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This paper presents an autonomous landing control approach for a quadrotor unmanned aerial vehicle subject to

wind disturbance and three-dimensionalmovements of the landing platform.To achieve an accurate relative position

estimation of the quadrotor to the landing platform, a camera, a distance sensor, and a single-board computer are

integrated to the quadrotor. The coordinate transformation is introduced to deal with the constraint that only the

relative position information is available. The impacts of unknown ship motions are treated as part of the lumped

uncertainty terms. Then, the uncertainty and disturbance estimator-based controllers are developed to achieve the

accurate relative position control of the quadrotor while dealing with unknown ship motions, ground effect, state

couplings, and external disturbances. The uncertainty and disturbance estimator filter is designed based on the

internal model principle to enhance the performance of the developed controller. The reference model of the relative

altitude controller ismodified to ensure the accurate tracking of descending commands.Tomaximize the capability of

the developed controller, a parameter selection guideline based on the derived ship heave acceleration spectrum is

provided. Both numerical simulations and flight experiments are carried out to demonstrate the effectiveness of the

developed approach.

Nomenclature

Az, Bz, χz = state matrix, input matrix and
state vector for Δz dynamics,
respectively

b = thrust force input coefficient
ex, ey, ez = closed-loop system tracking error

vectors for Δx, Δy, and Δz
dynamics, respectively

F = total thrust force generated by
rotors in Q, N

g = gravitational acceleration,

9.8m∕s2

I �
2
4 Ixx 0 0

0 Iyy 0

0 0 Izz

3
5 = quadrotor body inertia matrix,

kg ⋅m2

I � fxI; yI;zIg = inertia frame
kF = rotor thrust coefficient, N∕rpm2

kM = rotor drag coefficient,
�N ⋅m�∕rpm2

km = motor bandwidth, s−1

l = arm length, m
m = quadrotor mass, kg
Q � fxQ; yQ;zQg = quadrotor body frame
R = radius of the propeller, m
S � fxS; yS; zSg = ship body frame
S, SE, SR, SACC = sea wave, ship encounter wave,

ship heave motion, and ship
heave acceleration spectrums,
respectively, m2 ⋅ s

U0 = ship forward speed, m∕s
uξ � � ux uy uz �T = control inputs for the relative

position dynamics

xr, yr, zr = calculated quadrotor position
references in I , m

zR = average height of the quadrotor
propellers in I , m

Γ = encounter angle, deg
Δξ � �Δx Δy Δz �T = relative positions, m
Δξr � �Δxr Δyr Δzr �T = relative position references, m
Δψ , Δψr = relative yaw and relative yaw

reference, respectively
η � �ϕ θ ψ �T = quadrotor Euler angles, deg
ν � � _x _y _z �T = quadrotor translational velocities

in I , m∕s
ξ � � x y z �T = quadrotor positions in I , m
ξs � � xs ys zs �T = ship positions in I , m
τ � � τϕ τθ τψ �T = torques along quadrotor body

axes, N ⋅m
χmx, χmy, χmz = state vectors of the reference

models for Δx, Δy, and Δz
dynamics, respectively

χmz1 = first component of the vector
χmz, m

Ω � �p q r �T = quadrotor rotational velocities
in Q, deg ∕s

ωw, ωE = sea wave and encounter wave
frequencies, respectively, rad∕s

ω0R, ω0ACC = peak frequencies of the ship
heave motion and ship heave
acceleration spectrums, respec-
tively, rad∕s

I. Introduction

T HE research in the automation of unmanned aerial vehicles
(UAVs) has evolved rapidly over the past decades, which is

driven by their various applications ranging from military combat to
civilian infrastructure inspection [1,2]. Moreover, compared to
manned aircrafts, the UAVs are more suitable and expandable for
dull, dirty, and dangerous missions [3]. The use of UAVs in open seas
provides the convenience for operators to conduct efficient maritime
operations, such as offshore wind-turbine monitoring and ocean
surveying. To be applicable in maritime applications, it requires the
UAVs to autonomously take off and land on moving platforms, such
as the ship deck or the landing pad attached to a vessel [4]. Compared
with other phases during the autonomous operation of the UAVs,
landing is probably the most intricate and challenging component.
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About 50% of fixed-wing UAVs suffer accidents during landing, and
almost 70%ofmishaps are caused by human factors [5]. Therefore, to
alleviate the pilot’s load and achieve safe landing, the study of
autonomous shipboard landing control for UAVs posses both
theoretical and practical importance. Among all kinds of UAVs, the
quadrotor has the attracting features of low cost, easy deployment,
and vertical takeoff and landing ability [6,7]. It is adopted as the
validation platform in this work.
The navigation and control are two essential parts to achieve

accurate and safe shipboard landing. A typical navigation system for
shipboard landing uses the fused measurements from GPS and the
inertial measurement unit (IMU) to provide the position information
of the UAVand the ship deck [8]. However, the accuracy of GPS is
usually around several meters [9]. To enhance the performance of the
GPS system, the differential GPS and the real-time kinematic
algorithms are used [10]. Nevertheless, the accessibility of GPS
signal is subject to satellite availability, signal blockage from the
ship’s superstructure, jamming, and spoofing [11,12]. Instead of
relying on traditional GPS-based navigation methods, recent studies
have also investigated the tether-based [13,14], infrared feature-
based [15], optical flow-based [4], and marker-based [16,17]
approaches to provide the localization information during UAV
landing. In [16,17], the ArUco marker and AprilTags are used to
provide the position estimation of the landing platform. The
localization method based on the ArUco library [18] provides drift-
free estimation of the marker position and orientation. Additionally,
the generation and preparation of the ArUco marker are relatively
simple, and there are no special requirements for the camera.
Therefore, in this paper, the relative navigation information is
provided by a TeraRanger One distance sensor [19] and a camera,
which is used for marker detection.
The landing operation usually consists of several phases [20]. In

this paper, the landing process is divided into three phases. The first
phase is the lock-in phase, where the quadrotor is commanded to
hover above the moving ship. After synchronization between the
quadrotor and the ship is achieved, the second phase (descending)
will be started by controlling the quadrotor to follow the predefined
descending path. When the quadrotor is close enough to the landing
platform, the final phase (touchdown) is initiated by decreasing the
thrust at a constant rate. For the selection of the landing trajectory,
in [21], a smooth sigmoid function is used as the reference path to
achieve the smooth landing. The reference path in [4] is an
exponential function, which is specified by the desired optical-flow
divergence.A trajectory generationmodule is used in [22] to generate
the time-optimal landing trajectory. In [17], a ramp reference signal
with constant descent rate is used to achieve quick and safe descent.
The parameterization of a ramp signal is relatively simple, and it is
computationally efficient, making it suitable for the implementation
on the flight control board of the quadrotor, where computational
power is limited. Thus, in this paper, the descending path is chosen as
a ramp signal.
As for the control algorithm development, there exist a number of

challenges due to the nonlinear dynamics of the quadrotor and the
complex maritime environment. First, the quadrotor is a naturally
unstable systemwith coupled states [23].Moreover, the ground effect
when the quadrotor flying proximity to the landing platform causes
the rotors to generate additional nonlinear lifting forces, making the
controller hard to stabilize [16,22]. Second, the battery voltage
dropping/fuel consumption and payload change lead to time-varying
model uncertainties. Third, the landing platform (ship deck) is in
random heave motion due to the interaction with the sea wave. To
avoid collision and achieve safe landing, the ship deck motions
should be taken into consideration when designing the controller.
Moreover, the accurate motion information of the ship and the
quadrotor in the inertia frame is hard to measure. The problem
becomes particularly challenging when solely the relative position
information is available. To achieve synchronization between the
quadrotor and the landing platform, the controller’s task is to force
the quadrotor to track a time-varying reference trajectory whose
information is not readily available [24]. Fourth, the wind gust from
the environment and air wakes generated by the ship superstructure,

