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UDE-Based Variable Impedance Control
of Uncertain Robot Systems
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Abstract—A fundamental requirement in robot control is
the capability to improve the robot–environment interaction
performance. Motivated by the fact that humans are able to
adapt limb impedance to stably interact with various environ-
ments with skillful dexterity, this paper investigates the variable
impedance control for robots, subject to uncertainties from
plant model or environment. The proposed variable impedance
control assists the robot to perform given interaction tasks
with its unknown environment and improves the overall robot–
environment system performance. The stiffness, damping, and
inertia can be changed during interaction tasks, which results in
configuration-dependent impedance dynamics. The uncertainty
and disturbance estimator (UDE) is used to approximate the
plant model with only partial information known. The promi-
nent feature of the UDE-based control is that only the bandwidth
information of the unknown plant model is needed for the control
design. A stability condition for selecting the stiffness, damping,
and inertia in the impedance model is provided to guarantee
the stability of the control system. Extensive simulation studies
are carried out to illustrate the effectiveness of the proposed
method.

Index Terms—Impedance control, nonlinear systems, robot
control, robot–environment interaction, uncertainty and distur-
bance estimator (UDE).

I. INTRODUCTION

IN RECENT years, the control design of uncertain robot
systems has received significant attention from both engi-

neers and scientists interested in intelligent behaviors and
skillful dexterity [1]–[4]. Impedance control is proposed as
a control strategy for the realization of intelligent behav-
ior and improving the interaction between a robot and its
environment in many situations [5], [6]. Recently, impedance
control has been used to solve for quadruped robots in [7],
finger-arm robots in [8], constrained robots in [9], and
rehabilitation robots in [10] and [11], as well as the
application in robot–environment interaction in [12]–[14],
human–robot collaboration in [15]–[17] and gait rehabilitation
in [18]. Although previous research has handled the issue of
robot–environment interaction, most works are based on fixed
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impedance-controlled systems, i.e., the stiffness, damping,
and inertia are constant matrices. However, in unpredictable
environmental events, the adoption of fixed impedance con-
trol is not a suitable strategy to ensure the high quality of
performance, which is not just about repeatability and accu-
racy, but also determines the ability of robots to adapt their
behaviors dynamically. Since humans continuously control
the force exerted on an object by adapting their stiffness,
damping, and inertia, in a similar way the robot should
also be able to change the stiffness, damping, and inertia
of its mechanical structure while performing an interaction
task, so that the robot can adapt its behavior dynamically.
Variable impedance control not only regulates the dynamic
relationship between robot movements and contact forces but
also gives the flexibility to change these dynamics during
interaction tasks in which fixed impedance control is prone to
failure [19], [20].

Recently, several works have studied the problem of
the specification of variable impedance. In [21], Cartesian
impedance control is proposed for rigid robots, where the
direct feedback of contact force exerted by the environ-
ment can be avoided if the inertia shaping is not considered.
Some research results have been developed based on the
analysis in [21]. A passivity-based impedance control algo-
rithm that allows to reproduce a time-varying stiffness is
proposed in [22]. Variable impedance control of a redun-
dant robotic manipulator executing a cooperative task with
a human is proposed in [23], where the performance of
human–robot interaction is enhanced by combined techniques
of Cartesian impedance control and redundancy resolution.
Indeed, Cartesian impedance control approach can avoid the
effect of the external force. But in general, this kind of
impedance is only suitable for applications where the velocity
is low, and should be based on the assumption that the infor-
mation of robot dynamics is known. Moreover, those control
approaches in [21]–[23] bring about the problem of designing
the damping matrix in an appropriate way.

As a matter of fact, force feedback is still required if
the inertia reshaping is desired. If the natural inertia is
preserved, a configuration-dependent damping matrix should
be adopted to guarantee the stability of the whole system,
which results in configuration-dependent impedance dynam-
ics [24]. In [25], a variable impedance control approach
depending on the contact force is proposed for robotic manip-
ulators, where both stiffness and damping can be changed
during the tasks, and a stability constraint that is related
to the stiffness, and the time derivative of the stiffness and
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damping is studied. However, variable impedance control [25]
is based on the assumption that the inertia remains constant,
and the information of robot dynamics is known. Therefore,
the problem of variable impedance control needs to be further
investigated.

Recently, the control problem of unknown systems has
gained much attention [26]–[30]. For control of uncertain robot
systems, several strategies have been proposed to compen-
sate the uncertainty. In [31], a backstepping approach is used
to design a stable trajectory tracking controller for flexible-
joint robotic manipulators, where an adaptive controller can
compensate for parametric uncertainty and unknown bounded
disturbances. Based on the backstepping approach, an adap-
tive dynamic surface controller is proposed with state feedback
in [32] and output feedback in [33], where self-recurrent
wavelet neural networks are used to observe the model uncer-
tainty. Although previous research results have handled the
issue of robot systems with uncertainty, those works either
need the linear parametrization as prior knowledge in [31],
or require the bounds information of NN approximate errors
in [32] and [33]. In this paper, the uncertainty and disturbance
estimator (UDE)-based variable impedance control is proposed
for an uncertain robot, where the UDE technology does not
need the linear parametrization or the bounds information of
NN approximate errors. Motivated by the spirit of proposing
an alternative control strategy to obtain a similar performance
to time delay control in frequency domain, Zhong and Rees
introduced the UDE control algorithm in [34], which is based
on the assumption that a continuous signal can be estimated
by using a filter with its appropriate bandwidth, to estimate
the combined influence of disturbance and uncertainty. Since
then, a number of UDE research results have been developed,
such as for single-input single-output systems in [35], non-
affine nonlinear systems in [36], uncertain linear time-invariant
systems in [37], and sliding mode control in [38] and [39], as
well as its wide applications to power flow control in [40], ver-
tical take-off and landing aircraft in [41], wind turbine systems
in [42], and piezoelectric stages in [43]. The significant fea-
ture of the UDE-based control is that it does not require any
information about the uncertainty, except for its bandwidth.
Moreover, this approach has a simple structure and is easy
for the implementation and parameter tuning while bringing
a good robust performance. Although the UDE-based control
was applied to robotic control in [44], the results are only
applicable in free space without environment interaction.

