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Uncertainty and Disturbance Estimator-Based
Global Trajectory Tracking Control

for a Quadrotor
Qi Lu , Member, IEEE, Beibei Ren , Senior Member, IEEE, and Siva Parameswaran

Abstract—This article presents an uncertainty and dis-
turbance estimator (UDE) based global trajectory tracking
control strategy for a quadrotor. The main contribution of
this article is the fusion of the UDE technique with the unit
quaternion to achieve the robust global full degrees of free-
dom trajectory tracking control with experimental demon-
strations. The novelty of this article lies in the development
of the UDE-based global tracking technique to the overall
system (attitude and position) with a quaternion-based non-
linear reference model. The UDE-based attitude and posi-
tion controllers are derived from the unit quaternion-based
quadrotor dynamics with a cascade control structure to
deal with underactuation, model uncertainties, and external
disturbances. The attitude controllers that are developed
with the backstepping techniques avoid the rotation matrix
calculation and the unwinding problem. The position con-
trollers are derived using the thrust-vectoring approach.
A nonlinear unit quaternion-based reference model is de-
veloped to achieve the time-scale separation for the cas-
cade control loops. The stability analysis of the closed-loop
system is conducted with the Lyapunov method. Extensive
flight experiments are conducted to demonstrate the global
singularity-free tracking property and the superior robust-
ness of the proposed controller.

Index Terms—Quadrotor, robust control, uncertainty and
disturbance estimator (UDE), unit quaternion.

I. INTRODUCTION

THE rapid innovation in sensing and control technologies in
recent years enabled the successful applications of quadro-

tors to various applications including aerial filming, government
law enforcement, and package delivery [1], [2]. Among various
flying platforms, the quadrotor possesses the merits of mechan-
ical simplicity and high maneuverability, which make it suitable
to accomplish flight missions in limited space and cluttered
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environment [1], [3]. The level of quadrotor’s maneuverability
is closely related to the flight control algorithm, which is greatly
limited by conventional attitude representation methods, such
as Euler angle [4]. For some scenarios, where the quadrotor is
required to perch on inclined surfaces in order to work as a
radio relay [5] or to continuously rotate to fly in the case of
rotor failure [6], flight control algorithms capable of large angle
maneuvers become necessity.

In order to fully explore the potential of quadrotor’s maneu-
verability, there are several challenges that need to be tackled.
First, the quadrotor is a naturally unstable system with inherently
nonlinear underactuated coupled dynamics [1], which creates
difficulties for the control algorithm development. Second, the
quadrotor model used for controller development is usually
inaccurate or incomprehensive. The model mismatch that may
be caused by payload change or the time-varying model uncer-
tainty, which is caused by battery voltage dropping can degrade
the tracking performance. Third, though the small size and
lightweight features of a quadrotor bring the benefit of agility [7],
the low inertia also renders the quadrotor susceptible to exter-
nal disturbances, such as wind. Fourth, the attitude dynamics
evolves on a nonlinear manifold, which is called the special or-
thogonal group, SO(3) [8]. To achieve the global singularity-free
attitude representation, nonlinear attitude representation meth-
ods, such as rotation matrix and unit quaternion are needed [9].
Fifth, the onboard hardware is usually based on embedded
processors with low memory and processing power [10]. The
limited computational resources constrain the implementation
of computationally demanding flight control algorithms.

Over the past decades, in order to handle the abovemen-
tioned challenges, various flight control algorithms have been
proposed. Based on the commonly used attitude representation
methods, the quadrotor control design methods can be roughly
grouped into three categories. The first category utilizes Euler
angles for attitude representation in flight control design, which
is simple and easy to implement since the three Euler angles can
be directly mapped to the three attitude control inputs. Therefore,
the Euler angle-based attitude representation method has been
widely adopted in different control algorithms, such as the com-
monly used PID control [11], the adaptive controllers developed
with immersion and invariance technique [12], and the robust
control strategies derived using sliding mode technique [13],
robust compensating technique [14], active disturbance rejection
control [15], differential flatness property [16] and uncertainty
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and disturbance estimator (UDE) based robust control [17]–[19].
However, there exist mathematical singularities, called “gimbal
lock” [20], in the Euler angle attitude representation method.
Such singularities lead to the failure of the developed control
strategies for achieving large angle maneuvers [9]. Therefore, it
motivates the second group of researchers to derive geometric
controllers directly from the nonlinear manifold SO(3) [8], [9],
[21]–[23], which naturally overcomes the singularities associ-
ated with minimal attitude representations. In [9] and [22], the
geometric controllers based on exponential coordinates have
been developed. However, the external disturbances and model
uncertainties were not considered in the controller derivation
process in [22]. An intrinsic PID controller has been proposed
in [23]. The integral action was introduced to handle the bounded
parametric uncertainties and disturbances. The adaptive ge-
ometric controller development has been investigated in [8]
and [21]. The adaptive control laws were introduced to handle
uncertainties and disturbances. However, the bound information
of the disturbance term was needed in [8]. The third category
includes the unit quaternion-based approaches, where the unit
quaternion achieves minimal global nonsingular attitude repre-
sentation with four parameters, bringing the benefits of the com-
putational efficiency compared to matrix manipulations. In [24],
the attitude stabilization of a quadrotor was tackled by a PD2