which are acting as external disturbances, cause problems for safe
and accurate landing operations.
To deal with the preceding challenges, various control methods

have been proposed. The classical proportional–integral–derivative
controller possesses the merits of easy implementation and
computational efficiency. Therefore, it has been widely adopted for
the control execution to achieve safe landing [11,16,17]. However,
without considering the system nonlinearities of the quadrotor and the
landing platform motion, such methods may lead to suboptimal
performance [8]. As for the treatment of random shipmotion, which is
the major challenge of the shipboard landing control, the existing
methods can be categorized into two camps. The first category of
method constructs the ship motion estimator to provide the ship deck
motion information through the fusion of measurements from the
vision system, IMU, and GPS [22,25]. For instance, in [22], a motion
estimationmodule based on an unscentedKalman filter is constructed.
Then, the estimated ship deck motion is fed to the developed adaptive
robust controller. In [25], a modified Prony analysis procedure is used
to estimate the mean ship deck height. Nevertheless, the ship motion
estimator requires substantial time to initialize [21], and the motion
control accuracy is also dependent on the performance of the ship
motion estimator [4]. This motivates researchers to investigate the
second category of estimator-free methods, where the effects of the
random ship motions are treated as disturbances. In [21], an altitude
controller for a quadrotor based on the invariant ellipsoid technique is
developed to handle the ship heavemotion. The optimal control gain is
computed to achieve the minimum ellipsoid size, which is also the
error response bound. The time delay control (TDC) augmented
proportional-derivative controller is investigated in [20] for a
helicopter to achieve the autonomous shipboard landing mission,
where the TDC is designed to compensate the effects of ship motions,
model uncertainties, and crosswinds. In [26], a disturbance estimator
for constant, or slowly time-varying, unknown inertial forces, which
are generated from the motion of the landing platform, is included in
the control law to improve its performance. The control algorithm
based on the internal model principle along with the frequency
adaptation law is developed in [24] to account for the effect of the ship
deck oscillations. In this paper, for the treatment of the random ship
motion, the latter approach is adopted by regarding the impacts of the
ship motion as part of the lumped uncertainty terms. The coordinate
transformation is introduced to solve the sensing limitations where
solely the relative navigation information is available. Then,
the uncertainty and disturbance estimator (UDE) based position
controllers are developed in the relative coordinates to handle the
influence of unknown ship motions, state couplings, ground effect,
model uncertainties, and external disturbances. The UDE-based
control method was proposed in [27], whose basic idea is that, in the
frequency domain, an engineering signal can be approximated by
putting it through a filter with the appropriate bandwidth. In recent
years, the remarkable performance of the UDE strategy has been
validated through various applications, such as servomotor [28,29],
variable-speed wind turbine [30], power system [31,32], and UAV
[33–35].
Compared with the existing approaches proposed in the literature,

the developed approach has several aspects of advantages. First,
because the proposed approach is derived in relative coordinates, it is
suitable for the scenarios where only the measurements from the
onboard sensors are available (e.g., the GPS-denied environment).
Second, the ship motion estimation module is not required, making
the developed UDE-based controller have a relatively simple
structure and easier implementation. Third, the robustness and
performance of the developed UDE-based controller are further
improvedwith theUDE filter, which is designed based on the internal
model principle, the modified reference model, and the derived
controller parameter selection guideline from the analysis of the
derived ship heave acceleration spectrum. The limitation of the
developed method lies in the requirement of the sea state data, which
may be available from the marine weather forecasts. Additionally, as
a visual-basedmethod, adequate lighting is needed to provide reliable
navigation information. The artificial marker should also be placed
on the landing platform before the initiation of the landing operation.
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The contributions of this paper are summarized as follows.
To achieve accurate relative navigation between the quadrotor and

landing platform, a camera, a TeraRanger One distance sensor, and an
Odroid XU4 single-board computer are integrated. The marker design,
which consists of two concentric ArUco markers with different sizes, is
used to ensure the localization data available during the whole landing
process from high altitude to low altitude. To deal with the limitations
where solely the relative navigation information is available, the
coordinate transformation is introduced. Then, the UDE-based position
controllers are developed in the relative coordinates and applied to the
quadrotor autonomous landing operation. To deal with the random ship
heave motion, the UDE filter is designed based on the internal model
principle with the guideline provided in [29]. The parameter selection
guideline from the analysis of the derived ship heave acceleration
spectrum is developed to maximize the capability of the developed
controller. Moreover, the reference model is modified to enhance the
tracking performance of the developed controller. The detailed stability
analysis of the closed-loop system and performance analysis of the
reference model are provided. Simulation studies are carried out to
validate the effectiveness of proposed approach with the ship motion
simulated based on the sea wave spectrum, realistic sea state data, and
response amplitude operator (RAO) data from the literature.
Furthermore, extensive flight experiments are carried out with the self-
built quadrotor platform and the self-built landing platform in a
laboratory setup to demonstrate the performance of the developed
approach. Even with the presence of wind disturbance and unknown
three-dimensional landing platformmotions, the autonomous landing is
successfully achieved. To the authors’ best knowledge, this is the first
time that a UDE-based controller with the filter designed based on the
internal model principle has been applied to the quadrotor landing
control problem and implemented in both simulation and experimental
studies.
The rest of this paper evolves along this line. In Sec. II, the

mathematicalmodels of the quadrotor and shipmotions are presented
with the control problem formulated. The details of the UDE-based
controller design are discussed in Sec. III. Section IV shows the
stability of the closed-loop system and performance analysis of the
proposed controller. Simulation studies and flight experiments are
carried out in Sec. V to demonstrate the effectiveness of the proposed
approach. Conclusions are made in Sec. VI.

II. System Modeling and Problem Formulation

In this section, the modelings of the quadrotor motion and the ship
motion in seaway are presented. Based on the developed quadrotor
and ship motion models, the relative position dynamics is derived
with the coordinate transformation introduced. Then, the control
problem for the landing operation is formulated as a relative
trajectory tracking problem.

A. Quadrotor System Modeling

The coordinate systems of the inertia frame, the quadrotor body
frame, and the ship body frame are illustrated in Fig. 1. Let
I � fxI; yI;zIg denote the right-hand inertial frame, with zI being the
vertical direction unit vector pointing toward the ground. The quadrotor
body frameQ � fxQ; yQ; zQg is rigidly attached to the center of gravity
of the quadrotor. The ship body fixed frame is denoted by
S � fxS; yS; zSg, which is attached to the center of gravity of the ship.
Let F denote the total lift force, and τ � � τϕ τθ τψ �T denote
the vector consisting of torques along the quadrotor body axes. The
positions and translational velocities of the quadrotor with respect to the
inertial frame I are represented by ξ��x y z �T and ν � � _x _y _z �T ,
respectively. Let η � �ϕ θ ψ �T and Ω � �p q r �T denote the
Euler angles and angular velocities of the quadrotor, respectively. The
rotation matrix R is used to describe the orientation of the quadrotor.
Then, the model of the quadrotor dynamics is represented using the
following equations [4]:

_R � Ω×R (1)

I _Ω � τ −Ω×IΩ (2)

_ξ � ν (3)

m_ν � −bFRzI �mgzI (4)

where m is the mass; g is the gravitational acceleration; b is the input
coefficient; zI � � 0 0 1 �T is the vertical unit vector of the inertia
frame; I represents the quadrotor body inertia matrix; and Ω× is a
skew-symmetric matrix in the form of

Ω× �

2
664

0 −r q

r 0 −p

−q p 0

3
775

Let ξs � � xs ys zs �T be the positions of the ship in the inertia frame
I . Because of the ground effect, the rotors will gain additional nonlinear
lift forces when flying proximity to the landing platform. The input
coefficient b, which models the ground effect, can be expressed as
[22,36]

b � 1

1 − �R2∕16�zR − zs�2�
(5)

where R is the radius of the quadrotor propeller, and zR is the average
height of the four quadrotor propellers in the inertia frame.
Assumption 1: For very small values of �zR − zs�∕R, there exist

large errors in Eq. (5) [36]. It is assumed that �zR − zs∕R� ≥ 0.5, such
that the ground effect model [Eq. (5)] is valid.
Because of the heights of the quadrotor frame, landing gear, and

motors, the preceding assumption could be easily satisfied.

