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Uncertainty and Disturbance
Estimator-Based Robust
Trajectory Tracking Control
for a Quadrotor in a Global
Positioning System-Denied
Environment
This paper addresses the problem of autonomous trajectory tracking control for a quad-
rotor in a global positioning system (GPS)-denied environment using only onboard sens-
ing. To achieve that goal, it requires accurate estimation of quadrotor states followed by
proper control actions. For the position estimation in a GPS-denied environment, an
open source high speed optical flow sensor PX4FLOW is adopted. As for the quadrotor
control, there are several challenges due to its highly nonlinear system dynamics, such as
underactuation, coupling, model uncertainties, and external disturbances. To deal with
those challenges, the cascaded inner–outer uncertainty and disturbance estimator
(UDE)-based robust control scheme has been developed and applied to the attitude and
position control of a quadrotor. Extensive real flight experiments, including attitude sta-
bilization, hover, disturbance rejection, trajectory tracking, and comparison with the
proportional–integral–derivative (PID) controller are carried out to demonstrate the
effectiveness of the developed UDE-based controllers. [DOI: 10.1115/1.4037736]
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1 Introduction

In past years, unmanned aerial vehicles (UAVs) have drawn
considerable amount of attention from both research and industrial
communities because of its wide field of applications, such as
search and rescue, industrial inspection, precision agriculture, aer-
ial photography, and so forth [1–5]. For those applications, the
abilities of the UAVs to navigate autonomously, maneuver
sharply, and hover precisely are very important. Among all kinds
of UAVs, the quadrotor has the attracting features of low cost,
easy deployment, and vertical takeoff and landing. It is widely
used by the researchers as the validation platform. The challenges
that lie in the autonomy of the quadrotor are two-folded. The first
aspect is the accurate state estimation of the vehicle. Another
aspect is the motion control algorithm development for such
highly nonlinear system [6,7].

A quadrotor has six degrees-of-freedom including rotational
(attitude) and translational (position) motions. The attitude angles
are easy to estimate using onboard inertia measurement unit
(IMU). However, without position feedback control, the quadrotor
is likely to drift over time due to the inaccurate measurement of
the low-cost onboard IMU or other environmental disturbance,
such as wind. The global positioning system (GPS) receiver is a
common onboard device utilized for the navigation task of the
quadrotor UAVs [4,8,9]. It relies on the satellites to determine the
quadrotor positions, thus requiring a clear view of the sky. Such
constraint has limited the GPS mostly for outdoor applications. As
for the motion estimation of UAVs in GPS-denied environments,

the existing methods could be roughly divided into two categories,
offboard methods and onboard methods. One of the widely
adopted offboard methods is the motion capture system, which
utilizes multiple external cameras and reflective markers to deter-
mine the position of a quadrotor. It has the advantages of sub-
millimeter accuracy and fast update rate [10–12]. However, it is
not suitable for missions where the installation of such a system is
not feasible. Therefore, for UAVs, how to extract their position
information in GPS-denied environments solely from the onboard
sensing is still a very challenging and open research topic [6].

The laser range finder is one of the commonly used onboard
sensors for GPS-denied navigation tasks [13–17]. The position of
the quadrotor is estimated by fusing the laser range finder data
with the IMU data in a simultaneous localization and mapping
framework, which also accomplishes the map building task. The
advantages of laser-based localization method lie in that it works
in dark, featureless environment, such as tunnels [13,17]. How-
ever, the laser range finder may exceed the payload limit of small
size UAVs [18] while the camera having the advantage of light-
weight and low cost. Considering the payload and energy con-
straints, the vision-based onboard sensing system could be an
effective solution to provide the vehicle position state estimations.
Recent studies have revealed that flying insects utilize optical
flow to accomplish their dynamic navigation while keeping
energy consumption at an unbelievable low level [19]. This bio-
mimetic principle motivates a number of researchers exploring
the idea of optical flow-based navigation [20,21]. Compared to
other vision-based algorithms, such as artificial marker detection
[6,22], the optical flow-based approach works without the aid of
markers. Moreover, it is relatively computationally efficient com-
pared with visual-based simultaneous localization and mapping
[18]. The limitation of the optical flow-based approach lies in the
requirement for the working environment. As a visual-based
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localization method, it needs adequate lighting and textured envi-
ronment to provide the reliable estimation. The advantages and
limitations of the major existing onboard position estimation
methods are summarized in Table 1. In Ref. [7], an open source
high speed optical flow sensor PX4FLOW is developed, which
utilizes the camera and sonar to estimate the horizontal velocity
and altitude information of a quadrotor. In this paper, the
PX4FLOW optical flow sensor is adopted to accomplish the quad-
rotor position estimation task in a GPS-denied environment which
is motivated by two aspects of considerations. First, the experi-
mental platform, Hummingbird quadrotor from Ascending Tech-
nologies GmbH (AscTec) [23], has limited payload capacity,
which is about 200 g. Compared with laser, the PX4FLOW sensor
only weights about 20 g. Second, the PX4FLOW optical flow sen-
sor estimates the optical flow at a high update rate with angular
rate compensation and distance scaling. Such features make it
especially suitable for quadrotor navigation task.

Besides the difficulties of motion estimation in GPS-denied
environments, the challenges for the autonomous control of UAVs
also come from its highly nonlinear dynamics. First of all, the
quadrotor is an open-loop unstable system. Due to its fast dynam-
ics, it requires fast controller update rate to maintain the stability
of the system. Hence, controllers with low computational com-
plexities are desired. Second, the quadrotor is an underactuated
multiple-input multiple-output system, which has six outputs
while only four inputs. The horizontal positions (x, y) of a quadro-
tor are controlled by varying its attitude angles. Third, the model
uncertainties which are caused by aerodynamic effects, battery
voltage dropping, and payload change, make it very difficult to
obtain the accurate physical model and related parameters. Fourth,
strongly coupled dynamics and nonaffine inputs for horizontal
motion subsystems also bring difficulties for controller design.
Finally, the quadrotor is very sensitive to external disturbance
generated by complex working environment due to its small size
and lightweight.