To address the above unsolved problem, in this paper, we
consider an uncertain robot interacted with its unknown envi-
ronment. The variable impedance control is developed for
robot–environment interaction, and the UDE technology is
used to approximate the unknown plant model of the robot.
This paper is well motivated by the interaction control problem
between an uncertain robot and its unknown environment.
Compared to the existing work, the main contributions are
highlighted as follows.

1) With respect to the classical impedance control, in this
paper, new variable impedance control is developed
for uncertain robot systems to improve the robot–
environment interaction. The stiffness, damping, and

inertia can be changed during the tasks, resulting in
configuration-dependent impedance dynamics.

2) A stability condition for selecting the stiffness, damping,
and inertia is provided to guarantee the stability of the
whole system. The most important practical advantage
of this stability condition is that it can be verified offline
before executing interaction tasks.

3) The robot dynamics is not necessarily known in the
proposed scheme by constructing a designed filter to
estimate these unknown plant models online. And only
the bandwidth of system model is required for the filter
design. Furthermore, the proposed control has a sim-
ple system structure and is easy to be implemented and
tuned while bringing a good robust performance.

4) Output feedback UDE-based control for robot systems
is proposed due to the fact that some state information
may not be measurable. The challenging problem of
designing an output feedback controller using UDE is
converted into the design of a low-pass filter.

The rest of this paper is structured as follows. Section II formu-
lates the problem and contains a presentation of the impedance
control. In Section III, variable impedance control based on the
uncertainty and disturbance estimator is constructed for uncer-
tain robots, and the stability of the whole system is established.
Section IV shows the validation of the proposed strategy by
simulation studies. Section V concludes this paper.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. System Description

In this paper, we investigate a typical robot–environment
interaction system, which includes a robot with its unknown
compliant environment, where force sensors are installed on
the robot to measure the force exerted by the environment
to the robot. According to the force detected by sensors, the
whole system generates appropriate control input that derives
the robot to a desired destination. Both the environment and
robot dynamics are unknown.

Consider the following robotic dynamics in joint space [45]:

M(q)q̈ + C(q, q̇)q̇ + G(q) = τ + JT(q)f (1)

where q, q̇, q̈ ∈ R
n are the position, velocity, and accel-

eration vectors in joint space, respectively; M(q) ∈ R
n×n,

C(q, q̇)q̇ ∈ R
n, and G(q) ∈ R

n are symmetric bounded
positive-definite inertia matrix, Coriolis and Centrifugal force,
and gravitational force, respectively; τ ∈ R

n is the vector
of control input; J(q) ∈ R

n×n is the Jacobian matrix; and
f ∈ R

n is the force exerted by the compliant environment. In
the robot–environment interaction task studied in this paper,
M(q), C(q, q̇), and G(q) cannot be obtained beforehand.

Let x, ẋ, ẍ ∈ R
n are the position, velocity, and acceleration

vectors of the end-effector in Cartesian space, respectively.
Given that the interaction is described in Cartesian space, by
using the transformation between joint space and Cartesian
space: ẋ = J(q)q̇, the Cartesian robotic dynamics is considered
as [45]

Mx(q)ẍ + Cx(q, q̇)ẋ + Gx(q) = F + f (2)



DONG AND REN: UDE-BASED VARIABLE IMPEDANCE CONTROL OF UNCERTAIN ROBOT SYSTEMS 2489

where Mx(q) = J−T(q)M(q)J−1(q), Cx(q, q̇) = J−T(q)

(C(q, q̇) − M(q)J−1(q)J̇(q))J−1(q), Gx(q) = J−T(q)G(q) and
F = J−T(q)τ .

Property 1 [46]: Matrix Mx(q) is symmetric and positive
definite.

Property 2 [46]: Matrix Ṁx(q) − 2Cx(q, q̇) is a skew-
symmetric matrix, i.e., εT

(
Ṁx(q)− 2Cx(q, q̇)

)
ε = 0, ∀ε ∈ R

n.
Assumption 1 [5], [45]: The compliant environment may

behave as a simple mechanical system undergoing small but
finite deformation in response to an applied force when contact
occurs.

B. Problem Statement

The objective of impedance control is to satisfy the follow-
ing impedance model between x and f :

Md(ẍ − ẍd) + Cd(ẋ − ẋd) + Kd(x − xd) = f (3)

where xd ∈ R
n is a reference trajectory for the end-effector,

Md, Cd, Kd ∈ R
n×n are the desired inertia, damping, and

stiffness matrices, respectively. In general, the matrices Md,
Cd, and Kd are specified by the user so that the dynamics
in (3) possesses the desired characteristics [45]. For exam-
ple, the stiffness describes the property of a robot to resist
deformation, which is sometimes referred to as rigidity. In
particular, high stiffness results in the fact that the robot
rigidity is high and the robot uses a large force to reach
a given position. The contact force f can be measured by
sensors.