B. Ship Motion Modeling

Assumption 2: For the translational motions of the ship, it is
assumed that the ship is moving with a constant forward speed
(i.e., _xs and _ys are constants).
The ship heave motion zs is mainly caused by the interaction with

the sea waves [37]. For the simulation of the ship heave motion in
seaway, the International Towing Tank Conference (ITTC) sea wave
power spectrum S�ωw� is recommended [38,39]:

S�ωw� � 173H2
sT

−4
1 ω−5

w exp�−691T−4
1 ω−4

w � (6)

where exp�⋅� is the exponential function, ωw is the wave frequency,
Hs is the significant wave height, and T1 is the mean wave period.
Because the ship is moving with respect to the inertia frame, the sea
wave observed from the ship is affected by a Doppler shift [40].
Considering the ship, which is moving with a forward speed U0 and
an encounter angle Γ, which is defined as the angle between the sea

Fig. 1 Coordinate systems for the quadrotor shipboard landing.
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wave propagation direction and the ship heading, the encounter wave
spectrum SE is given by

SE�ωE� �
S�ωw�

j1 − �2ωwU0∕g� cosΓj
where ωE is the encounter wave frequency. With the response
amplitudes specified by the RAO [41], the ship heave motion power
spectrum can be calculated as

SR�ωE� � R2
A�ωE�SE (7)

whereRA is the response amplitude of the ship to thewave excitation.
The ship heave motion model is given as the finite sum of sinusoidal
components [40]

zs �
Xn
i�1

Mi sin�ωEit� φi� (8)

where Mi, ωEi, and φi are amplitude, frequency, and random initial
phase of the ith component, respectively. The amplitude Mi for a
given frequency ωEi can be calculated from the ship heave motion
spectrum [Eq. (7)] using

Mi �
�����������������������������
2SR�ωEi�ΔωE

p
(9)

where ΔωE is the differential step between successive encounter
frequencies.

C. Problem Formulation

Considering the bounded external disturbances dx anddy acting on
the horizontal dynamics of the quadrotor, the position dynamics of
the quadrotor [Eq. (4)] can be rewritten as [34]

�x � −
b

m
F�cos�ψ� sin�θ� cos�ϕ� � sin�ψ� sin�ϕ�� � dx (10)

�y � −
b

m
F�sin�ψ� sin�θ� cos�ϕ� − cos�ψ� sin�ϕ�� � dy (11)

�z � −
b

m
F�cos�θ� cos�ϕ�� � g (12)

Assumption 3: It is assumed that the heading angle ψ will be first
controlled to be aligned with the heading of the ship before the
quadrotor starts landing.
The virtual controls for quadrotor horizontal dynamics are

designed as [34]

ux � θr cos�ϕ�
uy � −ϕr (13)

by approximating sin�θr� and sin�ϕr� as θr and ϕr. Choosing the
control input for the altitude dynamics as uz � g − �F∕m� and
defining the relative coordinates asΔξ � �Δx Δy Δz �T � ξ − ξs,
the relative system dynamics can be written as

Δ_ξ � _ξ − _ξs

Δ�ξ � Buξ �D (14)

where uξ � � ux uy uz �T is the control input vector,
B��−�F∕m� −�F∕m� 1� is the input matrix, andD��Dx Dy Dz �T
represents the vector of lumped uncertainty terms in the form of

Dx � −
F

m
�b cos�ψ� sin�θ� cos�ϕ� � b sin�ψ� sin�ϕ�− ux�− �xs � dx

Dy � −
F

m
�b sin�ψ� sin�θ� cos�ϕ�− b cos�ψ� sin�ϕ�− uy�− �ys � dy

Dz � −
F

m
�b cos�θ� cos�ϕ�− 1�− �zs (15)

Remark 1: It can be seen from Eq. (15) that the lumped uncertainty
terms consist of approximation errors, state couplings, external
disturbances, ground effect, and accelerations of the landing platform,
which will be handled by the developed UDE-based controllers.
Then, the control problem is formulated as designing the

effective position controllers to regulate the relative motion Δξ to
track the smooth, continuous, and differentiable reference
Δξr � �Δxr Δyr Δzr �T , which specifies the landing trajectory
of the quadrotor, in the presence of state couplings, random ship
motion, ground effect, and external disturbances.

III. Control Design

This section presents the detailed derivation process of the
UDE-based controller. To deal with random ship motion, the internal
model principle is used to design the UDE filter based on the
guidelines provided in [29]. The reference model is modified to
ensure the tracking performance of the developed controller. The
final forms of the controllers are also derived based on the developed
UDE filter and reference model. The block diagram of the overall
control system for the experimental platform is shown in Fig. 2,
where Δψ and Δψ r are the relative yaw and relative yaw reference,
respectively. In the experiment, the heading of the quadrotor is
controlled to be aligned with the heading of the landing platform
using a simple proportional–integral (PI) controller, and the attitude
control is achieved with the default attitude controllers in the
Pixhawk flight controller. The UDE-based controllers are applied to
control the relative altitude and relative horizontal positions.

A. Uncertainty and Disturbance Estimator-Based Controller

For clarity and simplicity, the details of developing theUDE-based
controller for the relative altitude dynamics are provided here.
Similar procedures can be followed for the relative horizontal
dynamics [34]. Rewriting the relative altitude dynamics from
Eq. (14) into the state-space form gives

_χz � Azχz � Bz�uz �Dz� (16)

where

χz �
�
Δz
Δ_z

�

Relative Altitude 
Controller

Attitude Controller

Relative Horizontal 
Position Controller

Quadrotor

Relative Yaw 
Controller

Fig. 2 Block diagram of the control structure.
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is the state vector,

Az �
�
0 1

0 0

�

is the state matrix, and

Bz �
�
0

1

�

is the input matrix. Design the stable reference model, which

specifies the desired performance of the closed-loop system, as

_χmz � Amzχmz � Bmzχzr (17)

whereAmz is the state matrix of the referencemodel, which should be

designed as a Hurwitz matrix;Bmz is the input matrix of the reference

model; χmz is the state vector of the reference model; and

χzr �
�
Δzr
Δ_zr

�

is a vector consisting of the reference and its first-order derivative. It

should be noted that, in thiswork, the derivative of the reference (Δ_zr)
is included in the reference model to enhance the tracking

performance of the developed controller. The tracking error of the

closed-loop system is defined as

ez � χmz − χz (18)

Taking the time derivative of Eq. (18) results in

_ez � Amzχmz � Bmzχzr − Azχz − Bzuz − BzDz (19)

The control objective is to drive the closed-loop system tracking

error converging to zero with the desired closed-loop system error

dynamics specified as

_ez � Amzez (20)

Based on Eqs. (19) and (20), the control action term Bzuz is

designed as

Bzuz � Amzχz � Bmzχzr − Azχz − BzD̂z (21)

where BzD̂z is the estimation of the lumped uncertainty term BzDz.

The lumped uncertainty term BzDz can be solved from the system

dynamics [Eq. (16)] as

BzDz � _χz − Azχz − Bzuz (22)

Following the procedures provided in [27], by adopting a stable

proper filterGfz�s� that has unity gain and zero phase shift over the
spectrum of the lumped uncertainty term, BzDz can be accurately

estimated as

BzD̂z � L−1fGfz�s�g � �_χz − Azχz − Bzuz� (23)

where � is the convolution operator, and L−1f⋅g is the inverse

Laplace transform operator. Hence, the control action term

[Eq. (21)] is rewritten as

Bzuz � Amzχz � Bmzχzr − Azχz − L−1fGfz�s�g
� �_χz − Azχz − Bzuz� (24)

Solving for uz results in the UDE-based control law

uz � B�
z

�
−Azχz � L−1

�
1

1 −Gfz�s�
�
� �Amzχz � Bmzχzr�

− L−1
�

sGfz�s�
1 − Gfz�s�

�
� χz

�
(25)

where B�
z � �BT

z Bz�−1BT
z is the pseudoinverse of Bz.

