke(t). (4)

Then, the control action u(t) should satisfy

Bu(t) = Am x(t) + Bm c(t) − Ax(t) − ud − Ke(t) (5)

where

ud = ΔAx(t) + d(t) (6)

denotes the unknown terms in (4), including the uncertainty
term ΔAx and the external disturbance term d(t). Based on (5),
the control law u(t) is designed as

u(t) = B+(Am x(t) + Bm c(t) − Ax(t) − ud − Ke(t)) (7)

where B+ = (BT B)−1BT is the pseudoinverse of B. This is
the accurate solution of (5) if the following structural constraint

is met:

(I − BB+)·(Am x(t) + Bm c(t)− Ax(t) − ud − Ke(t))= 0.
(8)

Otherwise, it is the least-squares approximate solution of (5).
According to the system dynamics described by (1), ud can be
represented as

ud = ΔAx(t) + d(t) = ẋ(t) − Ax(t) − Bu(t). (9)

Following the procedures in [21], it can be approximated by

ûd = ud ∗ gf (t) = (ẋ(t) − Ax(t) − Bu(t)) ∗ gf (t) (10)

where “∗” is the convolution operator and gf (t) is the impulse
response of a strictly proper stable filter Gf (s) with the appro-
priate frequency characteristics, e.g., having unity gain and zero
phase shift, over the spectrum of ud . Replacing ud with ûd in
(7), the UDE-based control law is formulated as

u(t) = B+
[
−Ax(t) + L−1

{
1

1 − Gf (s)

}
∗ (Am x(t)

+Bm c(t) − Ke(t)) − L−1
{

sGf (s)
1 − Gf (s)

}
∗ x(t)

]

(11)

where L−1 {·} is the inverse Laplace transform operator.

B. Two-Degree-of-Freedom Nature of the UDE-Based
Control

As shown in (11), the UDE-based controller includes three
design parameters: a reference model, an error feedback gain,
and a filter. After taking the Laplace transform for (1)–(3) and
making some manipulations as detailed in [22], it can be shown
that, when the structural constraint (8) is met, there is1

X(s) = Hm (s)C(s) + Hd(s)BB+Ud(s) (12)

where

Hm (s) = (sI − Am )−1 Bm (13)

is the transfer function matrix of the reference model given in
(2) from C(s) to Xm (s), which is independent of K, and

Hd(s) = Hf (s)Hk (s) (14)

with

Hf (s) = 1 − Gf (s) (15)

Hk (s) = (sI − (Am + K))−1 . (16)

Hence, the UDE-based control inherently has a two-degree-
of-freedom structure, i.e., the set-point response is determined
by the reference model and the disturbance response is deter-
mined by the error feedback gain and the filter, which allows
decoupling between reference tracking and disturbance rejec-
tion. Moreover, the design of the error feedback gain and the
filter is decoupled in the frequency domain [22].

1Note that there is a typo in [22], where BB+ in (12) is missing.
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Fig. 1. Reference system to achieve asymptotic tracking.

C. Problem Formulation

Although the reference model Hm (s) (2) or (13) is chosen to
meet the performance of the closed-loop system, e.g., overshoot
and settling time, it may not be able to guarantee asymptotic
reference tracking. Moreover, how to design the filter to achieve
asymptotic disturbance rejection is not clear. The problem to be
solved in this paper is formulated as follows: How to design a
filter Gf (s) in the UDE-based controller and a reference system
to generate the command c(t) for the reference model Hm (s)
so that the system output y(t) = x1(t) asymptotically tracks the
desired reference r(t) ∈ R and rejects the disturbance d(t), i.e.,

lim
t→∞(y(t) − r(t)) = 0.

III. DESIGN OF THE REFERENCE SYSTEM

In order to simplify the exposition in the following, it is as-
sumed that it is required for xm1(t) to asymptotically track the
reference signal r(t). The well-known internal model principle
[28] says that, when tracking a reference trajectory or rejecting
a disturbance, the asymptotic reference tracking/disturbance re-
jection can be achieved if the feedback mechanism incorporates
a device (the exosystem) that is able to generate the reference
trajectory or the disturbance. In order to achieve this, the control
strategy shown in Fig. 1 is proposed to generate the command
c(t) to the chosen reference model Hm (s) so that xm1(t) → r(t)
when t → ∞, where two more components are added to modify
the conventional UDE design in Section II-A.