In order to deal with those challenges and to achieve the good
control performance, many control strategies have been reported
in literature. The effectiveness of the classical proportional–
integral–derivative (PID) controllers and linear-quadratic regula-
tor was investigated in Refs. [24,25]. However, those methods are
developed based on the linearized quadrotor dynamics [8,26]. To
confront the nonlinearities existing in quadrotor dynamics, various
nonlinear control techniques have been developed. A two-loop
structure with a dynamic inversion inner loop and a robust internal
dynamics stabilization outer loop has been proposed in Ref. [27]
to deal with the problem of underactuation and system coupling.
The accurate model knowledge is a necessary condition for the
good performance of dynamic inversion. However, in practice,
the quadrotor may deviate from the nominal model due to the
model uncertainty and perturbation of external disturbance. Back-
stepping is a well-known technique used for control of nonlinear

systems, and it is well suited for the cascaded structure of the
quadrotor dynamics to solve the underactuation problem [28,29].
However, the classical backstepping technique requires full
knowledge of the plant and states, making it prone to instability
for model uncertainty [29].

Regarding the compensation of model uncertainties, adaptive
control methods are widely used, such as the model reference
adaptive control [30], the immersion and invariance-based adapt-
ive control [26], and adaptation laws based on Lyapunov-like
energy function [12]. The robustness is crucial to the UAVs, since
they are constantly perturbed by external disturbances, especially
in outdoor applications. Hence, robust control of a quadrotor is
still an active field. Without considering the presence of disturban-
ces, the stability and tracking performance may be degraded [12].
In Ref. [31], a controller based on sliding mode disturbance
observer is applied to quadrotor attitude and position control in
the presence of external disturbances. A robust nonlinear attitude
control method is proposed in Ref. [32] where the external distur-
bances are compensated by the designed robust compensator. The
effectiveness of the disturbance observer-based control method
for attitude and position control is investigated in Refs. [33,34].

Compared to the aforementioned robust control methods, the
uncertainty and disturbance estimator (UDE)-based controller,
which was proposed in Ref. [35], has relatively simple structure
and is computationally efficient. The basic idea of the UDE
method is that in the frequency domain, an engineering signal (the
model uncertainty and external disturbance) can be approximated
by putting it through a filter with the appropriate bandwidth. The
remarkable performance of the UDE strategy has been demon-
strated in recent years through both theories (including extensions
to both linear [35,36] and nonlinear systems [37–40], systems
with delays [36,40], etc.) and practical applications (covering
mechatronics and robotics [41–44], electrical machines, and
drives [35,39]).

In this paper, in response to the aforementioned challenges, the
PX4FLOW smart camera is first integrated to accomplish the nav-
igation task in a GPS-denied environment. Second, a robust track-
ing control scheme for a quadrotor based on the UDE is
developed to achieve the full degrees-of-freedom control of a
quadrotor. The underactuation problem is solved by utilizing the
cascaded inner-outer loop control structure. Then, the UDE-based
attitude and position controllers are derived to deal with system
coupling, nonaffine input, internal model uncertainty, and external
disturbance. Finally, the effectiveness of the developed control
strategy is demonstrated through real flight experimental studies.
The main contributions of this paper are as follows:

(1) The UDE-based inner–outer cascaded control scheme for a
quadrotor is developed and applied to quadrotor position
control to achieve the trajectory tracking in a GPS-denied
environment using only onboard sensors. In particular, the

Table 1 Comparison of position estimation methods

Methods Advantages Limitations

Laser Works in dark environment [13] Heavy [18]
Works in featureless environment [13] Costly
Map building simultaneously [14] Computationally expensive

Artificial marker Drift-free position information [6] Artificial marker setup
Orientation information [22] Adequate lighting

Visual-based simultaneous localization and mapping Drift-free position information [18] Textured environment
Map building simultaneously Adequate lighting

Computationally expensive

PX4FLOW Light weight Textured environment
Low cost Adequate lighting
Computationally efficient [19]
Fast update rate [7]
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PX4FLOW smart camera is integrated to accurately esti-
mate the quadrotor position and velocity information.

(2) Motivated by Ren et al. [39], the UDE-based method is
applied to deal with the nonaffine inputs for the horizontal
position (x, y) control. The developed method avoids the
singularity problem which could be caused by the construc-
tion of the inverse trigonometric function operator.

(3) The UDE-based method is applied to quadrotor attitude
control to deal with coupling effects, model uncertainties,
and external disturbances.

(4) Compared with previous UDE works on quadrotor attitude
and altitude control [43,44], this paper extends the UDE
method to the full degrees-of-freedom control of a quadro-
tor. Additionally, the performance of the attitude control is
further improved.

The rest of the paper is organized as follows: Section 2 illus-
trates the system modeling about the quadrotor dynamics and for-
mulates the problem. Section 3 presents the details of UDE-based
controller development. Section 4 shows the proof of closed-loop
system stability and the performance analysis. The effectiveness
of the proposed approach is demonstrated through extensive real
flight experiments in Sec. 5. Conclusions are made in Sec. 6.

2 System Modeling and Problem Formulation

As shown in Fig. 1, the quadrotor is a helicopter consisting of four
rotors on each corner with two of them (1 and 3) rotating clockwise
and the other two (2 and 4) rotating counterclockwise. The motion of
the quadrotor is controlled by varying the speeds of four rotors.

The mathematical model used in this paper is under these
assumptions. The structure of the quadrotor is rigid and symmet-
ric; thus, the geometric center and the center of gravity of quadro-
tor are coincident with each other. The thrust and torque
generated by each rotor are proportional to the square of the rotor
speed. Let I ¼ f xI yI zI g denotes a right-hand inertial frame
with zI being the vertical direction axis pointing toward the
ground. The body fixed frame B ¼ f xB yB zB g is rigidly
attached to the center of gravity of quadrotor. The thrust fk and
torque sk generated by each rotor could be described as

fk ¼ hFx2
k

sk ¼ hMx2
k ; k ¼ 1…4

(1)

where xk is kth motor speed, hF is a positive thrust constant, and
hM is a positive drag constant. The total lift force F and torques
s/, sh, and sw along the quadrotor body axes can be expressed as