Note that there are two phases during the robot–environment
interaction, i.e., contact phase and noncontact phase. In non-
contact phase, there are f = 0, and x = xd, ∀t > 0 (if
x(0) = xd(0)), which corresponds to trajectory tracking in the
absence of environmental contact. In contact phase, the actual
position x will be redefined according to the interaction force
f , inertia Md, damping Cd, and stiffness Kd. If these matrices
are constant symmetric positive definite, the system will be
asymptotically stable [25].

In this paper, we are concerned with variable impedance
control, where the desired impedance model is given by

Md(t)(ẍ − ẍd) + Cd(t)(ẋ − ẋd) + Kd(t)(x − xd) = f (4)

where Md(t), Cd(t), and Kd(t) are time-varying matrices.
Our goal is to modify the conventional impedance control
in order to allow time-varying inertia, damping, and stiff-
ness while preserving a stable interactive behavior in Cartesian
space.

Definition 1 [47]: A dynamical system
∑

with supply rate
w(t) is said to be dissipative if there exists a non-negative
function S : X → R

+, called the storage function, such that
for all t ∈ (t0, t1)

S(x0) +
∫ t1

t0
w(t)dt ≥ S(x1) (5)

where x0 ∈ X and x1 ∈ X. The above inequality is called the
dissipation inequality.

III. CONTROL DESIGN

The objective of variable impedance control can be achieved
if the dynamical system (2) satisfies the target impedance
model (4). From (2), there is

ẍ = M−1
x (q)

[
F + f − Cx(q, q̇)ẋ − Gx(q)

]
. (6)

To facilitate the subsequent control design, it is assumed that
the unknown matrix Mx(q) can be separated as a user-defined
nonsingular constant diagonal matrix denoted by Mxo and
an uncertain part represented by �Mx(q) = Mx(q) − Mxo.
Substituting �Mx(q) = Mx(q) − Mxo to (6), the robotic
dynamics can be re-expressed as

ẍ = M−1
xo F + �M−1

x (q)F + M−1
x (q)

[
f − Cx(q, q̇)ẋ − Gx(q)

]
.

(7)

The generalized tracking error e, and its first derivative ė are
defined as follows:

e = x − xd, ė = ẋ − ẋd. (8)

Substituting (8) to (4), the desired error dynamics can be
obtained as

Md(t)(ẍ − ẍd) + Cd(t)ė + Kd(t)e = f . (9)

Substituting (7) to (9), there is

Md(t)
{

M−1
xo F + �M−1

x (q)F + M−1
x (q)

× [
f − Cx(q, q̇)ẋ − Gx(q)

] − ẍd

}

+ Cd(t)ė + Kd(t)e = f . (10)

Based on (10), the control signal F should satisfy

Md(t)M
−1
xo F = f − ud + Md(t)ẍd − Cd(t)ė − Kd(t)e (11)

where

ud = Md(t)
{
�M−1

x (q)F + M−1
x (q)

[
f − Cx(q, q̇)ẋ − Gx(q)

]}

(12)

represents the lumped uncertainty term in (10), including
the unknown terms Mx(q), Cx(q, q̇), Gx(q), and �Mx(q).
According to (7), ud can be denoted as

ud = Md(t)
(

ẍ − M−1
xo F

)
(13)

which illustrates that the uncertainty ud can be obtained from
the known dynamics of system and control signal. However,
it cannot be directly used to formulate a control law. Assume
that the frequency range of a signal is limited, the signal can be
estimated using a filter with the appropriate bandwidth infor-
mation, then the procedure of UDE-based control design given
in [34] is adopted to handle the uncertainty so that a control
law is derived. Assume that Gf (s) is a strictly proper sta-
ble filter with the unity gain and zero phase shift over the
spectrum of ud and zero gain elsewhere. Then, ud can be
approximated by

ûd = L−1{Gf (s)
} ∗

[
Md(t)

(
ẍ − M−1

xo F
)]

(14)
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Fig. 1. Proposed UDE-based variable impedance control strategy.

where ûd is an estimate of ud, “∗” denotes the convolu-
tion operation, and L−1{·} is the inverse Laplace transform
operator. Replacing ud with ûd in (11), there is

Md(t)M
−1
xo F = f + Md(t)ẍd − Cd(t)ė − Kd(t)e

− L−1{Gf (s)
} ∗

[
Md(t)

(
ẍ − M−1

xo F
)]

. (15)

Furthermore, the UDE-based variable impedance control can
be derived from (15) as

F = MxoM−1
d (t)

{
L−1

{
1

1 − Gf (s)

}

∗ [
f + Md(t)ẍd − Cd(t)ė − Kd(t)e

]

− L−1
{

sGf (s)

1 − Gf (s)

}
∗ [Md(t)ẋ]

}
. (16)

Fig. 1 depicts the proposed control strategy. According to the
tracking error and the interaction force detected by force sen-
sors, the UDE-based variable impedance control can generate
an appropriate control signal which can drive the uncertain
robot to a desired destination.