B. Filter and Reference Model Design

According to the guidelines provided in [29], the filter is designed

based on the internal model principle in the form of

Gfz�s� � 1 −
�
1 −

fcz
s� fcz

��
1 −

2ζzω0zs

s2 � 2ζzω0zs� ω2
0z

�

� �2ζzω0z � fcz�s2 � 2ζzω0zfczs� fczω
2
0z

s3 � �2ζzω0z � fcz�s2 � �2ζzω0zfcz � ω2
0z�s� fczω

2
0z

(26)

where fcz∕�s� fcz� is a first-order low-pass filter with the cutoff

frequency of fcz to handle step disturbance; 2ζzω0zs∕
�s2 � 2ζzω0zs� ω2

0z� is a second-order band-pass filter to handle

sinusoidal disturbancewith frequencyω0z; and ζz denotes the damping

ratio of the band-pass filter. The terms associated with the filterGfz�s�
in Eq. (25) are calculated as

1

1−Gfz�s�
� s3 ��2ζzω0z �fcz�s2 ��2ζzω0zfcz�ω2

0z�s�fczω
2
0z

s3 �ω2
0zs

sGfz�s�
1−Gfz�s�

� �2ζzω0z �fcz�s2 � 2ζzω0zfczs�fczω
2
0z

s2�ω2
0z

To ensure the reference model asymptotically tracking the

descending command, which is a ramp signal in this work, the

reference model is designed as

_χmz �
�

0 1

−ω2
mz −2ζmzωmz

�
χmz �

�
0 0

ω2
mz 2ζmzωmz

��
Δzr
Δ_zr

�
(27)

by incorporating the derivative of the reference signal, whereωmz and

ζmz are the parameters of the reference model. The final form of the

relative altitude controller is simplified as

uz � L−1
�

1

1 −Gfz�s�
�
� �−ω2

mzΔz − 2ζmzωmzΔ_z� ω2
mzΔzr

� 2ζmzωmzΔ_zr� − L−1
�

sGfz�s�
1 −Gfz�s�

�
� Δ_z (28)

During the landing process, the horizontal positions of the quadrotor

are commanded in synchronization with the ship horizontal motions,

which renders the constant relative position references. Thus, the

reference models of the horizontal position dynamics are designed as

_χmx �
"

0 1

−ω2
mx −2ζmxωmx

#
χmx �

"
0 0

ω2
mx 0

#"
Δxr
Δ _xr

#

_χmy �
"

0 1

−ω2
my −2ζmyωmy

#
χmy �

"
0 0

ω2
my 0

#"
Δyr
Δ _yr

#

with the filters Gfx�s� and Gfy�s� chosen as

Gfx�s� �
fcx

s� fcx

Gfy�s� �
fcy

s� fcy
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where ωmx, ζmx and ωmy, ζmy are the parameters of the reference
models for theΔx andΔy dynamics, respectively, and fcx and fcy are
the cutoff frequencies of the low-pass filters Gfx�s� and Gfy�s�,
respectively. Then, the final forms of the relative horizontal position
controllers are given as

ux � L−1
�

1

1 −Gfx�s�
�
� �−ω2

mxΔx − 2ζmxωmxΔ _x� ω2
mxΔxr�

− L−1
�

sGfx�s�
1 −Gfx�s�

�
� Δ _x

uy � L−1
�

1

1 −Gfy�s�
�
� �−ω2

myΔy − 2ζmyωmyΔ _y� ω2
myΔyr�

− L−1
�

sGfy�s�
1 −Gfy�s�

�
� Δ _y (29)

IV. Stability Analysis

This section presents the detailed stability analysis of the closed-
loop system. It is shown that, under the derived stability condition, the
tracking errors of the closed-loop systems are bounded. Then, the
asymptotic performance analysis of the reference model is provided.

A. Stability Analysis of the Closed-Loop System

Substituting Eq. (24) into the error dynamics [Eq. (19)] along with
Eqs. (22) and (23) leads to the closed-loop system error dynamics

_ez � Amzez � ~Dz (30)

where ~Dz � L−1fGf�s� − 1g � BzDz denotes the lumped uncer-
tainty estimation error. Consider the following Lyapunov function
candidate:

V�t� � eTz Pez

where P � PT is a real symmetric positive-definite matrix. The time
derivative of V�t� is given by

_V�t� � eTz P _ez � _eTz Pez

� eTz P�Amzez � ~Dz� � �eTz AT
mz � ~DT

z �Pez
� eTz �PAmz � AT

mzP�ez � 2eTz P ~Dz

� −eTz Qez � 2eTz P ~Dz

where Q is a positive-definite symmetric matrix defined by

PAmz � AT
mzP � −Q

Hence, it can be found that

_V�t� ≤ −λmin�Q�kezk2 � 2eTz P ~Dz

≤ −λmin�Q�kezk2 � 2λmax�P�kezkk ~Dzk (31)

where λmin�⋅� and λmax�⋅� denote the minimum and maximum
eigenvalues of a matrix, respectively. If the filter parameters, the
reference model Amz, and the matrixQ are chosen properly such that

k ~Dzk ≤
λmin�Q�
2λmax�P�

kezk

then

_V ≤ 0 (32)

Solving ez�t� from Eq. (30) results in

ez�t� � exp�Amzt�ez�0� �
Z

t

0

exp�Amz�t − μ�� ~Dz�μ� dμ (33)

where exp�⋅� is the exponential function. From Eq. (33), it could be

seen that the condition

k ~Dzk ≤
λmin�Q�
2λmax�P�

kezk

can be easily satisfied with the proper selection of the filter

parameters, reference model Amz, and matrix Q. Then, it can be

concluded from Eq. (32) that

V�t� ≤ V�0� ≤ γ; ∀ t ≥ 0

where γ is the upper bound of the Lyapunov function candidate. Thus,
for any bounded initial tracking error ez�0�, V�t� � eTz Pez will

remain bounded. Therefore, the closed-loop system tracking error ez
is also bounded from

V�t� � eTz Pez

≥ λmin�P�kezk2

Similar procedures can be followed to show that the closed-loop

system tracking errors for the relative horizontal position dynamics,

ex and ey, are bounded.

B. Performance Analysis of the Reference Model

Let χmz1 be the first component of the vector χmz. Rewriting the

reference model for the relative altitude controller [Eq. (27)] into the

dynamics of χmz1 and the command Δzr leads to

�χmz1 � −ω2
mzχmz1 − 2ζmzωmz _χmz1 � ω2

mzΔzr � 2ζmzωmzΔ_zr (34)

Taking the Laplace transform of Eq. (34) results in

Xmz1�s� �
2ζmzωmzs� ω2

mz

s2 � 2ζmzωmzs� ω2
mz

ΔZr�s�

where Xmz1�s� and ΔZr�s� are the Laplace transform of χmz1�t� and
Δzr�t�, respectively. Define the tracking error of the reference

model as

Emz�s� � ΔZr�s� − Xmz1�s�

� s2

s2 � 2ζmzωmzs� ω2
mz

ΔZr�s� (35)

The ramp reference signal during the descending phase is defined

as Δzr�t� � zr0 � vzrt, where zr0 is the initial relative altitude

reference during the hover phase, and vzr is a constant that specifies
the desired descending rate. Substituting ΔZr�s� � vzr∕s2 into

Eq. (35) leads to

Emz�s� �
vzr

s2 � 2ζmzωmzs� ω2
mz

(36)

If the reference model parameters ωmz and ζmz are properly

chosen such that Eq. (36) is a stable proper transfer function, by

applying the final value theorem to Eq. (36), there is

lim
t→∞

emz�t� � lim
s→0

sEmz�s�

� lim
s→0

vzrs

s2 � 2ζmzωmzs� ω2
mz

� 0

where emz�t� is the inverse Laplace transform of Emz�s�. Therefore,
it can be concluded that χmz1�t� can asymptotically track the

command signal Δzr�t�.
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V. Results and Discussion

In this section, the numerical simulations and experimental studies
are carried out to validate the effectiveness of the developed
UDE-based controllers. In the simulation, the sea state data and the
ship RAO data from the literature [41,42] are used to accurately
simulate the heave motion of a USS Joseph Hewes class destroyer
under realistic sea condition. From the analysis of the derived ship
heave acceleration spectrum and relative dynamics, a parameter
selection guideline for ω0z is provided to maximize the capability of
the relative altitude controller. Extensive experimental studies are
carried out to demonstrate that the quadrotor can successfully land on
a three-dimensional moving landing platform under the influence of
wind disturbance.