F ¼ f1 þ f2 þ f3 þ f4

¼ hFðx2
1 þ x2

2 þ x2
3 þ x2

4Þ
s/ ¼ lðf4 � f2Þ ¼ hFlðx2

4 � x2
2Þ

sh ¼ lðf1 � f3Þ ¼ hFlðx2
1 � x2

3Þ
sw ¼ s2 þ s4 � s1 � s3

¼ hMðx2
2 þ x2

4 � x2
1 � x2

3Þ

(2)

where l denotes the quadrotor arm length, which is the distance
between the zB axis and the motor axis. The Euclidean position
and the Euler angle of the quadrotor with respect to the inertial
frame are represented by n ¼ ½ x y z �T and g ¼ ½/ h w �T.
Assume that there exist bounded disturbance signals dgi, i¼ 1…3
for attitude subsystems and dnj, j¼ 1…3 for position subsystems,
which may be caused by wind gusts or other environmental fac-
tors. By applying small angle approximation, the dynamics of the
quadrotor in the inertial frame could be described using the fol-
lowing six equations [2]:

€/ ¼ 1

Ix
s/ þ Iy � Izð Þ _h _w � J _hX
h i

þ dg1 (3)

€h ¼ 1

Iy
sh þ Iz � Ixð Þ _/ _w þ J _/X
h i

þ dg2 (4)

€w ¼ 1

Iz
sw þ Ix � Iyð Þ _h _/
h i

þ dg3 (5)

€x ¼ � F

m
cos wð Þsin hð Þcos /ð Þ þ sin wð Þsin /ð Þ
� �

þ dn1 (6)

€y ¼ � F

m
sin wð Þsin hð Þcos /ð Þ � cos wð Þsin /ð Þ
� �

þ dn2 (7)

€z ¼ � F

m
cos hð Þcos /ð Þ
� �

þ gþ dn3 (8)

where Ix, Iy, and Iz are the quadrotor moments of inertia along the
xB, yB, and zB axes, g is the gravitational acceleration represented
in the inertia frame, m is the mass, J denotes the inertia of the pro-
peller, and X ¼ x2 þ x4 � x1 � x3.

The desired reference trajectory is given as ½ xr yr zr wr �
T
,

which is continuous differentiable and bounded up to its second-
order time derivative. The overall control objective is to develop
the UDE-based robust control algorithms for the quadrotor system

Fig. 1 Coordinate systems for a quadrotor model
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to drive the states ½ x y z w �T to asymptotically track the ref-

erence signals ½ xr yr zr wr �
T
.

3 Control System Design

In this section, the UDE-based attitude and position controllers
will be developed following the procedures in Refs. [35,39]. The
block diagram of the overall control system is shown in Fig. 2.
The underactuation is solved by introducing the cascaded
inner–outer loop control structure. Furthermore, the filtered track-
ing error is utilized to simplify the controller development and
implementation.

3.1 Attitude Controller. The UDE-based controllers for
quadrotor attitude stabilization and tracking are designed in this
subsection. Choosing the generalized coordinates as g1¼/,
g2¼ h, and g3¼w, the reference signals as gr1¼/r, gr2¼ hr, and
gr3¼wr, which are continuous differentiable and bounded up to
its second-order time derivative, the filtered tracking errors as
eg1 ¼ e/; eg2 ¼ eh; eg3 ¼ ew and the control inputs as
ug1 ¼ s/; ug2 ¼ sh; ug3 ¼ sw, the attitude dynamics (3)–(5) could
be written as

€gi ¼ Dgi þ Bgiugi (9)

where i¼ 1…3 denote the roll, pitch, yaw, respectively,
Bg1 ¼ 1=Ix; Bg2 ¼ 1=Iy; Bg3 ¼ 1=Iz, and

Dg1 ¼
1

Ix
Iy � Izð Þ _h _w � J _hX

h i
þ dg1

Dg2 ¼
1

Iy
Iz � Ixð Þ _/ _w þ J _/X

h i
þ dg2

Dg3 ¼
1

Iz
Ix � Iyð Þ _h _/

h i
þ dg3

(10)

are the lumped uncertainty terms, which include the coupling

terms ½ðIy � IzÞ=Ix� _h _w; ½ðIz � IxÞ=Iy� _/ _w and ½ðIx � IyÞ=Iz� _h _/ gen-

erated by gyroscopic effects, uncertainty terms �J _hX=Ix and

J _/X=Iy since the rotor inertia J is an unknown positive constant,
and the bounded disturbance terms dg1, dg2, and dg3. From Eq. (9),
it is worth noting that the attitude subsystems have been
decoupled into three separated subsystems.

The attitude and angular velocity tracking errors are defined as

egi ¼ gri � gi

_egi ¼ _gri � _gi
(11)

and the filtered tracking errors are defined as

egi ¼ kgiegi þ _egi (12)

where kgi are positive design parameters. The time derivative of
the filtered tracking error (12) is given by

_egi ¼ kgi _egi þ €gri � Dgi � Bgiugi (13)

If all states are measurable, then the controller could be designed
as

Bgiugi ¼ kgi _egi þ €gri þ ud
gi þ kgiegi (14)

using feedback linearization, with the desired error dynamics

_egi ¼ �kgiegi (15)

where kgi are positive control gains, and ud
gi ¼ �Dgi are the

lumped uncertainty compensation terms. The desired error
dynamics (15) shows that the filtered tracking errors will exponen-
tially converge to zero as time goes to infinity. The convergence
rate could be adjusted by tuning the control gains kgi. Neverthe-
less, the lumped uncertainty terms Dgi in Eq. (13) could not be
directly measured due to the system uncertainty and disturbance;
thus, ud

gi in Eq. (14) should be redesigned. Substituting Eq. (14)
into Eq. (13) leads to

_egi ¼ �kgiegi � Dgi � ud
gi (16)

solving for the lumped uncertainty terms results in

Dgi ¼ � _egi � kgiegi � ud
gi (17)

It indicates that the lumped uncertainty terms could be observed
by the filtered tracking errors and the control input signals. How-
ever, it could not be directly applied in the control law. Following
the techniques provided in Ref. [35], adopting strictly proper low-
pass filters Gf

giðsÞ with unity gain and zero phase shift over the
spectrum of Dgi, then the lumped uncertainty terms Dgi could be
accurately approximated as