Remark 1: The proposed control (16) requires full states, x
and ẋ, to be implemented. However, some state information
may not be measurable due to practical issues such as in the
absence of velocity sensors. Thus, an output feedback control
scheme can be derived from (16) as

F = MxoM−1
d (t)

{
L−1

{
1

1 − Gf (s)

}
∗ [

f + Md(t)ẍd − Kd(t)e
]

−L−1
{

s

1 − Gf (s)

}
∗ Cd(t)e

− L−1

{
s2Gf (s)

1 − Gf (s)

}

∗ [Md(t)x]

}

. (17)

Clearly, the relative degree of the filter Gf (s) in (17) should
be no less than 2 to make sure that the control structure
is realizable, i.e., ([s2Gf (s)]/[1 − Gf (s)]) should be proper.
Equation (17) implies that the challenging problem of design-
ing an output feedback controller is converted into the design
of a low-pass filter.

Remark 2 [21]: In the desired impedance model (4), the
desired inertia matrix Md(t) can be designed in principle such
that its eigenvectors coincide with the eigenvectors of Kd(t).
The design of Cd(t) should take into account the particular
structure and the change of Md(t) during movement.

Theorem 1: Consider the closed-loop system consisting of
the robotic dynamics described by (2) and the UDE-based

control (16). Assume that the filter Gf (s) in (16) is chosen
appropriately as a strictly proper stable filter with unity gain
and zero phase shift over the spectrum of the uncertainty ud

and zero gain elsewhere. Then for any bounded initial condi-
tions, let the inertia Md(t), damping Dd(t) and stiffness Kd(t)
be symmetric, positive definite, and continuously differentiable
time-varying matrices, there always exists a nominal part Co(t)
such that, Ṁd(t) − 2Co(t) is skew symmetric. It can be con-
cluded that the desired impedance model (4) is achieved, and
all signals in the closed-loop system are bounded, if there
exists a constant α > 0, such that ∀t ≥ 0:

1) Cd(t) − αMd(t) − Co(t) is positive semi-definite;
2) αKd(t) − (1/2)K̇d(t) − (1/2)αĊd(t) + αĊo(t) is positive

semi-definite.
Proof: Consider the Lyapunov function candidate as

V(t) = 1

2
(ė + αe)TMd(t)(ė + αe) + 1

2
eTβ(t)e (18)

where

β(t) = Kd(t) + αCd(t) − α2Md(t) − 2αCo(t) (19)

with a positive constant α chosen, β(t) is positive definite for
all t > 0, which implies that V(t) is also positive definite.
Differentiating (18) with respect to time yields

V̇(t) = (ė + αe)TMd(t)(ë + αė) + 1

2
(ė + αe)TṀd(t)(ė + αe)

+ eTβ(t)ė + 1

2
eT β̇(t)e. (20)

Substituting the desired impedance model (4) to (20) yields

V̇(t) = (ė + αe)T(f − Cd(t)ė − Kd(t)e) + (ė + αe)TMd(t)αė

+ 1

2
(ė + αe)TṀd(t)(ė + αe) + eTβ(t)ė + 1

2
eT β̇(t)e.

(21)

For any Md(t), there always exists a nominal part Co(t) such
that Ṁd(t)−2Co(t) is skew symmetric, i.e., (ė+αe)T(Ṁd(t)−
2Co(t))(ė + αe) = 0. Then, in order to eliminate the term
(1/2)(ė+αe)TṀd(t)(ė+αe), subtracting (ė+αe)TCo(t)(ė+αe)
from both sides of (21) leads to

V̇(t) = (ė + αe)T f − ėT(Cd(t) − αMd(t) − Co(t))ė

− ėT
(

Kd(t) + αCd(t) − α2Md(t) − 2αCo(t)
)

e

− eT
(
αKd(t) − α2Co(t)

)
e + eTβ(t)ė + 1

2
eT β̇(t)e.

(22)
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The time derivative of (19) is calculated as

β̇(t) = K̇d(t) + αĊd(t) − α2Ṁd(t) − 2αĊo(t). (23)

In order to eliminate the cross term between e and ė in (22),
substituting (19) and (23) to (22), there is

V̇(t) = (ė + αe)T f − ėT(Cd(t) − αMd(t) − Co(t))ė

− eT
(

αKd(t) − 1

2
K̇d(t) − 1

2
αĊd(t) + αĊo(t)

)
e.

(24)

Next, the stability of the closed-loop system will be discussed
in two phases, i.e., noncontact phase and contact phase.

1) When in noncontact phase, there is f = 0. Then,
substituting f = 0 to (24), results in

V̇(t) = −ėT(Cd(t) − αMd(t) − Co(t))ė

− eT
(

αKd(t) − 1

2
K̇d(t) − 1

2
αĊd(t) + αĊo(t)

)
e.

(25)

If there exist α > 0 and Co(t) > 0 satisfying both Cd(t) −
αMd(t)−Co(t) and αKd(t)−(1/2)K̇d(t)−(1/2)αĊd(t)+αĊo(t)
are positive semi-definite in noncontact phase, it can be con-
cluded that V̇(t) ≤ 0, and the system (2) is uniformly stable
in noncontact phase.

2) When in contact phase, i.e., f 	= 0, if there also exist
α > 0 and Co(t) > 0 satisfying both Cd(t) − αMd(t) − Co(t)
and αKd(t) − (1/2)K̇d(t) − (1/2)αĊd(t) + αĊo(t) are positive
semi-definite, there is

V̇(t) ≤ (ė + αe)T f (26)

which implies the following dissipation inequality according
to Definition 1:

V(t) ≤ V(0) +
∫ t

0
(ė + αe)T fdτ. (27)

Dissipation ensures a stable behavior of the system in contact
phase.