A. Numerical Simulation

The numerical simulation is performed using Matlab Simulink
R2015b with the fixed-step solver, and the step size is 0.001 s.
Because of the limited computational power of onboard
microprocessors, it is noticed that the update rate of the horizontal
position measurements from the camera can only reach 30 Hz.
Furthermore, the relative altitude measurement update rate is set to
100 Hz in the experiment. Therefore, in the simulation, the sampling
time is set to 0.033 s for theΔx andΔymeasurement and 0.010 s for
the Δz measurement. The quadrotor platform used in the simulation
is a Hummingbird quadrotor from Ascending Technology [43]. The
physical parameters of the quadrotor are listed in Table 1 [43,44].
The effect of thewind is simulated as disturbancesdx anddy acting on
the horizontal dynamics of the quadrotor. The details about the
quadrotormodel andwind disturbance calculation can be found in the
Appendix.

1. Ship Heave Motion Simulation with Sea State and Response Amplitude

Operator Data

The sea state 4 data of the North Atlantic from [42], which is
tabulated in Table 2, are used to determine the parameters for the sea
wave spectrum S�ωw�. It should be noticed that the percentage of
probability of sea state 4 ranks the highest among all sea states. LetT0

denote the modal wave period. The mean wave period can be
calculated from the modal wave period as T1 � 0.772T0. Then, the
RAO data in [41] corresponding to a USS Joseph Hewes class
destroyer at an encounter angle of 150 deg and a forward speed of
10 kt are adopted for the calculation of the ship heave motion

spectrum. The seawave spectrum S and encounter wave spectrum SE
with the sea state 4 data are calculated and plotted in Fig. 3a. Figure 3b

shows the ship heavemotion spectrumSR and ship heave acceleration
spectrum SACC. The ship heave motion in seaway is simulated using
Eq. (8) with n � 1000 and frequency ranging from 0.393 to 2 rad∕s.
The corresponding amplitude of the sinusoidal component (Mi),
given the encounter frequencyωEi, is calculated usingEqs. (7) and (9)

with the differential step of ΔωE � 0.0016 rad∕s.
Remark 2: From the analysis of the relative dynamics [Eq. (14)]

and lumped uncertainty terms [Eq. (15)], it is noticed that the random
ship heave motion zs creates problems for the accurate tracking of
desired landing trajectory through ship heave acceleration �zs.
The ship heave acceleration is obtained from Eq. (8) in the form of

�zs�t� �
Xn
i�1

−ω2
EiMi sin�ωEit� φi�

The corresponding ship heave acceleration spectrum is obtained as

SACC�ωE� � ω4
ESR�ωE� (37)

Let ω0R and ω0ACC denote the peak frequencies of the ship heave

motion and ship heave acceleration spectrum, respectively, which
have the highest power compared to other frequency components.

From Fig. 3b, it is noticed that ω0R � 0.8795 rad∕s and ω0ACC �
1.0535 rad∕s are different.
Remark 3:Because the ship heave acceleration is included into the

lumped uncertainty term, to maximally reduce the effect of the ship
heave motion, the filter parameter ω0z should be chosen as ω0ACC.

This parameter selection guideline will be further validated using
numerical simulation.

2. Simulation Case 1: Landing on a Moving Ship at Sea State 4

The objective of simulation case 1 is to let the quadrotor land on a
three-dimensional moving ship at sea state 4 of the North Atlantic,

which has an average wind speed of 19 kt (i.e., vwd � 9.774 m∕s),
average significant wave height of 1.88 m, and most probable modal
wave period of 8.8 s. The ship considered here is aUSS JosephHewes

class destroyer moving with a forward speed of 10 kt, which is
5.144 m∕s. The ship is traveling in the positive xI direction, and the
encounter angle is 150 deg. The controller parameters for each degree

of freedom (DOF) are listed in Table 3. The filter parameterω0z is set
to 1.0535 rad∕s, which is according to the peak of the ship heave
acceleration spectrum shown in Fig. 3b. The landing process consists

of three phases. The first phase is the lock-in phase, where the
quadrotor is commanded to hover above the moving ship with the
references given as Δxr � 0 m, Δyr � 0 m, and Δzr � −0.8 m.

After the synchronization between the quadrotor and the ship is
achieved (i.e., the quadrotor could successfully hover above the ship),
the second phase (descending) will be started by gradually reducing

the relative altitude reference. From practical flight experience, it is
noticed that the quadrotor will bounce up and down if directly
commanded to land with the relative altitude reference reduced to

zero. Therefore, when the quadrotor is close enough to the landing
platform (i.e., less than 0.38 m), the final phase (touchdown) is
initiated by decreasing the thrust at a constant rate. The simulation

results are shown in Fig. 4, where xr, yr, and zr are the calculated

Table 1 Quadrotor physical

parameters used in simulation [43,44]

Parameter Value

m 0.5 kg
Ixx 2.32 × 10−3 kg ⋅m2

Iyy 2.32 × 10−3 kg ⋅m2

Izz 4.00 × 10−3 kg ⋅m2

l 0.175 m
kM 1.5 × 10−9 �N ⋅m�∕rpm2

kF 6.11 × 10−9 N∕rpm2

km 20 s−1

R 0.1016 m

Table 2 Annual sea state in North Atlantic [42]

Sustained wind
speed, kt

Significant wave
height, m Modal wave period, s

Sea state number Probability, % Range Mean Range Mean Range Most probable

2 6.80 7–10 8.5 0.1–0.5 0.3 3.3–12.8 7.5
3 23.70 11–16 13.5 0.5–1.25 0.88 5.0–14.8 7.5
4 27.80 17–21 19 1.25–2.5 1.88 6.1–15.2 8.8
5 20.64 22–27 24.5 2.5–4 3.25 8.3–15.5 9.7
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position references for the quadrotor in the inertia frame. Figures 4a,

4c, and 4e show the relative positions Δx, Δy, and Δz and their
references Δxr, Δyr, and Δzr, and Figs. 4b, 4d, and 4f present the

quadrotor positions, x, y, and z, their references xr, yr, and zr, and
ship positions xs, ys, and zs, in the inertia frame. The relative altitude

Δz, relative altitude reference Δzr, quadrotor altitude z, and its
reference zr in the inertia frame are negative because zI, zQ, and zS

are pointing downward. From the simulation results, it can be seen
that the quadrotor can successfully land on the moving ship with the
final landing accuracies (LAs) of 0.0284 m in the Δx direction and
0.0328 m in the Δy direction.

3. Simulation Case 2: Effect of the Uncertainty and Disturbance

Estimator Filter Parameter ω0z

The objective of the second simulation case is to evaluate the
effect of different selections for the UDE filter parameter ω0z.
Different settings, ω0za � 1.0535 rad∕s, ω0zb � 0.8795 rad∕s, and
ω0zc � 1.2275 rad∕s, are considered under the same ship heave
motion while keeping other controller parameters unchanged. It is
intended to show that the tracking error of the relative altitude
controller is maximally reduced with the parameter selection of
ω0za � ω0ACC � 1.0535 rad∕s,whereω0ACC is the peak frequencyof

0 0.5 1 1.5 2 2.5 3
0

a) b)

0.1

0.2

0.3

0.4

0.5

Po
w

er
 (

m
2 s)

0 0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

Po
w

er
 (

m
2 s)

Fig. 3 Power spectrum.