D̂gi ¼ L�1½Gf
giðsÞ� � ½� _egi � kgiegi � ud

gi� (18)

where L�1ð�Þ is the inverse-Laplace transform operator and “*” is
the convolution operator. Substituting ud

gi ¼ �D̂gi into Eq. (18)
leads to

ud
gi ¼ L�1½Gf

giðsÞ� � ½ _egi þ kgiegi þ ud
gi� (19)

solving for ud
gi results in

ud
gi ¼ L�1

Gf
gi sð Þ

1� Gf
gi sð Þ

2
4

3
5 � _egi þ kgiegi½ � (20)

Fig. 2 Quadrotor control scheme
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Combining Eqs. (14) and (20) leads to the attitude controllers

ugi¼
1

Bgi
kgiegiþkgi _egiþ€griþL�1

Gf
gi sð Þ

1�Gf
gi sð Þ

2
4

3
5� _egiþkgiegi½ �

8<
:

9=
;

(21)

where i¼ 1…3 denote the roll, pitch, and yaw, respectively.

3.2 Position Controller. From the cascaded control structure
of the quadrotor (Fig. 2), it could be seen that the horizontal
motions of the quadrotor are controlled through varying its atti-
tude angles. However, the control inputs for horizontal motions
are expressed in nonaffine forms, which lead to the failure of
using feedback linearization. The constructions of inverse trigono-
metric operators may lead to singularity problems, since the
domain of the sin�1ð�Þ function is �1� *� 1. In order to deal
with this problem, techniques in Ref. [39] are adopted such that
sinðhrÞ and sinð/rÞ are approximated using Kxhr and Ky/r. The
approximation errors, coupling terms, and disturbances are treated
as the lumped uncertainty terms.

Since only onboard sensors are used to measure the positions of
the quadrotor, it is assumed that the quadrotor body frame is ini-
tially aligned with the inertial frame and the heading of the quad-
rotor is always pointing to the positive xI axis. Then, it is
reasonable to design the virtual control inputs for the horizontal
motion as

ux ¼ Kxhr cosð/Þ (22)

uy ¼ �Ky/r (23)

By choosing the generalized coordinates as n1 ¼ x; n2 ¼ y;
n3 ¼ z, the reference signals as nr1 ¼ xr; nr2 ¼ yr; nr3 ¼ zr ,
which are continuous differentiable and bounded up to its second-
order time derivative, the filtered tracking errors as
en1 ¼ ex; en2 ¼ ey; en3 ¼ ez, the position dynamics (6), (7), and (8)
can be written as

€nj ¼ �Bnjunj þ �gj þ Dnj (24)

where j¼ 1…3 denote the x, y, and z, respectively, Bn1¼Bn2¼
F=m;Bn3¼1=m; �g1¼ �g2¼0; �g3¼g;un1¼ux;un2¼uy;un3 ¼F, and

Dn1 ¼ �
F

m
cos wð Þsin hð Þcos /ð Þ þ sin wð Þsin /ð Þ � ux

� �
þ dn1

Dn2 ¼ �
F

m
sin wð Þsin hð Þcos /ð Þ � cos wð Þsin /ð Þ � uy

� �
þ dn2

Dn3 ¼
F

m
1� cos hð Þcos /ð Þ
� �

þ dn3 (25)

are the lumped uncertainty terms. It should be noted that there are
two benefits of this technique. First, the controller is designed
based on the nonlinear dynamics of the horizontal motion without
linearization. The effects of the approximation error, coupling
terms, and disturbances will be estimated and compensated by the
UDE. Second, the control inputs are in affine forms, which avoid
the singularity problems that may be brought by the constructions
of inverse operators. The position and velocity tracking errors are
defined as

enj ¼ nrj � nj

_enj ¼ _nrj � _nj
(26)

and the filtered tracking errors are defined as

enj ¼ knjenj þ _enj (27)

where knj are positive design parameters.

Similar controller design procedures that are described in Sec.
3.1 are followed to derive the UDE-based position controllers

unj ¼
1

Bnj
�gj �

1

Bnj
knjenj þ knj _enj þ €nrj þ L�1

Gf
nj sð Þ

1� Gf
nj sð Þ

2
4

3
5

8<
:

� _enj þ knjenj½ �
)

(28)

where j¼ 1…3 denote the x, y, and z, respectively, knj are positive
control gains, and Gf

njðsÞ are low pass filters which cover the spec-
trum of lumped uncertainty terms Dnj.

4 Stability and Performance Analysis

4.1 Stability Analysis. Define the system tracking errors as
e1 ¼ eg1; e2 ¼ eg2; e3 ¼ eg3; e4 ¼ en1; e5 ¼ en2; e6 ¼ en3, the fil-
tered tracking errors as e1 ¼ eg1; e2 ¼ eg2; e3 ¼ eg3; e4 ¼
en1; e5 ¼ en2; e6 ¼ en3, the related controller parameters as
k1 ¼ kg1; k2 ¼ kg2; k3 ¼ kg3; k4 ¼ kn1; k5 ¼ kn2; k6 ¼ kn3, and
the estimation errors of the lumped uncertainty terms as

~Di¢Di � D̂i (29)

where D1¼Dg1;D2¼Dg2;D3¼Dg3;D4¼Dn1;D5¼Dn2; D6¼Dn3;
D̂i are the estimations of Di. Substituting Eq. (21) into Eq. (9) and
Eq. (28) into Eq. (24) results in the following closed-loop filtered
tracking error dynamics:

_ei ¼ �kiei � ~Di (30)

where i¼ 1…6 denote the /, h, w, x, y, and z, respectively, and
k1 ¼ kg1; k2 ¼ kg2; k3 ¼ kg3; k4 ¼ kn1; k5 ¼ kn2; k6 ¼ kn3. Since

the low-pass filters Gf
1ðsÞ¼Gf

g1ðsÞ;G
f
2ðsÞ¼Gf

g2ðsÞ;G
f
3ðsÞ¼Gf

g3ðsÞ;
Gf

4ðsÞ¼Gf
n1ðsÞ;G

f
5ðsÞ¼Gf

n2ðsÞ;G
f
6ðsÞ¼Gf

n3ðsÞ are adopted to esti-

mate the lumped uncertainty terms, the estimation errors are
rewritten as

~Di ¼ L�1½1� Gf
i ðsÞ� � Di (31)

THEOREM 1. Consider the closed-loop system dynamics that is
characterized by the quadrotor plant (9), (24), and the UDE-
based control laws (21), (28). Given the initial tracking errors
ei(0) and the initial filtered tracking errors ei(0), the tracking
errors ei(t) are bounded by a compact set Xei

:¼ feiðtÞ 2
RjjeiðtÞj � maxfeið0Þ; cei

; cigg for all t� 0, where cei ¼
½kieið0Þ � �~Di�=½kiðki � kiÞ� and ci ¼ �~Di=ðkikiÞ. The size of the
compact set Xei

can be adjusted by the controller parameters ki,
ki, the initial conditions ei(0), ei(0), and the upper bounds of the
lumped uncertainty term estimation errors �~Di.