Therefore, it can be concluded that the closed-loop system is
stable if there exists α > 0 satisfying both Cd(t) − αMd(t) −
Co(t) and αKd(t) − (1/2)K̇d(t) − (1/2)αĊd(t) + αĊo(t) are
positive semi-definite. This completes the proof.

Remark 3: The theoretical principle of the filter selection
is that, the filter Gf (s) should be designed with the unity gain
and zero phase shift over the spectrum of ud and zero gain
elsewhere [34]. The detailed guideline of the filter selection
is provided in [37] and [48]. However, in practice, due to the
hardware limitations, the filter parameter cannot be chosen too
small. Also, the filter with too wide bandwidth will introduce
sensor noise with high frequency, and thus might degrade the
performance of the UDE-based controller. Therefore, how to
select the filter depends on the specific application including
the hardware capability and the performance requirements.

IV. EXTENSIVE SIMULATION STUDIES

To demonstrate the effectiveness of the proposed variable
impedance control, simulation studies are carried out using
a robot–environment interaction system shown in Fig. 2 for
an imitation of wiping tasks. Fig. 2(a) shows a 2-link robotic

(a) (b)

Fig. 2. Simulation scenario. (a) Robot–environment interaction system.
(b) Schematic diagram.

TABLE I
ROBOT PARAMETERS MODIFIED FROM [49]

manipulator with a rigid end-effector, which is interacted with
a wall. The schematic diagram of this system is shown in
Fig. 2(b), where the wall is located on the path of the robot
motion. Variable impedance control is introduced to tackle the
interaction between the robot and the wall, so that the robot
should follow the reference position trajectory xd in noncontact
phase while the desired destination is regulated according to
the force exerted by the wall during contact phase.

A. Simulation Platform

Fig. 2 shows the robotic dynamics in Cartesian space (2)
with system parameters given in Table I, which are modified
from [49]. Let x = [x1, x2]T , e = [e1, e2]T , f = [f1, f2]T and
F = [F1, F2]T . The initial position and velocity of the robot
are given as x(0) = [0.80 1.00]T and ẋ(0) = [0 0]T . The initial
vectors in joint space are set as q(0) = [(π/2) (π/2)]T and
q̇(0) = [0 0]T . The reference trajectory is described by

xd(t) =
[

xd1(t)
xd2(t)

]
=

[
1.0 − 0.2 cos( 1

2π t)
1.0 + 0.2 sin( 1

2π t)

]
(28)

which is a circle shown in Fig. 2(b), with center Od. Another
parameter is set as: Mxo = diag[0.15].

B. Comparison to Fixed Impedance Control

In this section, the comparison to a fixed impedance con-
troller is carried out to illustrate the effectiveness of the
proposed variable impedance controller. The reference trajec-
tory is given by (28). Theorem 1 guarantees the closed-system
is stable if a filter Gf (s) is chosen appropriately as a strictly
proper stable filter with unity gain and zero phase shift over
the spectrum of the uncertainty ud and zero gain elsewhere.
In this case, it is sufficient to choose Gf (s) as a first-order
low-pass filter Gf (s) = [1/(Ts + 1)] where T is chosen as a
small enough positive number to ensure that the bandwidth of
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(a) (b) (c)

(d) (e) (f)

Fig. 3. Simulation results for case B1: comparison with the proposed scheme (16) with variable stiffness, low constant stiffness Kd = 10 and high constant
stiffness Kd = 30. (a) Positions in Cartesian space. (b) Zoomed-in view positions in contact phase. (c) Zoomed-in view tracking error e1 in noncontact phase.
(d) Zoomed-in view tracking error e2 in noncontact phase. (e) External force. (f) Control inputs.

Gf (s) covers the spectrum of ud. The first-order low-pass filter
is chosen with T = 0.01 s. Based on Remark 2, the desired
inertia, damping and stiffness are given by

Md(t) = diag

[
0.0005 sin

(
1

2
π t

)
+ 0.001

]
(29)

Cd(t) = diag

[
0.5 sin

(
1

2
π t

)
+ 1

]
(30)

Kd(t) = diag

[
10 sin

(
1

2
π t

)
+ 20

]
. (31)

For the impedance parameters defined above, two cases are
considered and tested.

Case B1: Comparison with the proposed scheme (16) with
variable stiffness, low constant stiffness Kd = 10 and high
constant stiffness Kd = 30.

The comparison simulation results are given in Fig. 3. The
tracking performance in Cartesian space is shown in Fig. 3(a).
From Fig. 3(a), it can be observed that the end-effector tracks
the reference trajectory in noncontact phase. When the external
force exerted by the wall is applied to the robot end-effector
in contact phase, the desired destination is regulated and the
end-effector slides along the wall. Fig. 3(b) gives the zoomed-
in view performance in contact phase. It is clear that the wall
undergoes small but finite deformation when contact occurs.
It is also remarkable that the performance in the case of vari-
able stiffness reaches intermediate values with respect to those
in the case of low and high constant stiffness. In addition,
Fig. 3(c) and (d) plots the tracking errors in noncontact phase.

It is worth noticing that, from Fig. 3(b), when constant low
stiffness is used, the position of end-effector almost matches

the desired one. However, from Fig. 3(c) and (d), when the
robot moves in noncontact phase, the tracking error in the
case of constant low stiffness is significant. Besides, although
the deformation of the wall in the case of constant high stiff-
ness is higher than that in the case of constant low stiffness,
the tracking error goes to a small value near zero. It can
be argued that, with respect to the interaction performance
in contact phase and the tracking performance in noncontact
phase, the use of variable stiffness allows to reach a good
compromise compared to the cases of constant high and low
stiffness.