Table 3 Controller parameters for simulation

DOF ωm ζm fc ω0 ζ

Δz 0.9 1 260 1.0535 1
Δx 0.35 1 95 —— ——

Δy 0.35 1 95 —— ——

a) b)

Fig. 5 Simulation case 2 results: effect of the UDE filter parameter ω0z, where ω0za � 1.0535 rad∕s, ω0zb � 0.8795 rad∕s, and ω0zc � 1.2275 rad∕s.

a) b)

c) d)

e) f)

Fig. 4 Simulation case 1 results: landing on a moving ship at sea state 4.
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the ship heave acceleration spectrum, which is shown in Fig. 3b. The
results are shown inFig. 5. Figures 5a and 5b show the relative altitudes
and relative altitude tracking errors, respectively. The calculated

root-mean-squared errors (RMSEs) are 0.0044mforω0za, 0.0049mfor
ω0zb, and 0.0060m forω0zc. From the simulation results, it can be seen
that the tracking errors aremaximally reducedwhenω0z � ω0ACC. The
parameter selection guideline for ω0z is successfully validated.

4. Simulation Case 3: Effect of the Relative Yaw Angle on Landing

Accuracies

The third simulation case is carried out to demonstrate the effect of
the relative yawon the final landing accuracies. Two different relative
yaw references,Δψ ra � 0 deg andΔψ rb � 30 deg, are considered
while keeping controller parameters unchanged. The simulation
scenarios are the same as simulation case 1. Because the virtual

a) b)

Fig. 6 Simulation case 3 results: effect of the relative yaw angle on landing accuracies, where Δψra � 0 deg and Δψrb � 30 deg.

Table 4 Controller parameters for the
nonlinear controller developed in [4]

DOF kP kI k

Δz 10 10 10
Δx 10 5 ——

Δy 10 5 ——

a) b)

c) d)

e) f)

Fig. 7 Simulation case 4 results: comparison with the controller developed in [4].

Odroid XU4

Pixhawk

TeraRanger One

Camera

a) b)

Fig. 8 Quadrotor platform for experimental validation: a) top view, and b) bottom view.
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control inputs for the quadrotor horizontal motions are designed

based on assumption 3, it is intended to show that the relative yaw
anglewill affect the final landing accuracies. The results are shown in
Fig. 6. Figures 6a and 6b show the relative horizontal positions Δx
and Δy, respectively. It can be seen that the quadrotor can
successfully land on the moving ship even with the nonzero relative
yaw reference. The final LAs are 0.0284 m in the Δx direction and

0.0328 m in the Δy direction for Δψ ra � 0 deg as well as 0.0328 m
in the Δx direction and 0.0358 m in the Δy direction for
Δψ rb � 30 deg. It shows that the relative yaw angle has an effect on

the final landing accuracies. More accurate landing is achieved when
the quadrotor heading is controlled to align with the heading of
the ship.

5. Simulation Case 4: Comparison with the Existing Controller

To demonstrate the advantages of the developed UDE-based
controller, the comparative simulation study with the nonlinear

optical flow controller proposed in [4] is carried out. In [4], a PI-type
nonlinear controller is developed for stabilization of the hovering
flight:

u � kPw� kI

Z
t

0

w dτ�mgzI (38)

where u are the control inputs of the position dynamics, kP and kI are
the positive controller parameters, and w � −�Δ_ξ∕Δz� represents
the inertial average optical flow. In the landing process, Eq. (38) is

used to control the horizontal dynamics, whereas the relative height is
controlled using the landing controller in the form of

uz � mk�wz −wd
z � �mg (39)

wherewz � −�Δ_z∕Δz�denotes thevertical component of the inertial
average optical flow, andwd

z is the desired value ofwz, which is set as
0.5. The control objective is to let the quadrotor autonomously land

on the simulated ship with the same landing procedures described in

simulation case 1. First, the nominal case is considered, where
the ship is static and nowind disturbance is acting the quadrotor. The
controller parameters of the developed UDE-based controller are the
same as simulation case 1, which are shown in Table 3. The controller
parameters for Eqs. (38) and (39) are listed in Table 4, which are
chosen to have similar performance with the developed UDE-based
controller in the nominal case for a fair comparison. Then, the
disturbance rejection case is carried out with the same controller
parameters, considering the ship heavemotion andwind disturbance,
which are the same as described in simulation case 1. The ship starts
moving at around 2 s. Then, thewind disturbances are added to the yQ
direction at around 5 s and the xQ direction at around 10 s,
respectively. The simulation results are shown in Fig. 7, where
ΔxUDE, ΔyUDE, and ΔzUDE denote the relative positions for the
developed UDE-based controller, ΔxOF, ΔyOF, and ΔzOF represent
the relative positions for the nonlinear optical flow controller
developed in [4], and Δxr, Δyr, and Δzr are the references for the
developedUDE-based controller. Figures 7a, 7c, and 7e and Figs. 7b,
7d, and 7f show the simulation results for the nominal case and
disturbance rejection case, respectively. From the simulation results,
it could be seen that the nonlinear controller developed in [4] achieves
faster landing, whereas the developed UDE-based controller
outperforms in the disturbance rejection case. From Figs. 7b, 7d, and
7f, it is shown that the developed controller could successfully handle
the disturbance and ship heave motion, whereas the nonlinear
controller developed in [4] exhibits large errors. This simulation case
has demonstrated the superiority and robustness of the developed
UDE-based controller for handling external disturbances and ship
heave motion.

Fig. 9 Ship heave motion simulator.

FanTeraRanger One
Relative Altitude

Odroid XU4

Relative Yaw  
Relative Horizontal 

Positions

Landing 
Platform

Heave Motion

Horizontal &Yaw
Motions

PixhawkCamera

Roll, Pitch, 
Yaw and 
Thrust 

Command

Quadrotor

Indoor GPS

Horizontal 
Motions

Wind 
Disturbance

Fig. 10 Block diagram of the experimental setup.

Fig. 11 Experimental field and setup.

Table 5 Controller parameters for experiments

DOF ωm ζm fc ω0 ζ

Δz 0.6 1 260 1.0535 0.1
Δx 0.35 1 95 —— — —

Δy 0.30 1 95 —— — —

10 Article in Advance / LU, REN, AND PARAMESWARAN

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
M

A
N

C
H

E
ST

E
R

 o
n 

M
ar

ch
 4

, 2
01

8 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.G

00
30

73
 



B. Experimental Validation

1. Experimental Platforms and Setup

The experimental quadrotor platform is a self-built quadrotor,

which is shown in Fig. 8.

The main flight control board is a Pixhawk flight controller,

which runs the low-level attitude controllers. A companion computer

Odroid XU4 is integrated to handle sensor data reading, image

processing, and controller implementation. It contains two quad-core

processors running Linux Ubuntu 14.04 and Robot Operating

System Indigo.ATeraRangerOne distance sensor is added to provide

the relative height measurement, and an mvBlueFOX-MLC camera

is added for the marker detection, which is achieved with the ArUco

library [18] with the output of the marker positions and orientations.

The thrust, roll, pitch, and yaw commands are sent to the Pixhawk

from Odroid XU4 through serial communication. The self-built

landing platform is shown in Fig. 9. Twomarkers with different sizes,

whose side lengths are 18 cm and 5 cm, respectively, are attached to

the center of the landing pad to ensure the availability of the

localization information during the whole landing process. Though
the ArUco marker-based navigation method provides six degrees of
freedom motion information, the relative yaw and the relative
horizontal positions are used for the control purpose. A linear stage is
used to generate the heave motion of the landing pad. The horizontal
motions of the landing platform are driven by hand pulling, which are

a) b)

c) d)

e) f)

g) h)

Fig. 12 Experimental case 1 results: landing on a vertically moving platform.