Assume that the reference trajectory r(t) in Fig. 1 is driven
by the following exosystem:

ẇr (t) = Srwr (t)

r(t) = Prwr (t) (17)

where wr (t) is the state of the reference exosystem, and Sr and
Pr are matrices determined by the characteristics of r(t). Then,
Mr (s) in Fig. 1 can be chosen as the characteristic function of
the matrix Sr , i.e.,

Mr (s) = |sI − Sr | (18)

and Nr (s) can be designed as a polynomial or a rational function
to stabilize the loop and make Nr (s)

Mr (s) proper. The closed-loop
transfer function from R(s) to Xm1(s) in Fig. 1 can then be
obtained as

Xm1(s)
R(s)

=
Nr (s)Hm1(s)

Mr (s) + Nr (s)Hm1(s)
(19)

where Hm1(s) = [1, 0, . . . , 0]1×nHm (s). For the choice of
Mr (s) in (18), the steady-state gain of (19) is equal to 1 be-
cause Mr (s) = 0 at the modes of the reference signal r(t),
which guarantees the asymptotic reference tracking of xm1(t)
to r(t) when t → ∞. Two special cases are given below.

A. Tracking a Step Signal

If the reference signal is a step signal, then Sr = 0. According
to (18)

Mr (s) = |sI − Sr | = s. (20)

Nr (s) can be chosen as

Nr (s) = k

with k > 0. Because the reference model Hm (s) is chosen sta-
ble, the parameter k can be easily determined, e.g., by using
the root-locus approach. Note that, for a stable reference model
Hm (s), it is always possible to choose Nr (s) = k1s + k2 with
k1 ≥ 0, k2 > 0 to stabilize the closed loop of the reference
system in Fig. 1. Substituting (20) into (19) results in

Xm1(s)
R(s)

=
Nr (s)Hm1(s)

s + Nr (s)Hm1(s)
.

At s = 0

Xm1(0)
R(0)

=
Nr (0)Hm1(0)
Nr (0)Hm1(0)

= 1

which guarantees the asymptotic tracking of a step signal.

B. Tracking a Sinusoidal Signal

For a sinusoidal reference signal with the known frequency
ω0 (the amplitude information is not required), Sr = [ 0

−ω0

ω0
0 ].

Then, according to (18)

Mr (s) = |sI − Sr | =
∣∣∣∣ s −ω0
ω0 s

∣∣∣∣ = s2 + ω2
0 . (21)

Nr (s) can be chosen as

Nr (s) = k1s + k2

with k1 , k2 > 0 to stabilize the closed loop of the reference
system in Fig. 1. At the frequency ω0 , with the choice of Mr in
(21), the gain of (19) is calculated as

Xm1(jω0)
R(jω0)

=
Nr (jω0)Hm1(jω0)
Nr (jω0)Hm1(jω0)

= 1.

It guarantees the asymptotic tracking of a sinusoidal signal at
the known frequency ω0 .

IV. DESIGN OF THE FILTER

In this section, the filter will be designed based on the internal
model principle to achieve asymptotic disturbance rejection.
Assume that the disturbance d(t) in (1) is driven by the following
exosystem:

ẇd(t) = Sdwd(t)

d(t) = Pdwd(t) (22)
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where wd(t) is the state of the disturbance exosystem, and Sd

and Pd are matrices determined by the characteristics of d(t).
Due to the definition of the uncertainty and disturbance term
ud in (6), both the disturbance exosystem Sd and the reference
exosystem Sr should be included in the filter Hd in (12) in order
to achieve asymptotic disturbance rejection. Define Md(s) as the
least common multiple (lcm) of the characteristic functions of
Sd and Sr , i.e.,

Md(s) = lcm(|sI − Sd | , |sI − Sr |). (23)

Since Hk (s) and Hf (s) are decoupled in the frequency domain,
the filter Gf can be designed so that Hf (s) = 1 − Gf (s) in-
corporates both the disturbance exosystem Sd and the reference
exosystem Sr in the following way:

Hf (s) = 1 − Gf (s) =
Md(s)
Nd(s)

where Nd(s) can be designed as a polynomial or a rational
function, with Md (∞)

Nd (∞) being a finite value, so that no modes of
the exosystems can pass Hf . This leads to the

Gf (s) = 1 − Md(s)
Nd(s)

(24)

which is proper and hence implementable. Note that Nd(s)
should be stable. Three special cases are shown below.

A. With Md(s) = s

This happens when both of the disturbance d(t) and the refer-
ence signal r(t) are step signals, i.e., Sd = Sr = 0. According
to (23)

Md(s) = lcm(|sI − Sd | , |sI − Sr |) = s.

If Nd(s) is chosen as a polynomial

Nd(s) = s + a

with a > 0, then the UDE filter can be calculated as

Gf 1(s) = 1 − Md(s)
Nd(s)

=
a

s + a
.

This is actually the low-pass filter frequently adopted in the
UDE-based control [21]. Note that the steady-state gain of
Gf 1(s) is 1, and it guarantees the asymptotic tracking and dis-
turbance rejection for step references and disturbances. Other
choices of Nd(s) are possible, e.g., to obtain the α-filter
Gf (s) = (1−α)τ s+1

τ s+1 , as suggested in [26].