Fig. 3(e) shows the external force, and the control inputs are
plotted in Fig. 3(f). It is noted that there are a few oscillations
while the robot comes in contact with the wall. This is due to
the change of the unknown environment but the control force
tends immediately to be smooth by using the proposed control.

Case B2: Comparison with the proposed scheme (16) with
variable damping, low constant damping Cd = 0.5 and high
constant damping Cd = 1.5.

The comparison results are given in Fig. 4. The track-
ing performance in Cartesian space is plotted in Fig. 4(a).
In contact phase, it can be observed that the position of the
end-effector in the case of variable damping does not change
significantly compared with that in the case of constant low
and high damping. Fig. 4(b) and (c) shows the zoomed-in view
tracking errors in noncontact phase. It is clear that the track-
ing error in the case of variable damping reaches intermediate
values with respect to those in the case of constant low and
high damping. On the other hand, the zoomed-in view velocity
is given in Fig. 4(d) and (e).
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(a) (b) (c)

(d) (e) (f)

Fig. 4. Simulation results for case B2: comparison with the proposed scheme (16) with variable damping, low constant damping Cd = 0.5 and high constant
damping Cd = 1.5. (a) Positions in Cartesian space. (b) Zoomed-in view tracking error e1 in noncontact phase. (c) Zoomed-in view tracking error e2 in
noncontact phase. (d) Zoomed-in view velocity ẋ1 in contact phase. (e) Zoomed-in view velocity ẋ2 in contact phase. (f) External force.

It is noted that, from Fig. 4(b) and (c), when the low damp-
ing is applied, the tracking error in noncontact phase is small
and the tracking performance almost matches the desired one.
However, in terms of the velocity in contact phase, the over-
shoot in the case of low damping is remarkable (plotted in
Fig. 4(d) and (e) when t ∈ [1.8, 2.2]). Although there exist
some oscillations in other cases when t ∈ [1.8, 2.2], the
overshoots are smaller and the velocity converges to stable
smoothly and quickly. It is concluded that, in terms of the
tracking error in noncontact phase and the velocity profiles in
contact phase, the use of variable damping tends to have a
good compromise compared to the cases of constant low and
high damping. Fig. 4(f) gives the external forces exerted by
the wall.

In addition, the inertial behavior is not investigated in this
paper where a slow interaction task is considered, as the iner-
tial behavior declines and vanishes for slow movements [50]
and it is not necessary in many applications [21].

C. Guidelines for Selecting Impedance Parameters

In this section, the guidelines for selecting impedance
parameters in the impedance model (4) will be discussed.
Although the stability of the closed-loop system is guar-
anteed, the interaction performance is mainly influenced by
impedance parameters. Our idea is to change the magnitude
or the frequency of the variable stiffness and variable damping
in order to improve the performance in terms of accuracy, with
other parameters being the same as those previously defined
in Section IV-B. Different cases are considered.

Case C1 (Effect of the Magnitude of Stiffness): Consider
constant inertia and damping, with different magnitudes of
stiffness, i.e., Md(t) = 0.001, Cd(t) = 0.5, Kd1(t) =
diag[2 sin([1/2]π t) + 5], Kd2(t) = diag[2 sin([1/2]π t) + 10],
and Kd3(t) = diag[2 sin([1/2]π t)+30]. The simulation results
for case C1 are plotted in Fig. 5. Fig. 5(a) shows the position
of the end-effector in Cartesian space. The zoomed-in view
performance in contact phase and the external force are given
in Fig. 5(b) and (c), respectively. It can be observed that, when
the magnitude of stiffness is increasing, both the deformation
of the wall and the external force are increasing significantly.
In addition, the zoomed-in view tracking error in noncontact
phase is given in Fig. 5(d) and (e).

It is worth noticing that, the deformation of the wall is
remarkably influenced by the magnitude of stiffness, because
the decreasing magnitude of stiffness usually results in the
decreasing of external force, which actually causes a low
deformation of the wall. However, from Fig. 5(d) and (e), the
tracking error in the case of low magnitude of stiffness reaches
a large value. It shows that, how to choose the magnitude
of stiffness Kd(t) depends on the specific application includ-
ing the performance requirements and the hardware capability.
From Fig. 5(f), it can be seen that there are some oscillations
in the control input. This is due to the change of the unknown
environment but the control input tends to smooth immediately
by using the proposed control.

Case C2 (Effect of the Frequency of Stiffness): Consider
constant inertia and damping, with different frequencies of
stiffness, i.e., Md(t) = 0.001, Cd(t) = 0.5, Kd4(t) =
diag[2 sin([1/2]π t) + 10], Kd5(t) = diag[2 sin(5π t) + 10] and
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(a) (b) (c)

(d) (e) (f)

Fig. 5. Simulation results for case C1: constant inertia and damping, with different magnitudes of stiffness, i.e., Md(t) = 0.001, Cd(t) = 0.5, Kd1(t) =
diag[2 sin([1/2]π t) + 5], Kd2(t) = diag[2 sin([1/2]π t) + 10], and Kd3(t) = diag[2 sin([1/2]π t) + 30]. (a) Positions in Cartesian space. (b) Zoomed-in view
positions in contact phase. (c) External force. (d) Zoomed-in view tracking error e1 in noncontact phase. (e) Zoomed-in view tracking error e2 in noncontact
phase. (f) Control inputs.