Table 6 Horizontal LAs and RMSEs of the
experimental results

DOF

Δz, m Δx, m Δy, m
Case RMSE RMSE LA RMSE LA

1 0.018 0.037 −0.041 0.060 −0.039
2 0.019 0.048 0.117 0.054 −0.103
3 0.019 0.059 0.036 0.072 0.065
4 0.021 0.055 −0.157 0.105 0.130
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recorded using an indoor GPS system from Marvelmind Robotics
[45]. The wind disturbance is generated by a fan. The block diagram
that presents the overview of the experimental setup is shown in
Fig. 10. Furthermore, the experimental field and setup are shown
in Fig. 11.
Remark 4: In the experiment, the heavemotion is simulated only as

one sinusoidal signal because of the limited computational power of
the microcontroller used for controlling the linear stage. Moreover,
because of the limited space of the experimental field, the initial
relative altitude of the quadrotor is chosen asΔzr � −0.8 m, and the
horizontalmotions of the landing platform are generated bymoving it
back and forth within the experimental field to ensure the safe
operation of the quadrotor.

2. Experimental Case 1: Landing on a Vertically Moving Platform

The objective of this experiment is to let the quadrotor
autonomously land onto a vertically heaving platform. The selections
of the controller parameters are listed in Table 5. The heave motion is
simulated as one sinusoidal wave, zs�t� � 0.03 sin�1.0535t� m,
whose frequency is according to the peak of the ship heave
acceleration spectrum shown in Fig. 3b. The corresponding
amplitude is calculated from Eq. (9). The quadrotor is initially
hovering above the landing platform with the relative position
references given asΔxr � 0,Δyr � 0, andΔzr � −0.8 m. After the
landing command is given by the pilot, the quadrotor will gradually
descend when the relative horizontal position tracking errors are
within certain predefined bounds. The landing procedures are the

same as described in simulation case 1. The experimental results are

shown in Fig. 12, where Figs. 12a, 12b, and 12c show the relative

positions Δx, Δy, and Δz and their references Δxr, Δyr, and Δzr;
Fig. 12d presents the quadrotor altitude z, its reference zr, and landing
platform altitude zs in the inertia frame; Fig. 12e shows the relative

altitude tracking error Δzr − Δz; Fig. 12f shows the control input of
the relative altitude controller F; and Figs. 12g and 12h present the

x − z and y − z views of the landing trajectory in the inertia frame. In

Figs. 12g and 12h, Quad represents the quadrotor positions, Ship

means the landing platform positions, Ref denotes the quadrotor

position references, and Start and End represent the quadrotor initial

and final positions, respectively. It should be noted that, in Fig. 12e,

the relative tracking error for the touchdown phase of the landing

process is not shown due to the fact that the UDE-based controller is

disabled during that period of time. Because only the relative height

Δz is measurable, the vertical motion of the quadrotor in the inertia

frame is calculated by adding the relative height Δzwith the landing
platform heave motion zs, which is determined from the linear stage

controller. From the experimental results, it is shown that the

quadrotor can successfully land on the vertically heaving platform

with the horizontal LAs of −0.041 m in the Δx direction and

−0.039 m in the Δy direction. The RMSEs for the relative positions

are listed in Table 6. The roll and pitch angles ϕ and θ as well as their
references ϕr and θr, which are generated by the developed

horizontal position controllers, are shown in Figs. 13a and 13c. The

roll and pitch tracking errors ϕr − ϕ and θr − θ are shown in

Figs. 13b and 13d. Figure 13e shows the relative yaw Δψ and its

a) b)

c) d)

e) f)

Fig. 13 Experimental case 1 results: landing on a vertically moving platform; attitude control performance.

a) b)

Fig. 14 Experimental case 1 results: landing on a vertically moving platform; comparison of the reference models.
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reference Δψ r, and the relative yaw tracking error Δψ r − Δψ is

shown in Fig 13f. From Fig. 13, it is shown that, although there exist

tracking errors in the attitude controllers, good position control of the

quadrotor is still achieved. Furthermore, it is demonstrated that the

developed position controllers could be applied to the situationwhere

the attitude tracking controllers are not perfect. Furthermore, it could

be seen that the small-angle approximation used in designing ϕr and

θr are successfully validated.
To demonstrate the superiority of the reference model design, the

comparative experiments are carried out. The nominal reference

model for a second-order system used in [27]

_χmz �
"

0 1

−ω2
mz −2ζmzωmz

#
χmz �

"
0

ω2
mz

#
Δz�r

is implemented while keeping the controller parameters the same. In

this work, to accurately track the landing trajectory, the reference

model is modified by incorporating the derivatives of the reference

signals. The experimental results are shown in Fig. 14, whereΔz and
Δzr denote the measurement and reference signal for the modified

reference model used in this work, respectively, andΔz� andΔz�r are
the measurement and reference signal for the nominal reference

model used in [27], respectively. Figure 14a shows the relative

altitudesΔz, and Fig. 14b presents the relative altitude tracking errors
Δzr − Δz. From the experimental results, it can be seen that both

reference models perform similarly during hover phase. However,

during descending phase, the nominal reference model cannot

accurately track the command,whereas themodified referencemodel

maintains good tracking performance. The reference trajectories are

slightly varied due to the different initiating timing for the touchdown

maneuver.

3. Experimental Case 2: Landing on a Vertically Moving Platform with

Wind Disturbance

To test the robustness of the developed approach, the second case is

carried out considering the external wind disturbance. The objective of

a) b)

c) d)

e) f)

g) h)

Fig. 15 Experimental case 2 results: landing on a vertically moving platform with wind disturbance.
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a) b)

c) d)

e) f)
Fig. 16 Experimental case 2 results: landing on a vertically moving platform with wind disturbance; attitude control performance.

a) b)

c) d)

e) f)

g) h)

Fig. 17 Experimental case 3 results: landing on a three-dimensional moving platform.
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this experiment is to let a quadrotor land on a vertically oscillating

platform in the presence of an external disturbance. The wind

disturbance is generated by a fan. The controller parameters and the

heave motion generated are the same as experimental case 1. The

relative position references aregiven asΔxr � 0,Δyr � 0, andΔzr �
−0.8 m for the initial lock-in phase. The same landing procedures as

described in simulation case 1 are carried out. The experimental results

are shown in Fig. 15, where Figs. 15a, 15b, and 15c show the relative

positions Δx, Δy, and Δz and their references Δxr, Δyr, and Δzr;
Fig. 15d presents the quadrotor altitude z, its reference zr, and landing
platform altitude zs in the inertia frame; Fig. 15e shows the relative

altitude tracking errorΔzr − Δz; Fig. 15f shows the control input of the
relative altitude controller F; and Figs. 15g and 15h present the x − z

and y − z views of the landing trajectory in the inertia frame. In

Figs. 15g and 15h, Quad represents the quadrotor positions, Ship

means the landing platform positions, Ref denotes the quadrotor

position references, and Start and End represent the quadrotor initial

and final positions, respectively. It canbe seen that autonomous landing

is successfully achieved even under the influence of the wind

disturbance. The final LAs are 0.117 m in the Δx direction and

−0.103 m in the Δy direction, which is also shown in Table 6 along

with the calculated relative positionRMSEs. Figures 16a and16c show

the roll and pitch anglesϕ and θ and their referencesϕr and θr. The roll
and pitch tracking errorsϕr − ϕ and θr − θ are shown in Figs. 16b and
16d. Figure 16e shows the relative yawΔψ and its referenceΔψ r, and

the relative yaw tracking error Δψ r − Δψ is shown in Fig. 16f.

a) b)
Fig. 18 Experimental case 3 results: landing on a three-dimensional moving platform.

a) b)

c) d)

e) f)
Fig. 19 Experimental case 3 results: landing on a three-dimensional moving platform; attitude control performance.
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4. Experimental Case 3: Landing on a Three-Dimensional Moving