B. With Md(s) = s2 + ω2
0

In this case, both the disturbance d(t) and the reference signal
r(t) are sinusoidal signals with the known frequency ω0 , i.e.,
Sd = Sr = [ 0

−ω0

ω0
0 ]. According to (23)

Md(s) = lcm(|sI − Sd | , |sI − Sr |)

=
∣∣∣∣ s −ω0
ω0 s

∣∣∣∣ = s2 + ω2
0 .

If Nd(s) is chosen as a polynomial

Nd(s) = s2 + a1s + a2

then

Gf 2(s) = 1 − Md(s)
Nd(s)

= 1 − s2 + ω2
0

s2 + a1s + a2

=
a1s + a2 − ω2

0

s2 + a1s + a2
.

Its gain is equal to 1 at the frequency ω0 , which guarantees
the asymptotic reference tracking and disturbance rejection for
sinusoidal reference and disturbance signals with the known fre-
quency ω0 . Note that the amplitude of the signal is not required.
Only the frequency of the signal is required for the filter design,
which is often available or can be identified in most cases based
on the characteristics of the system or through some frequency
identification approaches [30].

C. With Md(s) = s(s2 + ω2
0 )

This happens when one of the reference signal r(t) and the
disturbance d(t) is a step signal and the other is a sinusoidal
signal with frequency ω0 . Following the previous procedure, it
can be obtained that

Md(s) = lcm(s, s2 + ω2
0 ) = s(s2 + ω2

0 ).

If Nd(s) is chosen as a polynomial

Nd(s) = (s + a)(s2 + a1s + a2)

then

Gf 3(s)=1−Md(s)
Nd(s)

=
(a + a1)s2 + (a2 + aa1− ω2

0 )s + aa2

(s + a)(s2 + a1s + a2)
.

Its gain is equal to 1 at both the frequency 0 and the frequency
ω0 , which guarantees the asymptotic disturbance rejection.

V. ANALYSIS OF CLOSED-LOOP STABILITY AND ASYMPTOTIC

PERFORMANCE

By integrating both designs of the reference system in
Section III and the filter in Section IV into the UDE design
in Section II, the closed-loop system with the detailed UDE-
based robust control is presented in Fig. 2. For the stability
analysis, the measurement noise N(s) is assumed to be negligi-
ble. The impact of the measurement noise will be investigated
in Section V-C. According to Fig. 2, there are

sX(s) = (A + ΔA)X(s) + D(s) + BB+U
′
(s) (25)

U
′
(s) = Bm C(s) + (Am − A)X(s) − KE(s)

− Gf (s)(sX(s) − AX(s) − BB+U
′
(s)) (26)

from which it can be found that

U
′
(s) = Bm C(s) + (Am − A)X(s) − KE(s)

−Gf (s)Ud(s) (27)

where

Ud(s) = ΔAX(s) + D(s) (28)
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Fig. 2. UDE-based closed-loop system for asymptotic tracking and disturbance rejection.

is the Laplace transform of the lumped term ud of uncertainty
and disturbance. Substituting (27) and (28) into (25), we obtain

sX(s) = AX(s) + Ud(s) + BB+(Bm C(s)

+(Am − A)X(s) − KE(s) − Gf (s)Ud(s)). (29)

Since X(s) = Xm (s) − E(s) and sXm (s) = Am Xm (s) +
Bm C(s), then the actual error dynamics is

sE(s) = (Am + K)E(s) − BB+[1 − Gf (s)]Ud(s)

+(I − BB+)(Am X(s) + Bm C(s) − AX(s)

−Ud(s) − KE(s)). (30)

With E(s) = Xm (s) − X(s), sXm (s) = Am Xm (s) +
Bm C(s), and Ud(s) = ΔAX(s) + D(s), the closed-loop
system dynamics can be obtained from (30) as

[sI − (Am + K) − BB+(1 − Gf (s))ΔA

+ (I − BB+)(Am + K − A − ΔA)]X(s) = BB+(Bm C(s)

− KXm (s)) + (I − BB+Gf (s))D(s). (31)

A. Stability of the Closed-Loop System

Theorem 1: The closed-loop system shown in Fig. 2 as de-
signed above is stable if∥∥(sI − (Am + K))−1 · (BB+(1 − Gf (s))ΔA

− (I − BB+)(Am + K − A − ΔA))
∥∥
∞ < 1. (32)

Proof. The closed-loop system dynamics in (31) is

[I − (sI − (Am + K))−1(BB+(1 − Gf (s))ΔA

− (I − BB+)(Am + K − A − ΔA))]X(s)

= (sI − (Am + K))−1(BB+(Bm C(s)

−KXm (s)) + (I − BB+Gf (s))D(s)).