Kd6(t) = diag[2 sin(15π t) + 10]. The simulation results with
different frequencies of variable stiffness are given in Fig. 6.
The position of the end-effector in Cartesian space is plot-
ted in Fig. 6(a). The zoomed-in view interaction performance
and the external force are given in Fig. 6(b) and (c), respec-
tively. It is clear that, when the frequency of stiffness increases,
both the interaction performance and the external force are
oscillating apparently. In addition, the zoomed-in view track-
ing error in noncontact phase is given in Fig. 6(d) and (e),
which also illustrates that the tracking error in the case
of high frequency of stiffness is oscillating remarkably. It
can be concluded that, Kd(t) should have a low frequency
in order to reduce the tracking errors and oscillations in
practice. The control input is given in Fig. 6(f), and the oscil-
lation of the control input results from the environmental
change.

Case C3 (Effect of the Magnitude of Damping): Consider
constant inertia and stiffness, with different magnitudes of
damping, i.e., Md(t) = 0.001, Kd(t) = 10, Cd1(t) =
diag[0.1 sin([1/2]π t) + 0.5], Cd2(t) = diag[0.1 sin([1/2]π t) +
1], and Cd3(t) = diag[0.1 sin([1/2] π t) + 2]. The simula-
tion results with different magnitudes of damping are given in
Fig. 7. The position of the end-effector in Cartesian space is
shown in Fig. 7(a). From Fig. 7(a), it seems that the interaction
performance in contact phase is not much influenced by the
magnitude of damping. Besides, the zoomed-in view track-
ing error in noncontact phase is given in Fig. 7(b) and (c).
It can be observed that, when the magnitude of damp-
ing decreases, the tracking error is reduced to improve the
accuracy. The zoomed-in view velocity in contact phase

is given in Fig. 7(d) and (e). It is clear that there exist
some oscillations in velocity during t ∈ [1.8, 2.2] and
t ∈ [5.8, 6.2], which is due to the change of the unknown
environment, but the velocity tends to smooth immediately.
From Fig. 7(d) and (e), the overshoot in the case of lowest
magnitude of damping is the largest. In addition, the external
force is given in Fig. 7(f), which illustrates that the external
force is not much influenced by the magnitude of damping.
Therefore, how to choose the magnitude of damping Cd(t)
depends on the specific application including the position and
velocity requirements.

Case C4 (Effect of the Frequency of Damping): Consider
constant inertia and stiffness, with different frequencies of
damping, i.e., Md(t) = 0.001, Kd(t) = 10, Cd4(t) =
diag[0.1 sin([1/2]π t)+0.5], Cd5(t) = diag[0.1 sin(5π t)+0.5],
and Cd6(t) = diag[0.1 sin(15π t)+0.5]. The simulation results
with different frequencies of damping are given in Fig. 8.
In this case, the zoomed-in view tracking error in noncon-
tact phase is shown in Fig. 8(b) and (c). When the frequency
of damping increases, the tracking error is oscillating signif-
icantly. Fig. 8(d) and (e) plot the zoomed-in view velocity
profile, which illustrates that there usually exist some oscil-
lations when contact occurs. When the robot switches from
contact phase to noncontact phase, e.g., t ∈ [5.8, 6.2] in
Fig. 8(d) and (e), the overshoot in the case of lowest frequency
of damping is large obviously. Besides, from Fig. 8(f), it
can be seen that the external force is not much influenced
by the frequency of damping. Therefore, how to choose
the frequency of damping Cd(t) depends on the specific
application requirements.
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(a) (b) (c)

(d) (e) (f)

Fig. 6. Simulation results for case C2: constant inertia and damping, with different frequencies of stiffness, i.e., Md(t) = 0.001, Cd(t) = 0.5, Kd4(t) =
diag[2 sin([1/2]π t)+10], Kd5(t) = diag[2 sin(5π t)+10], and Kd6(t) = diag[2 sin(15π t)+10]. (a) Positions in Cartesian space. (b) Zoomed-in view positions
in contact phase. (c) External force. (d) Zoomed-in view tracking error e1 in noncontact phase. (e) Zoomed-in view tracking error e2 in noncontact phase.
(f) Control inputs.

D. Performance With Second-Order Filters

In this section, the performance with second-order filters
in the impedance control (16) will be discussed with differ-
ent bandwidths presented for the purpose of comparison. A
second-order filter is chosen as a Butterworth form

Gf (s) = 1

(T1s)2 + √
2T1s + 1

(32)

where the filter parameter T1 is tuned as 10, 0.1, and 0.001,
respectively. The corresponding bandwidth is 0.1, 10, and
1000. According to the guidance of the filter design mentioned
in [37], by applying the internal model principle, the infor-
mation of the reference should be incorporated into the filter
design. Thus, another second-order low-pass filter is chosen
as follows:

Gf (s) = T2s + 2.5

s2 + T2s + 0.25π2
(33)

where the filter parameter T2 is tuned as 0.1, 10, and 1000,
respectively. The corresponding bandwidth is about 1000, 10
and 0.1. The initial position and velocity of the robot are
given as x1(0) = [0.9 0.6]T and x2(0) = [0 0]T . The desired
inertia, damping, and stiffness are given by (29)–(31), with
other parameters being the same as those previously defined.