Proof. Solving Eq. (30), Eqs. (12) and (27) for ei and ei results
in

eiðtÞ ¼ eið0Þexpð�kitÞ � expð�kitÞ
ðt

0

~DiðfÞexpðkifÞdf (32)

eiðtÞ ¼ eið0Þexpð�kitÞ þ expð�kitÞ
ðt

0

eiðfÞexpðkifÞdf (33)

where expð�Þ represents the exponential function. It is easy to
conclude that the lumped uncertainty terms (25) for the position
subsystems are bounded due to the trigonometric functions, the
physical limit of the motor speed and the bounded disturbance
terms dni. Similar conclusions could be drawn for the lumped
uncertainty terms of the attitude subsystems (10). Thus, it could
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be concluded that the disturbance terms Di are bounded which sat-
isfies the following equation:

jDiðtÞj � �Di (34)

where �Di denote the upper bounds of the lumped uncertainty
terms. Furthermore, since the filters Gf

i ðsÞ are designed to be sta-
ble filters, from Eq. (31), the lumped uncertainty estimation errors
~Di are also bounded

j ~DiðtÞj � �~Di (35)

where �~Di denote the upper bounds of the estimation errors. Com-
bining Eqs. (35) and (32) leads to

ei tð Þ � ei 0ð Þexp �kitð Þ þ
�~Di

ki
1� exp �kitð Þ½ � (36)

Substituting Eq. (36) into Eq. (33) leads to

ei tð Þ� ei 0ð Þexp �kitð Þþ ei 0ð Þ
ki� ki

exp �kitð Þ�exp �kitð Þ
� �

þ
�~Di

kiki
1�exp �kitð Þ½ ��

�~Di

ki ki�kið Þ exp �kitð Þ� exp �kitð Þ
� �

¼ ei 0ð Þexp �kitð Þþ
�~Di

kiki
1� exp �kitð Þ½ �þkiei 0ð Þ� �~Di

ki ki�kið Þ
� exp �kitð Þ�exp �kitð Þ
� �

(37)

From Eq. (37), it could be concluded that the tracking errors ei(t)
are bounded for all t� 0. In other words,

jeiðtÞj � maxfeið0Þ; cei
; cig (38)

where cei ¼ ½kieið0Þ � �~Di�=½kiðki � kiÞ� and ci ¼ �~Di=ðkikiÞ. As t!
1, the tracking errors ei(t) are bounded by ci. Hence

jei 1ð Þj �
�~Di

kiki
(39)

�
Remark 1. From Theorem 1, it implies that the upper bounds

maxfeið0Þ; cei
; cig of the tracking errors ei are solely affected by

the initial conditions ei(0), ei(0), the controller parameters ki, ki,
and the upper bounds of estimation errors �~Di rather than the upper
bounds of the lumped uncertainty terms �Di. Furthermore, as t !
1, the tracking errors ei(t) are bounded by ci. By appropriately
designing the filters Gf

i ðsÞ, the upper bounds of the estimation
errors could be reduced or even asymptotically converge to zero
to ensure the performance and robustness of the closed-loop
system.

4.2 Performance Analysis

THEOREM 2. The closed-loop system dynamics considered above
achieves asymptotic disturbance rejection performance if: (i) the
closed-loop system is stable, (ii) ki and ki are positive, and (iii)
the filters Gf

i ðsÞ are designed appropriately as strictly proper sta-
ble filters with unity gain and zero phase shift over the spectrum
of the lumped uncertainty terms Di and zero gain elsewhere.

Proof. Substituting Eq. (31) into Eq. (30) and taking the Lap-
lace transform result in

sRiðsÞ ¼ �kiRiðsÞ � ½1� Gf
i ðsÞ�DiðsÞ (40)

where Ri(s) and Di(s) are the Laplace transform of ei(t) and Di(t).
The Laplace transform of the filtered tracking errors (12) and (27)
could be written as

RiðsÞ ¼ kiEiðsÞ þ sEiðsÞ (41)

where Ei(s) are the Laplace transform of the tracking errors ei(t).
Substituting Eq. (41) into Eq. (40) leads to

Ei sð Þ ¼
Gf

i sð Þ � 1

h i
s2 þ ki þ kið Þsþ kiki

Di sð Þ (42)

From Eq. (34), it could be concluded that the lumped uncertainty
terms Di are bounded which satisfy the following inequality:

lim
s!0

sDiðsÞ <1 (43)

If the filters Gf
i ðsÞ are designed as the strictly proper stable filters

that have unity gain and zero phase shift over the spectrum of the
lumped uncertainty terms Di and zero gain elsewhere and the con-
troller parameters ki and ki are positive, by applying the final value
theorem to Eq. (42), there is

lim
t!1

Ei tð Þ ¼ lim
s!0

sEi sð Þ

¼ lim
s!0

s Gf
i sð Þ � 1

h i
s2 þ ki þ kið Þsþ kiki

Di sð Þ

¼ 0 (44)

�

5 Experimental Validation

5.1 Experimental Testbed and Environment

5.1.1 Experimental Testbed. To verify the effectiveness and
performance of the developed UDE-based controller, real flight
experiments are carried out with a modified Hummingbird quad-
rotor from AscTec [23], which is shown in Fig. 3. The mass of
this quadrotor including sensors and payloads is 675 g. The
onboard IMU could provide the angle /, h, w and the angular
velocity _/; _h; _w measurements. For the position measurement, a
PX4FLOW smart camera is added, which can provide the horizon-
tal velocities _x; _y and altitude z measurement. The sensor data read-
ing and communication with the flight controller are done by an
Arduino Due board. Since the PX4FLOW only provides the velocity
measurements _x; _y, the position information x, y are estimated by
integrating the velocity data. The vertical velocity _z is estimated
through differentiating the ultrasonic sensor measurement z.