Since the reference model, (sI − (Am + K))−1 , and Gf (s) are
all designed to be stable, according to the small-gain theorem
[32], the closed-loop system shown in Fig. 2 is stable if condition
(32) is met. This completes the proof.

This theorem holds no matter the structural constraint (8) is
satisfied or not. A special case is given below.

Corollary 2: Assume that the system shown in Fig. 2 satis-
fies (I − BB+)(Am + K − A − ΔA) = 0. Then, the system
is stable if∥∥(sI − (Am + K))−1 · BB+(1 − Gf (s))ΔA

∥∥
∞ < 1. (33)

It is obvious after substituting (I − BB+)(Am + K − A −
ΔA) = 0 into (32).

Theorem 3: Assume that the closed-loop system shown in
Fig. 2 as designed above satisfies the structural constraint (8).
Then, the system is stable if∥∥(sI − (Am + K))−1 · BB+(1 − Gf (s))ΔA

∥∥
∞ < 1. (34)

Proof. If the structural constraint (8) is satisfied, then the
actual error dynamics given in (30) is reduced to

sE(s) = (Am + K)E(s) − BB+(1 − Gf (s))Ud(s)

which gives the following closed-loop system dynamics:

(sI − (Am + K) − BB+(1 − Gf (s))ΔA)X(s)

= Bm C(s) − KXm (s) + BB+(1 − Gf (s))D(s). (35)

Since the reference model, (sI − (Am + K))−1 , and Gf (s) are
all designed to be stable, the system is stable if the condition
(34) is met, according to the small-gain theorem.

These theorems provide some insights for choosing the de-
sign parameters in the UDE-based controller to guarantee the
stability of the closed-loop system in different cases. The small-
gain conditions (32)–(34) can be satisfied by increasing K or
tuning the filter transfer function Gf (s) close to 1 through the
suitable selection of Nd(s).
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B. Asymptotic Performance

Even if the closed-loop system is stable, it does not necessar-
ily guarantee asymptotic performance. The following sufficient
condition does.

Theorem 4: The closed-loop system shown in Fig. 2 as de-
signed above achieves asymptotic reference tracking and distur-
bance rejection if 1) the closed-loop system is stable and 2) the
structural constraint (8) is met.

Proof. When the closed-loop system is stable, all signals in
the closed loop are bounded. From Fig. 2, there must exist a
stable transfer function from the reference R(s) to the state
X(s), denoted as GRX (s) here for any reference. Therefore

Ud(s) = ΔAX(s) + D(s) = ΔA · GRX (s)R(s) + D(s).

Since the disturbance exosystem Sd and the reference exosystem
Sr are included in the design of Gf (s), we have

(1 − Gf (s))Ud(s) =
lcm(|sI − Sr | , |sI − Sd |)

Nd(s)

×
(

ΔAGRX (s)
Pr

|sI−Sr | +
Pd

|sI−Sd |
)

.

(36)

Hence,

lim
s→0

s · (1 − Gf (s))Ud(s) = 0 (37)

which implies that the estimation error of the uncertainty and
disturbance term ud(t) converges to zero eventually according
to the final-value theorem, i.e.,

lim
t→∞ ũd(t) = lim

t→∞(ud(t) − ûd(t)) = 0.

If the structural constraint (8) is met, then according to the
general error dynamics (30), we have

E(s) = −(sI − (Am + K))−1BB+(1 − Gf (s))Ud(s).
(38)

Substituting (37) into the error dynamics (38) and applying the
final-value theorem, we obtain

lim
t→∞ e(t) = lim

s→0
s · E(s) = 0. (39)

Hence, x(t) asymptotically tracks the reference state xm (t).
According to the designed transfer function from R(s) to
Xm1(s) in (19), with the choice of Mr (s) in (18) and the
stabilizer Nr (s), the internal model principle guarantees that
xm1(t) asymptotically tracks r(t). As a result, the output
y(t) = [1 0 · · · 0]1×n · x(t) = x1(t), as in Fig. 2, asymptot-
ically tracks the reference r(t). In other words, asymptotic ref-
erence tracking and disturbance rejection are achieved.

C. Impact of Measurement Noise and Selection of Nd(s)

In Fig. 2, the closed-loop transfer function from N(s) to U(s)
can be obtained as

HN U (s) = {1 − B+[Am − A + K − Gf (s)ΔA]

·[sI − (A + ΔA)]−1B}−1

·B+[Am − A + K − sGf (s)I + Gf (s)A].