Platform

To validate the tracking performance of the developed approach,

experimental case 3 is carried out considering the three-dimensional

motions of the landing platform. The objective of this experiment is to

let the quadrotor autonomously land on a three-dimensional moving

platformwith solely relative measurements. The controller parameters

and heave motion generated are the same as experimental case 1. The

random horizontal motions of the landing platform are generated by

hand pulling, which are recorded using an indoor GPS system from

Marvelmind Robotics [45]. Then, the horizontal motions of the

quadrotor in the inertia frame are calculated from the summation of the

a) b)

c) d)

e) f)

g) h)

Fig. 20 Experimental case 4 results: landing on a three-dimensional moving platform with wind disturbance.

a) b)

Fig. 21 Experimental case 4 results: landing on a three-dimensional moving platform with wind disturbance.
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relative motionΔx,Δy and the platform motion xs, ys. The quadrotor
is initially hovering with relative position references of Δxr � 0,
Δyr � 0, andΔzr � −0.8 m. Then, autonomous landing is achieved

with the same procedures described in simulation case 1 with the

landing command given by the pilot. The experimental results are

shown in Fig. 17, where Figs. 17a, 17c, and 17e show the relative

positions Δx, Δy, and Δz and their references Δxr, Δyr, and Δzr;
Figs. 17b, 17d, and 17f present the quadrotor positions x, y, and z, their
references xr, yr, and zr, and landing platform positions xs, ys, and zs
in the inertia frame; Fig. 17g shows the relative altitude tracking error

Δzr − Δz; and Fig. 17h shows the control input of the relative altitude
controller F. From the experimental results, it can be seen that the

quadrotor successfully tracks the three-dimensional motions of the

landing platform with the horizontal LAs of 0.036 m in the Δx
direction and 0.065 m in theΔy direction. The horizontal LAs and the
calculated position RMSEs are listed in Table 6. Figures 18a and 18b

present the x − z view and y − z view of the landing trajectory in the

inertia frame, respectively, where Quad represents the quadrotor

positions, Ship means the landing platform positions, Ref denotes the

quadrotor position references, and Start and End represent the

quadrotor initial and final positions, respectively. Figures 19a and 19c

show the roll and pitch angles ϕ and θ and their references ϕr and θr.
The roll and pitch tracking errors ϕr − ϕ and θr − θ are shown in

Figs. 19b and 19d. Figure 19e shows the relative yaw Δψ and its

referenceΔψ r, and the relative yaw tracking errorΔψ r − Δψ is shown

in Fig. 19f.

5. Experimental Case 4: Landing on a Three-Dimensional Moving

Platform with Wind Disturbance

Experimental case 4 is carried out considering the three-

dimensional motions of the landing platform and external wind

disturbance. The objective of this experiment is to let the quadrotor

land on a three-dimensional moving platform in the presence of wind

disturbance. The controller parameters and heave motion generated

are the same as experimental case 1. The random horizontal motions

of the landing platform are generated by hand pulling, and the wind

disturbance is generated using the fan shown in Fig. 11. The

relative position commands are given as Δxr � 0, Δyr � 0, and
Δzr � −0.8 m for the initial hovering phase. The landing maneuver

is initiated by the pilot with the landing procedures described in

simulation case 1. The experimental results are shown in Fig. 20,

where Figs. 20a, 20c, and 20e show the relative positionsΔx,Δy, and
Δz and their references Δxr, Δyr, and Δzr; Figs. 20b, 20d, and 20f
present the quadrotor positions x, y, and z, their references xr, yr, and
zr, and landing platform positions xs, ys, and zs, in the inertia frame;
Fig. 20g shows the relative altitude tracking error Δzr − Δz; and
Fig. 20h shows the control input of the relative altitude controller F.
Even in the presence of thewind disturbance, the experimental results
show that the quadrotor can still successfully track the random
motion of the landing platform. Autonomous landing is achieved
with the LAs of −0.157 m in theΔx direction and 0.130 m in theΔy
direction, which is tabulated in Table 6 with the calculated relative
position RMSEs. Figures 21a and 21b present the x − z view and
y − z view of the landing trajectory in the inertia frame, respectively,
where Quad represents the quadrotor positions, Ship means the
landing platform positions, Ref denotes the quadrotor position
references, and Start and End represent the quadrotor initial and final
positions, respectively. Figures 22a and 22c show the roll and pitch
angles ϕ and θ and their references ϕr and θr. The roll and pitch
tracking errors ϕr − ϕ and θr − θ are shown in Figs. 22b and 22d.
Figure 22e shows the relative yawΔψ and its referenceΔψ r, and the
relative yaw tracking error Δψr − Δψ is shown in Fig. 22f.

VI. Conclusions

This paper has presented the application of an uncertainty
and disturbance estimator (UDE) based control approach to the
autonomous shipboard landing control of a quadrotor unmanned aerial
vehicle. The effectiveness of the developed method was validated
through both numerical simulations and experimental studies, with
various cases considered. The simulation and experimental results
showed that the quadrotor successfully achieved autonomous landing
on the three-dimensional moving platform even under the influence of
external wind disturbances.
First, relative navigation was achievedwith a distance sensor and a

camera, which was used for marker detection. Then, the UDE-based
controllers are developed in the relative coordinate with the UDE
filter designed based on the internal model principle. The
boundnesses of the closed-loop system tracking errors were shown
with the stability analysis of the closed-loop system. In simulation
studies, the ITTC spectrum, the sea state data, and the ship response
amplitude operator data from the literature were used for the
modeling of the ship motion in seaway. The effectiveness of the

a) b)

c) d)

e) f)
Fig. 22 Experimental case 4 results: landing on a three-dimensional moving platform with wind disturbance; attitude control performance.
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parameter selection guideline based on the derived ship heave
acceleration spectrumwas successfully validated with simulation case
2 to achieve minimal tracking errors for relative altitude control. The
comparative simulation with the nonlinear controller developed in [4]
has demonstrated the superiority and robustness of the developed
UDE-based controller for handling external disturbances and ship
motion. The enhanced tracking performance of themodified reference
model was shown with experimental case 1. It is of interest to
investigate the application of the developed method to the tilting
landing platform as a future research direction because the ship at sea
also exhibits roll andpitchmotions due to thewave excitation. Because
the relative navigation method based on ArUco marker also provides
the relative attitude information, it is possible to determine a time
windowwhen the quadrotor could safely land on the landing platform.

Appendix: Details of the Quadrotor Model and Wind
Disturbance Calculation for Simulation

Letωk andω
cmd
k be the kthmotor speed and commanded kthmotor

speed, respectively, where k � 1; : : : ; 4 represent the motor number.
The motor dynamics are modeled using first-order differential
equations [44]:

_ωk � km�ωcmd
k − ωk�

where km denotes the bandwidth of the motor dynamics. The total
thrust force and torques generated by four motors can be expressed as2

666664

F

τϕ

τθ

τψ

3
777775 �

2
666664

kF kF kF kF

0 0 kFl −kFl

kFl −kFl 0 0

kM kM −kM −kM

3
777775

2
666664

ω2
1

ω2
2

ω2
3

ω2
4

3
777775 (A1)

where l is the quadrotor arm length, kF is the rotor thrust coefficient,
and kM is the rotor drag coefficient. It should be noted that Eq. (A1)
represents the force and torque calculation for the Hummingbird
quadrotor used in numerical simulation. TheHummingbird quadrotor
is in the plus configuration, whereas the experimental platform is in
the cross configuration.
Assumption 4: The wind direction is 225 deg with respect to the

quadrotor heading. The disturbance magnitude is proportional to the
square of the wind speed.
The disturbances are calculated as

dx � dy �
���
2

p

2
Kwdv

2
wd

where vwd denotes thewind speed, andKwd � 0.0470 �N ⋅ s2�∕m2 is
the drag coefficient.
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