5.1.2 Experimental Environment. The optical flow-based
position estimation methods determine the motion of a quadrotor
through calculating the visual flow from the sequences of ordered
images taken from the camera. Thus, it is known that there are
some limitations about the working conditions of the PX4FLOW
sensor. It usually requires surfaces, where the images are taken,
with clear patterns and adequate lighting to have good estimation
results. Thus, the experimental environment, which is shown in Fig. 4,
is built. The ground is covered by shelf liners to provide patterned
images for the PX4FLOW sensor. Furthermore, four additional
incandescent lamps are installed to provide enough lighting.

5.2 Filter Design and Controller Parameter Selection

5.2.1 Filter Design. According to Ref. [35], the choices of
first-order low-pass filters in the form of

Gf
gi sð Þ ¼ 1

Tgisþ 1

Gf
nj sð Þ ¼ 1

Tnjsþ 1

(45)
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are reasonable, where Tgi and Tnj are the positive time constants
that could be tuned to adjust the bandwidths of the low-pass fil-
ters. Then, the attitude controllers (21) are simplified as

ugi ¼
1

Bgi
kgikgi þ

kgi þ kgi

Tgi

� �
egi þ

kgikgi

Tgi

ðt

0

egidt

(

þ kgi þ kgi þ
1

Tgi

� �
_egi þ €gri

�
(46)

where i¼ 1…3 represent the /, h, and w, respectively. In order to
facilitate implementation, cgi are introduced as positive constant
coefficients that relate the speed difference commands in program
to the generated torques. Thus, another design parameters are
defined as bgi ¼ cgi=Bgi.

The position controllers (28) are simplified as

unj ¼
1

Bnj
�gj �

1

Bnj
knjknj þ

knj þ knj

Tnj

� �
enj þ

knjknj

Tnj

ðt

0

enjdt

(

þ knj þ knj þ
1

Tnj

� �
_enj þ €nrj

�
(47)

where j¼ 1…3 represent the x, y, and z, respectively. Since
ð1=Bn3Þ�g3 ¼ mg, mg is compensated by a constant thrust com-
mand in implementation. cn3 is introduced as a positive constant
coefficient that relates the thrust command in program to the gen-
erated thrust force. Thus, the design parameter for altitude control
is defined as bn3 ¼ cn3=Bn3. The roll and pitch reference angles

for the attitude subsystems could be solved using Eqs. (22) and
(23) as

hr ¼
ux

Kx cos /ð Þ
/r ¼ �

1

Ky
uy

(48)

and 1=Bn1 ¼ 1=Bn2 ¼ m=F ¼ ðmg=FÞð1=gÞ. The ratio of mg=F
could be easily calculated. Then, the design parameters bn1 and
bn2 are introduced as bn1 ¼ 1=Kxg and bn2 ¼ 1=Kyg.
Let T1¼ Tg1; T2¼ Tg2; T3¼ Tg3; T4¼ Tn1; T5¼Tn2; T6¼Tn3 and
b1¼bg1;b2¼bg2;b3¼bg3;b4¼bn1;b5¼bn2;b6¼bn3. Hence, there
are six controllers (including four actual controllers F, s/, sh, sw,
and two virtual controllers ux, uy) for the whole system with four
parameters Ti, ki, ki, and bi that need tuning for each controller.

5.2.2 Controller Parameter Selection. From the control struc-
tures of the quadrotor system, which is shown in Fig. 2, it could
be seen that the output of the horizontal position controllers are
the roll, pitch angle references. It also implies that the good track-
ing performances of attitude controllers are very important for
achieving the good position control performance. Thus, the three
attitude controllers (46) are first tuned then followed by three
position controllers (47). Since the six controllers are all UDE-
based controllers, the parameter selection guidelines are similar.
The choices of parameters are listed in Table 2, and the detailed
parameter tuning procedures are described as follows:

(1) From the definition, it could be seen that bi are related to
the system parameters, such as inertia and mass. Since it is
hard to get an accurate value bi due to parameter uncertain-
ties, the parameter selection starts with bi being set to the
nominal value of the system and an initial guess of the
parameters ki, ki, and Ti.

Fig. 3 Experimental platform: top view (left) and bottom view (right)

Fig. 4 Experimental environment with patterned surface on
the ground

Table 2 UDE controller parameters

Dof k T k b

/ 1 0.0160 10 0.0067
h 1 0.0160 10 0.0067
w 1 0.0200 10 0.0200
z 1 0.0450 1 0.0010
x 1 0.0130 1 0.1000
y 1 0.0130 1 0.1000

Note: Dof: degrees-of-freedom.
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(2) Since the first-order low-pass filters (45) are utilized to esti-
mate the lumped uncertainty terms, in order to have good
estimation results of the lumped uncertainty terms, the time
constants of the filters Ti should be adjusted as small as pos-
sible such that the bandwidths of the filters are wide enough
to cover the spectrum of the lumped uncertainty terms.
However, in practice, reducing Ti will amplify the high fre-
quency noises. Hence, the choice of the time constant Ti

has a trade-off between the disturbance rejection perform-
ance and noise attenuation.

(3) From Eqs. (15), (12), and (27), it could be seen that the
parameters ki and ki specify the filtered tracking error con-
vergence rates and the tracking error convergence rates.
Thus, larger ki and ki will result in faster system response
and improve the tracking performance.