In order to show the impact of the noise N(s), a filter Gf (s) =
1

τ s+1 is considered as an example. Since Gf (s) is strictly sta-
ble, with s → ∞, Gf (s) → 0 and sGf (s) → 1

τ , which is the
bandwidth of the filter. For high frequencies, the gain is

HN U (∞) = B+
(

Am + K − A − 1
τ

I

)
. (40)

If the bandwidth of the filter Gf (s) is too wide, which means τ
is small, then the high-frequency noise N(s) will be amplified
and the control signal will be polluted. Therefore, there exists
a tradeoff about the choice of the bandwidth of Gf (s) between
the good estimation of the uncertainty and disturbance term
and the mitigation of the high-frequency measurement noise.
What is good is that, in practice, the measurement noise can be
handled by adding a filter, either physically or digitally. Hence,
the tradeoff is often not a problem.

According to (24)

Gf (s) =
Nd(s) − Md(s)

Nd(s)
.

The selection of Nd(s) should consider the following.
1) Gf (s) is stable.
2) The bandwidth of Gf (s) meets the tradeoff with the mea-

surement noise.
3) Gf (s) satisfies condition (34).

D. Structural Constraint

As mentioned in Section II-A, the structural constraint (8)
determines if (7) is an accurate solution or a least-squares ap-
proximate solution of (5). Even if the structural constraint is
not satisfied, the stability of the closed-loop system with the
UDE-based control can still be achieved, but the asymptotic
performance may not be guaranteed. This can be seen from
(30), where there exists a term that cannot converge to 0.
For the system (1) considered in this paper, if B is invert-
ible, e.g., n = 1, the structural constraint is always met. Other-
wise, the choices of the reference model and the error feedback
gain matrix are somewhat restricted. For example, if the sys-
tem (1) is realized in the controllable companion form, i.e.,
A = [0 In −1

An
], B = [ 0

bn
], where An is a row vector and bn is

a scalar, then I − BB+ = [ In −1
0

0
0 ]. In order to satisfy the

structural constraint (8), the uncertainty ΔA and disturbance d
should meet the so-called matching condition, i.e., ΔA =
[ 0
ΔAn

], d = [ 0
dn

], where ΔAn is a row vector and dn is a
scalar. Furthermore, the selections of Am , Bm , and K in the
reference model are limited as Am = [0 In −1

Am n
], Bm = [ 0

bm n
],

and K = [ 0
Kn

], where Amn is a row vector and bmn and
Kn are scalar. This indicates that the reference model is
also in the controllable companion form, and the error feed-
back gain matrix K should meet the matching condition.
With the above selections, the structural constraint (8) is sat-
isfied, because (I − BB+)(Am x(t) + Bm c(t) − Ax(t) − ud

− Ke(t)) = [ In −1
0

0
0 ][ 0

f ] = 0, where f is a nonzero value. The
experimental platform to be conducted in next section belongs
to this special case.
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VI. EXPERIMENTAL STUDIES

In order to demonstrate the asymptotic tracking and distur-
bance rejection performance of the proposed UDE-based ro-
bust control, the experimental validation was carried out on
a rotary servo system as an example. The system consists of
a QUANSER rotary servo motor, a QUANSER single chan-
nel linear voltage amplifier, and a dSPACE 1104 device with
a 12-bit A/D converter. The angular position resolution of this
experimental setup is 0.17◦. The sampling time is 0.001 s.

The model of this servo system is described as[
θ̇

θ̈

]
= (A + ΔA)

[
θ

θ̇

]
+ Bu + d(t) (41)

where θ and θ̇ are the states that represent the angular position
and velocity, respectively, A = [0

0
1

−30 ], ΔA is the unknown
state matrix, B = [0 80 ]T , u is the control signal to be designed,
and d(t) = [ 0 80d2(t) ]T with d2(t) as the external disturbance
signal.

A. Case I: Performance With Different Filters

In this study, the step external disturbance d2(t) = 100 is
added at t = 4 s and the uncertainty ΔA = [0

0
0

−20 ] is added
at t = 8 s. According to (6), the uncertainty and disturbance
term ud = ΔA[ θ

θ̇ ] + d(t) = [ 0
ud 2

]. The objective is to design
the controller u to make the servo motor system (41) follow the
desired trajectory r(t) = 40 sin(2πt) degrees. The following
stable second-order reference system is chosen:[

θ̇m

θ̈m

]
=

[
0 1

−ω2 −2ζω

][
θm

θ̇m

]
+

[
0
ω2

]
c(t) (42)

where θm and θ̇m are the reference states, c(t) is the command
signal to the reference model, and ω and ζ are the reference
model parameters, which are chosen as ω = 20π and ξ = 0.3 in
this study. As discussed in Section III, the asymptotic reference
tracking of θm (t) → c(t) when t → ∞ is not always guaranteed
by (42) for the general type of command signal c(t). Thus,
the control strategy shown in Fig. 1 is adopted to achieve the
asymptotic tracking of the general type of command signal r(t).
According to the discussions in Section III, in order to achieve
the asymptotic tracking of a sinusoidal reference signal, the
internal model in Fig. 1 is set as Nr (s) = 10 s + 1, Mr (s) =
s2 + 4π2 .