The tracking error using the Butterworth filter with differ-
ent bandwidths are shown in Fig. 9. From Fig. 9(a), it can
be seen that when t < 1.6 s (i.e., in noncontact phase), the
tracking error is reduced by choosing a big bandwidth. When
the contact occurs at t = 1.6 s, the smaller bandwidth results
in larger oscillation. Besides, the tracking error e2 is shown

in Fig. 9(b), and a large spike occurs in the tracking error
e2 at about t = 1.5 s when the bandwidth is decreased. For
2 < t < 16 s, the three filters try to approximate the uncertain
robotic dynamics. It can be observed that the big bandwidth
results in the smaller and smoother tracking error.

Then, the advanced filter (33) with different bandwidths is
checked and the tracking error is given in Fig. 10. It can
be observed from Fig. 10(a) that when t < 1s, the tracking
error e1 can converge to zero faster with a bigger bandwidth.
Further, the smaller bandwidth results in larger spike at about
t = 1.5 s. Another tracking error e2 is given in Fig. 10(b).
Clearly, Fig. 10(b) implies that, if the bandwidth is selected
as a small value, the oscillation occurs and the tracking error
is increased.

E. Output Feedback Control Scheme

The proposed UDE-based variable impedance control (16)
is designed under the assumption that all states are measur-
able. However, some state information may not be measurable
due to practical issues such as in the absence of velocity sen-
sors. Thus, the effectiveness of the output feedback control
scheme (17) will be checked and the challenging problem
of designing an output feedback control scheme using UDE
is converted into the design of a low-pass filter in this sec-
tion. To make sure the control structure (17) is realizable,
the filter in (17) is selected as a second-order filter (32) with
T1 = 0.001. The desired inertia, damping and stiffness are
given by (29)–(31) and other parameters are the same as
previously defined in Section IV-A.
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(d) (e) (f)

Fig. 7. Simulation results for case C3: constant inertia and stiffness, with different magnitudes of damping, i.e., Md(t) = 0.001, Kd(t) = 10, Cd1(t) =
diag[0.1 sin([1/2]π t) + 0.5], Cd2(t) = diag[0.1 sin([1/2]π t) + 1], and Cd3(t) = diag[0.1 sin([1/2]π t) + 2]. (a) Positions in Cartesian space. (b) Zoomed-in
view tracking error e1 in noncontact phase. (c) Zoomed-in view tracking error e2 in noncontact phase. (d) Zoomed-in view velocity ẋ1 in contact phase.
(e) Zoomed-in view velocity ẋ2 in contact phase. (f) External force.

(a) (b) (c)

(d) (e) (f)

Fig. 8. Simulation results for case C4: constant inertia and stiffness, with different frequencies of damping, i.e., Md(t) = 0.001, Kd(t) = 10, Cd4(t) =
diag[0.1 sin([1/2]π t) + 0.5], Cd5(t) = diag[0.1 sin(5π t) + 0.5], and Cd6(t) = diag[0.1 sin(15π t) + 0.5]. (a) Positions in Cartesian space. (b) Zoomed-in
view tracking error e1 in noncontact phase. (c) Zoomed-in view tracking error e2 in noncontact phase. (d) Zoomed-in view velocity ẋ1 in contact phase.
(e) Zoomed-in view velocity ẋ2 in contact phase. (f) External force.

The simulation results using the output feedback control
scheme (17) are given in Fig. 11. The position performance
of x1 is given in Fig. 11(a). Clearly, the position x1 can track

the reference in noncontact phase, and the desired destina-
tion is regulated and the end-effector slides along the wall in
contact phase. The position x2 is shown in Fig. 11(b). It is
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(a) (b)

Fig. 9. Tracking errors using a Butterworth filter with different bandwidths.
(a) Zoomed-in view tracking error e1 in noncontact phase. (b) Tracking
error e2.

(a) (b)

Fig. 10. Tracking errors using an advanced filter with different bandwidths.
(a) Zoomed-in view tracking error e1 in noncontact phase. (b) Tracking
error e2.

(a) (b)

(c) (d)

Fig. 11. Simulation results for output feedback control scheme. (a) posi-
tion x1. (b) position x2. (c) Zoomed-in view tracking error e1 in non-contact
phase. (d) Zoomed-in view tracking error e2 in noncontact phase.

clear that the position x2 can track the reference trajectory
in noncontact phase. Besides, the tracking errors are given in
Fig. 11(c) and (d). From Fig. 11(c) and (d), it can be observed
that there initially exist some oscillations for 0 < t < 0.1, but
the tracking errors can converge to small values quickly. It
can be concluded that the design of an output feedback con-
trol scheme can be converted into the design of a low-pass
filter.

V. CONCLUSION

In this paper, the UDE-based variable impedance con-
trol was developed for an uncertain robot system executing
interaction tasks with its unknown environment. In particular,
the variable impedance control was used to handle the change
of the unknown environment. This resulted in configuration-
dependent impedance dynamics. Furthermore, the UDE-based
control was employed to estimate and compensate the model
uncertainty. It does not require any knowledge of the uncer-
tainty, except its bandwidth information for the control design.
Extensive simulation studies showed the effectiveness of the
proposed UDE-based variable impedance control in improving
the robot–environment interaction performance. The guide-
lines for different impedance strategies were provided. Also,
the proposed UDE-based variable impedance control has
shown better flexibility to change the impedance dynamics
during the interaction task. Besides, the performance using
different filters was given to elaborate on the filter selection,
and an output feedback control case was carried out to illus-
trate that the designing of an output feedback controller using
UDE could be converted into the design of a low-pass filter,
which is an improvement of the UDE-based control itself.
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