5.3 Results and Discussion

5.3.1 Case I: Attitude Stabilization. The control objective of
this experiment is to stabilize the quadrotor attitude. Since the
quadrotor controls its position through controlling the attitude
angles, good attitude control performance is very important. The
references for pitch, roll and yaw angles are set as hr¼ 0 deg,
/r¼ 0 deg, and wr¼ 0 deg. The first row of Fig. 5 shows the atti-
tude variations and the second row shows the control inputs. The
absolute values of the maximum tracking errors (AVMEs) and the
root-mean-square errors (RMSEs) are listed in Table 3. The com-
parisons of RMSEs with the “First Flight Test: Hovering” case in
Ref. [44] are shown in Table 4. Note that the hovering case in
Ref. [44] was carried out with the roll, pitch references set to zero,
which is similar to this case.

5.3.2 Case II: Hover. The control objective of this experiment
is to make the quadrotor hover at the desired fixed point. The
length of the experiment is about 60 s. The horizontal position

references xr and yr are set to 0 m; the altitude reference zr is set to
�0.7 m, which is above the ground since the z positive axis is
pointing toward the ground; and the heading angle reference wr is
set to 0 deg. Figure 6 shows the experimental results of the hover
test. The first row represents the desired and actual position of the
quadrotor. The position RMSEs are 0.030 m for x direction,
0.038 m for y direction, and 0.017 m for z direction and the
AVMEs are 0.105 m for x direction, 0.109 m for y direction, and
0.045 m for z direction, which are also listed in Table 3. These are
quite small tracking errors considering only onboard sensors are
used. Since the PX4FLOW smart camera can only measure the x,
y velocity information, the velocities of the quadrotor are shown
in the second row of Fig. 6. The third row of Fig. 6 shows the
desired and actual attitude angles. The calculated attitude RMSEs
are shown in Table 3. The control inputs are plotted in Fig. 7.
Figure 8 shows the horizontal coordinate plot for the hover test. It
could be clearly seen that the quadrotor is able to maintain its hor-
izontal position within a circle with the radius of 0.1 m. The
experimental results have demonstrated the good performance of
the UDE-based controllers for handling the model uncertainties
and coupling effects. The comparisons of RMSEs with the “First
Flight Test: Hovering” case in Ref. [44] are shown in Table 4.
Note that in Ref. [44], the hovering experiments were carried out
with roll, pitch references set to zero. While in this paper, since

Fig. 5 Attitude stabilization: (a) attitude and (b) control input

Table 3 RMSEs and AVMEs of the experimental results

Case I Case II Case III (a) Case III (b) Case IV

Dof RMSE AVME RMSE AVME RMSE RMSE RMSE AVME

/ 0.197 deg 0.560 deg 0.355 deg — 0.480 deg (35–40 s) 0.489 deg (35–40 s) 0.329 deg —
h 0.145 deg 0.430 deg 0.266 deg — 0.394 deg (20–25 s) 0.504 deg (20–25 s) 0.274 deg —
w 0.088 deg 0.235 deg 0.144 deg — 0.239 deg (60–80 s) 0.148 deg (60–80 s) 0.168 deg —
x — — 0.030 m 0.105 m 0.044 m (20–25 s) 0.037 m (20–25 s) 0.033 m 0.119 m
y — — 0.038 m 0.109 m 0.046 m (35–40 s) 0.044 m (35–40 s) 0.036 m 0.116 m
z — — 0.017 m 0.045 m 0.024 m (60–80 s) 0.022 m (60–80 s) 0.020 m 0.067 m

Note: Dof: degrees-of-freedom; RMSE: root-mean-square error; and AVME: absolute values of the maximum tracking error.

Table 4 Comparisons of RMSEs with Ref. [44]

Dof Case I Case II Hover [44]

/ 0.197 deg 0.355 deg 0.300 deg
h 0.145 deg 0.266 deg 0.470 deg
w 0.088 deg 0.144 deg —

Note: Dof: degrees-of-freedom.
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the full degrees-of-freedom of the quadrotor are considered. The
roll and pitch controllers are required to constantly track the refer-
ence signals generated by the position controllers, which is more
challenging.

5.3.3 Case III: Disturbance Rejection. To verify the disturb-
ance rejection ability of the proposed controllers, two disturbance
rejection cases are carried out with the input disturbances added

to x, y controllers and roll, pitch attitude controllers, respectively.
The experimental setup and controller parameters are the same
with case II. The control objective of this experiment is to make
the quadrotor hover at the desired fixed point under the effects of
external disturbances. The length of the experiment is about 80 s.
The horizontal position references xr and yr are set to 0 m; the alti-
tude reference zr is set to �0.7 m; and the heading angle reference
wr is set to 0 deg.

Fig. 6 Hover: (a) position, (b) velocity, and (c) attitude

Fig. 7 Control inputs for the hover test
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(a) Input disturbance applied on the position controller. The
experimental results are shown in Fig. 9. There are no dis-
turbances applied in the first 10 s. The step input disturb-
ance with the magnitude of 8 deg is applied to x controller
at 10 s and disabled at 40 s and applied to y controller at
25 s and disabled at 55 s. The first and second rows of
Fig. 9 show the positions and velocities of the quadrotor
during disturbance rejection: position controller test. The
peak values after the disturbances applied and disabled are
�0.566 m (10 s) and 0.634 m (40 s) for x direction and
0.670 m (25 s) and �0.634 m (55 s) for y direction. The
quadrotor is able to maintain stable after the disturbances
applied and recover to the desired positions within 5 s. The
third row of Fig. 9 shows the attitude variations and com-
mands. Since the commands of the pitch and roll angles are

generated by the x, y position controllers and disturbances
are added as input disturbances, it could be clearly seen
from the pitch and roll commands that the added input dis-
turbances are successfully compensated by the developed
UDE-based position controllers. The calculated steady-
state position and attitude RMSEs after the disturbances
applied are shown in Table 3. Figure 10 shows the control
inputs.