The error feedback gain matrix is chosen as K = 0. It is
easy to validate that the structural constraint (8) is satisfied.
The filter in the UDE-based control plays a very important
role for the UDE and three filters Gf 1 , Gf 2 , and Gf 3 were
derived for a step or sinusoidal type of disturbance rejection
based on the internal model principle in Section IV. In this
subsection, the comparison of these three filters is provided
for the sinusoidal tracking and step disturbance rejection. To
guarantee the uncertainty estimation accuracy, the bandwidth of
filters should cover the maximum frequency of the disturbance
signal. The cutoff frequency of the three filters Gf 1 , Gf 2 , and
Gf 3 is set at around 200 π rad/s. According to the internal model

TABLE I
FILTERS AND PARAMETERS

a a1 a2 ω0

Gf 1
a

s + a
200π − − −

Gf 2
a1 s + a2 − ω 2

0

s2 + a1 s + a2
− 100ω0 100ω 2

0 2π

Gf 3
(a + a1 )s2 + (a2 + aa1 − ω 2

0 )s + aa2

(s + a)(s2 + a1 s + a2 )
10π 90ω0 10ω 2

0 2π

Fig. 3. Case I: Rejection of disturbance and uncertainty by using UDE
with Gf 1 , Gf 2 , Gf 3 . (a) Position tracking error. (b) Position. (c) Uncer-
tainty estimation. (d) Controller output.

TABLE II
STEADY-STATE TRACKING ERRORS (RMS, DEGREE) FOR CASE I

Period UDE-based control

Gf 1 Gf 2 Gf 3

2–4 s nominal 0.18 0.17 0.17
6–8 s step 0.18 3.48 0.18
10–12 s step+sin 0.76 3.61 0.19

principle, the design of Md(s) is determined by the disturbance
exosystem and the reference exosystem, while Nd(s) should
be chosen for the given cutoff frequency and make sure the
filter Gf (s) satisfies the stability condition in Theorem 3. The
parameters of three filters are summarized in Table I.

The experimental results using the UDE-based control with
the three filters are shown in Fig. 3. The zero initial conditions
are set for both the reference model and the system model. From
Fig. 3(a), it can be seen that when t < 4 s, without system un-
certainty and external disturbance (i.e., ΔA = 0 and d(t) = 0),
after some transient process, three controllers with different fil-
ters have comparable tracking performance and the tracking
errors of three cases all converge to zero. As shown in Table II,
all of the root mean square (RMS) steady-state tracking errors
for Gf 1 , Gf 2 , and Gf 3 during 2–4 s are around 0.17◦, which has
actually reached the hardware resolution limit. When the large
step disturbance is added at t = 4 s with d2(t) = 100(t − 4),
the estimated uncertainty and disturbance term ûd2/80 is shown
in Fig. 3(c), and a large spike occurs in the tracking errors, as
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shown in Fig. 3(a). For 4 < t < 8 s, the three controllers try to
reject the step disturbance and follow the desired reference sig-
nal. There exists a nonzero steady-state error for the controller
with Gf 2 , while asymptotic tracking can be achieved with Gf 1
and Gf 3 . This is due to the asymptotic disturbance rejection
by including the step disturbance mode into the design of Gf 1
and Gf 3 , as discussed in Section IV, while Gf 2 fails to do so.
Table II shows the RMS steady-state tracking error for Gf 2
during 6–8 s is as large as 3.48◦, while for the other two,
it still remains at 0.18◦. At t = 8 s, the system uncertainty

ΔA = [
0 0
0 −20 ] is added to the system, which results in a large

mixed sinusoidal and step signal in the uncertainty and distur-
bance term ud in (6), as shown in Fig. 3(c). and another spike
occurred at t = 8 s in the tracking errors in Fig. 3(a). When
t > 8 s, the tracking performance of the controller with Gf 3 is
superior to the other cases, as both the sinusoidal and step modes
are included in the design of Gf 3 . Indeed, the RMS steady-state
tracking errors for Gf 1 , Gf 2 , and Gf 3 during 10–12 s in Fig. 3(a)
are 0.76◦, 3.61◦, and 0.19◦, respectively, as shown in Table II. It
is worth highlighting that the RMS tracking error for Gf 3 has
almost reached the hardware resolution limit of 0.17◦, the best
achievable performance. The estimation of the lumped uncer-
tainty and disturbance (ûd2/80) and the controller signal u are
plotted in Fig. 3(c) and (d), respectively. Note that the small-
gain condition (34) of Gf 1 and Gf 3 is satisfied (calculated as
0.030 and 0.033, respectively). Though Gf 2 does not satisfy this
condition, the controller still works well, because the condition
is only sufficient.

B. Case II: Rejection of an Unknown Disturbance Having
two Frequency Components and White Noises

In practice, disturbances can have different types and fre-
quency components, which can be identified by Fourier anal-
ysis. Once the major frequencies are identified, the filter can
be designed. In this subsection, the case with an unknown dis-
turbance is investigated, with the only preliminary information
that the major frequency components are around 2π and 6 π
rad/s. The exact frequency, phase, and amplitude of the individ-
ual frequency components of the disturbance are not known for
the design. In order to make it more practical, the disturbance
is assumed to have been polluted by white noises. According
to the preliminary frequency information of the disturbance, a
new filter

Gf 4(s) = 1 − (s2 + 4π2)(s2 + 36π2)
(s2 + 200πs + 40π2)(s2 + 3πs + 36π2)

is designed to achieve the bandwidth around 200π rad/s.
Experiments were carried out with Gf 4(s). The randomly

chosen unknown disturbance, as shown in Fig. 4(c), is d2(t) =
13.2 sin(1.7πt + π

3 ) + 35.7 sin(4.3πt − π
6 ) + n, where n is the

white noise with noise power of 2 and sample time of 0.05 s. The
lower frequency component of d2(t) is applied at t = 4 s and
the higher frequency disturbance of d2(t) is applied at t = 8 s,
which means, after 8 s, the disturbance has two unknown fre-
quency components. The white noise is applied during the whole
experiment. As shown in Fig. 4, the UDE-based controller can

Fig. 4. Case II: Rejection of an unknown disturbance polluted with
white noises by using the UDE with Gf 4 . (a) Position tracking error.
(b) Position. (c) Disturbance. (d) Controller output.

still cope with the very practical disturbance. The RMS steady-
state tracking errors are 0.20◦, 0.19◦, and 0.21◦, respectively, for
the three time intervals. The errors are slightly bigger than those
in Case I with Gf 3 but still very close to the hardware resolution.
Fig. 4(d) illustrates the control signal u, which clearly cancels
the unknown disturbance d2(t) shown in Fig. 4(c) well.

C. Case III: Comparison With Other Robust Controllers

In order to demonstrate the advantages of the proposed UDE-
based control, comparative studies with the DOB-based control
and the ADRC are carried out. Because of the noisy control
signals of DOB and ADRC, which will be shown in detail later,
the amplitudes of the desired trajectory, the disturbance, and
the uncertainty have to be reduced dramatically. Otherwise, the
control signals would saturate, leading to instability. The desired
trajectory is changed to r(t) = 30 sin(2πt) degrees; the external
disturbance added at t = 4 s is reduced to d2(t) = 10; and the

system uncertainty added at t = 8 s is reduced to ΔA = [
0 0
0 −2

].

The UDE-based control with Gf 3 designed in Section VI-A is
adopted for comparison with the experimental results shown
in the left column of Fig. 5. As shown in Table III, the RMS
steady-state tracking error of UDE with Gf 3 is 0.18◦ during
2–4 s, 0.18◦ during 6–8 s, and 0.19◦ during 10–12 s, which is
very close to what is achieved in Section VI-A. As a byproduct,
this has demonstrated that the robust performance of UDE-based
control is very consistent under different scenarios.

1) Comparison With Internal-Model-Embedded
DOB: The internal-model-embedded DOB [33] is considered
for comparison. The nominal transfer function of the system
can be written as Gn (s) = 80

s2 +30s ; then, its inverse is G−1
n (s) =

s2 +30s
80 . For fair comparison, the outer-loop controller is cho-

sen as uc(t) = [−ω2
d (x1 − x1r ) − 2ζdωd(x2 − ẋ1r ) + ẍ1r +

30x2 ]/80, with ωd = 20π and ξd = 0.3. The filter of DOB is

chosen as Q(s) = {6−(τ ω0 )2 }(τ s)2 +{3.8−4(τ ω0 )2 }(τ s)+0.04
(τ s)4 +4(τ s)3 +6(τ s)2 +3.8(τ s)+0.04 , with

τ = 0.008 chosen to achieve the best possible performance.
The experimental results are shown in the middle column
of Fig. 5 with the steady-state performance summarized in
Table III. As can be seen, the RMS steady-state tracking
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Fig. 5. Case III: Comparisons: UDE with Gf 3 (left); internal-model-embedded DOB [33] (middle); third-order ADRC [34] (right). (a) Position tracking
error. (b) Position. (c) Uncertainty estimation. (d) Controller output.