(b) Input disturbance applied on the attitude controller. Due to
the coupling between position and attitude of the quadrotor,
the disturbances added to the roll, pitch attitude controllers
will also affect the x, y positions of the quadrotor. The
experimental results are shown in Fig. 11. There are no dis-
turbances applied in the first 10 s. The step input disturban-
ces with the magnitude of 40% of the maximum pitch
(roll), which are equivalent to 0.225 N�m, are applied to
pitch controller at 10 s and disabled at 40 s and applied to
roll controller at 25 s and disabled at 55 s. The first and sec-
ond rows of Fig. 11 show the positions and velocities of the
quadrotor during disturbance rejection: attitude controller
test. The peak values after the disturbances applied and dis-
abled are 0.442 m (10 s) and �0.480 m (40 s) for x direction
and 0.518 m (25 s) and �0.547 m (55 s) for y direction. The
quadrotor is able to maintain stable after the disturbances
applied and recover to the desired positions within 5 s. The
third row of Fig. 11 shows the attitude variations and its
references. The steady-state position and attitude RMSEs
are calculated in Table 3. Figure 12 shows the control
inputs. From Fig. 12, it could be seen that the added input
disturbances are successfully compensated by the devel-
oped UDE-based attitude controllers. The experimental
results of two disturbance rejection cases have demon-
strated the good robust performance of the UDE-based con-
trollers for handling large disturbance and formidable
reliability of the developed control system.

5.3.4 Case IV: Trajectory Tracking. To verify the tracking
performance of the developed UDE-based controller, the trajec-
tory tracking experiment is performed. The desired trajectory is a

Fig. 8 Horizontal coordinate plot for the hover test

Fig. 9 Disturbance rejection: position controller (a) position, (b) velocity, and (c) attitude
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circle with the diameter of 1.6 m. There are no disturbances
applied. The control objective of this experiment is to make the
quadrotor follow the desired trajectory. The experimental setup
and controller parameters are the same with case II. The altitude
reference zr is set to �0.7 m and the heading angle reference wr is
set to 0 deg. The experimental results are shown in Fig. 13. The
first, second, and third row of Fig. 13 show, respectively, the

positions, velocities, and desired/actual attitude angles of the
quadrotor for trajectory tracking test. The calculated position
RMSEs, position AVMEs, and attitude RMSEs are shown in
Table 3. The control inputs of the trajectory tracking case are
shown in Fig. 14. Figure 15 shows the horizontal coordinate of
the quadrotor for the trajectory tracking test. It could be seen that
the developed UDE-based controllers could successfully track the

Fig. 10 Control inputs for the disturbance rejection: position controller test

Fig. 11 Disturbance rejection: attitude controller (a) position, (b) velocity, and (c) attitude
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desired trajectory while maintaining the desired altitude and head-
ing angle.

5.3.5 Case V: Comparison With the Proportional–Integral–
Derivative Controller. In order to further demonstrate the flexibil-
ity and advantages of the UDE-based controllers, the comparative

experiments with PID controller are carried out. The control
objective of this case is to make the quadrotor hover at the desired
fixed point under the effects of sinusoidal disturbances. The hori-
zontal position references xr and yr are set to 0 m and the altitude
reference zr is set to �0.7 m. The PID controllers in the form of
uPID

nj ¼ kP
njenj þ kI

nj

Ð t
0

enjdt� kD
nj

_nj are implemented for the position

Fig. 12 Control inputs for the disturbance rejection: attitude controller test

Fig. 13 Trajectory tracking (a) position, (b) velocity, and (c) attitude
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control of the quadrotor, where j¼ 1…3 represent the x, y, and z,
respectively. The PID controller parameters are listed in Table 5.
In order to handle the sinusoidal disturbance, the filters for the
UDE-based controllers are redesigned according to the well-
known internal model principle [45,46] as

Gf
nj sð Þ ¼ 1� s

sþ 1

Tnj

0
@

1
A s2 þ x2

nj

s2 þ xnj

Qnj
sþ x2

nj

0
B@

1
CA (49)

which are implemented on the horizontal position x and y control-
lers. The parameters for the UDE-based controllers are set

as kn1¼ kn2¼ 0:09; kn1¼ kn2¼ 0:7; Tn1¼ Tn2¼ 0:0118;xn1¼xn2

¼ 0:2p, and Qn1¼Qn2¼1 to have similar performance with the
PID controllers in the nominal case, where no disturbance is
applied, for fair comparison. Then, the disturbance rejection
experiments are carried out with the input sinusoidal disturbances
added to the x and y controllers without changing the controller
parameters. The magnitude and frequency of the input disturban-
ces are 5deg and 0.1Hz, respectively. The experimental results
are shown in Fig. 16. The CMD is short for Command, which
specifies the desired positions. The thin and thick solid lines show
the experimental results of the UDE-based controller and the PID
controller, respectively. The controller for the z direction is PID
controller for all experimental cases. Since the comparisons are
only carried out on x and y directions, to make the presentation of
the experimental results more clear, the altitude of the quadrotor
is not shown. The first row of Fig. 16 shows the nominal case,
where there is no disturbance applied. It should be noted that in
the nominal case, the PID controller and the UDE-based controller
have similar performance. From the second row of Fig. 16, which
shows the disturbance rejection experimental results, it could be
seen that the UDE-based controller could successfully handle the
sinusoidal disturbances while the PID controller exhibits large
periodic errors. The experimental results have demonstrated the
robustness and superiority of the UDE-based controller over the
PID controller for handling sinusoidal disturbances.

6 Conclusions

In this paper, the UDE-based cascaded robust control scheme
was developed and applied for the quadrotor trajectory tacking

Fig. 14 Control inputs for the trajectory tracking test

Fig. 15 Horizontal coordinate plot for the trajectory tracking
test

Table 5 PID controller parameters

Dof kP
n kI

n kD
n

x 6.7213 0.5355 8.5790
y 6.7213 0.5355 8.5790
z 0.0180 0.0200 0.0028

Note: Dof: degrees-of-freedom.
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control in a GPS-denied environment using solely onboard sens-
ing. First, a high-speed optical flow sensor PX4FLOW was
adopted to achieve the accurate estimation of the quadrotor posi-
tions. Then the UDE-based controllers were developed to deal
with the problems of coupled dynamics, internal uncertainties,
nonaffine inputs and external disturbances. Furthermore, the fil-
tered tracking error dynamics has been introduced to simplify the
controller design and implementation. The effectiveness of the
developed controller has been verified through extensive experi-
mental studies with five cases considered, attitude stabilization,
hover, disturbance rejection, trajectory tracking and comparison
with the PID controller. The experimental results demonstrated
the remarkable capabilities of developed controllers for handling
the aforementioned challenges simultaneously and satisfactorily.
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