TABLE III
STEADY-STATE TRACKING ERRORS (RMS, DEGREE) AND CONTROL

EFFORTS (RMS, V) FOR CASE III

UDE DOB ADRC

2–4 s nominal e(t) 0.18 0.37 0.57
u(t) 1.57 8.12 11.75

6–8 s step e(t) 0.18 0.37 0.56
u(t) 10.11 12.73 15.49

10–12 s step+sin e(t) 0.19 0.19 0.46
u(t) 14.02 14.69 16.46

errors from the DOB are 0.37◦ during 2–4 s, 0.37◦ during 6–8 s,
and 0.19◦ during 10–12 s, respectively. The best tracking perfor-
mance of the internal-model-embedded DOB, during 10–12 s,
is quite close to that of the UDE-based control. However, as
shown in Fig. 5(d), the DOB-based control suffers from serious
high-frequency spikes in the control signal, due to the derivative
term in the outer-loop controller. Indeed, decreasing the outer-
loop controller gain could reduce the spikes in the control signal,

but this would increase the tracking error because of the trade-
off of the DOB control between the tracking performance and
the noise amplification in the control signal. The total harmonic
distortion of the control signal during 10–12 s is 44%, while
it is 5% for the control signal from the UDE-based control. In
addition, the DOB also requires a larger control effort compared
to the UDE, as shown in Table III.

2) Comparison With Third-Order ADRC: ADRC is
another popular robust control method [35], [36]. Its basic idea
is that the system uncertainties and disturbance term can be
regarded as an extended state and estimated by an ESO. In this
case, the servo system (41) can be rewritten as

ẋ1 = x2

ẋ2 = x3 + 80u

ẋ3 = x4 (43)

ẋ4 = x5

ẋ5 = ḧ
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where x1 = θ, x2 = θ̇, the extended state x3 = Δ + d, which is
the total uncertainty and disturbance term, x4 = ẋ3 and x5 = ẍ3
are the derivatives of the total disturbance, and h = ẋ3 is an
unknown function. In order to improve the performance, a third-
order ESO is designed by following [34] and [36] as

ż1 = z2 + 5ωrc(x1 − z1)

ż2 = z3 + 10ω2
rc(x1 − z1) + 80u

ż3 = z4 + 10ω3
rc(x1 − z1) (44)

ż4 = z5 + 5ω4
rc(x1 − z1)

ż5 = ω5
rc(x1 − z1)

where z1 , z2 , z3 , z4 , and z5 are the estimations of system states,
and ωrc is the bandwidth of the ESO, which is chosen as
ωrc = 80 π rad/s. The nonlinear controller is designed as
u = [ẍ1r − ω2

a(x1 − x1r ) − 2ωa(x2 − ẋ1r ) − z3 ]/80, with the
controller bandwidth of ωa = 18 π rad/s. The experimental re-
sults are shown in the right column of Fig. 5, with the steady-
state performance summarized in Table III. The RMS steady-
state tracking errors from the ADRC are 0.57◦, during 2–4 s,
0.56◦ during 6–8 s, and 0.46◦ during 10–12 s, respectively. In-
creasing the bandwidth of the ESO could decrease the tracking
error, and theoretically, the asymptotic convergence could be
guaranteed when ωrc goes to ∞ [37]. However, this is limited
in practice for various reasons. Moreover, the third-order ADRC
is also sensitive to the measurement noise and suffers from se-
rious spikes in the control signal, as shown in Fig. 5(d). The
total harmonic distortion of the control signal during 10–12 s
is 71%, while it is 5% for the UDE-based control. Its control
effort is also much greater than that of the UDE, as shown
in Table III.

VII. CONCLUSION

In this paper, a systematic approach was proposed to achieve
asymptotic reference tracking and disturbance rejection for the
UDE-based robust control strategy. By applying the internal
model principle, the information of the exosystems to generate
all the desired trajectory and disturbances was incorporated into
the reference system design and the filter design of UDE-based
control. Moreover, the conditions to guarantee the closed-loop
system stability and to achieve asymptotic disturbance rejection
and reference tracking were derived. Experimental results have
demonstrated excellent overall performance, with comparison
to the internal-model-embedded DOB-based control and a third-
order ADRC. The advantage of the proposed method lies in its
capability of estimating system uncertainties and disturbances
to push the performance to the hardware resolution limit, at the
cost of a relatively fast sampling rate. However, a fast sampling
rate is no longer a major issue for many applications nowadays
because modern microcontrollers can easily be operated with
a sampling rate at kilohertz or tens of kilohertz. The proposed
method requires the range of the dominant frequency compo-
nents of the disturbance, which can be identified by Fourier
analysis in most practical cases. How to achieve excellent per-
formance without this information and extend the method to

nonlinear systems should be further investigated. The method
in this paper may also shed some lights on improving other
controllers too.
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