controller in terms of the unit quaternion. The compensation of
Coriolis and gyroscopic torques were achieved with feedforward
terms. Due to the mechanical limitation of the conventional
quadrotor, where only the upward lift can be generated, a non-
linear quaternion-based control algorithm was proposed for a
variable pitch quadrotor in [25] to achieve the agile flight. Nev-
ertheless, the aforementioned unit quaternion-based controllers
were developed without considering the effects of model un-
certainties and external disturbances. The unit quaternion-based
attitude controllers were developed in [26] and [27] with robust
compensators to deal with the model uncertainties and external
disturbances. The combination of the unit quaternion and the
disturbance observer (DOB) has been investigated in [28] with
the aggressive maneuver demonstrated. The motor dynamics
was taken into account to increase the observer bandwidth.
However, only the attitude control strategies of a quadrotor
were considered in [26]–[28]. Although the DOB-based con-
trol [28], the robust compensator-based control [29], and the
UDE-based control [30] are similar in the sense that they adopt
filters to estimate the uncertainties and disturbances, they are
different control strategies. The DOB-based control and the
robust compensator-based control involve taking the inverse of
the nominal plant model in the frequency-domain, whereas the
UDE-based control does not. Therefore, the UDE-based control
is applicable to a wider class of systems [31]. Furthermore,
the UDE-based control evolved from the time-delay control
(TDC) [32]. The TDC consists of a reference model, an error
feedback term, and an estimation of the uncertainty and distur-
bance using time delay. The UDE-based control [30] employs
a filter instead of a delay term to observe the uncertainty and
disturbance with the benefits of no delay in the system, no oscil-
lations in the control signal, and no need of measuring the state
vector derivatives. A full DOFs unit quaternion-based hybrid
control strategy was developed in [1] with the robustness to

parametric uncertainties and external disturbances. However, the
attitude recovery and autonomous hover maneuver from large
undesirable initial angles (beyond ± π

2 ), which are generated
by hand tossing, using onboard sensing, and computation in a
GPS-denied environment, still remains as a challenging task.

The novelties of this article lie in 1) the development of the
UDE-based full degrees-of-freedom (DOFs) quadrotor control
system with the unit quaternion formulation to overcome the
Euler angle singularity and the computational constraints for
onboard implementation; and 2) the introduction of a nonlinear
reference model, which observes the quaternion differential
kinematics to achieve the time-scale separation between the
cascade control loops. The ambiguity problem of the unit quater-
nion attitude representation is solved with the introduction of a
virtual controller. The UDE-based robust control strategies are
adopted to handle system coupling, model uncertainties, and
external disturbances. The performance of the developed control
strategies is demonstrated through the implementation on a
quadrotor to achieve large angle maneuvers with only onboard
sensing and computation. The UDE-based control algorithm,
which is proposed in [30], has drawn considerable amount of
attention in both theoretical [31], [33] and application [17]–[19]
perspectives due to the advantages of clear structure and easy
tuning. The remarkable performance of UDE-based controllers
is demonstrated on quadrotors for attitude control [17], trajectory
tracking control [18], and landing control [19]. The contributions
of this article are highlighted as follows.

1) The UDE-based attitude controllers have been developed
with the introduction of the unit quaternion to achieve
the global nonsingular attitude tracking while concur-
rently defeating the effects of system coupling, model
uncertainties, and external disturbances. Inspired by [33],
the backstepping technique is applied to deal with the
highly nonlinear quaternion error dynamics. The devel-
oped controller is computationally efficient since it avoids
the calculation of the rotation matrix, which has been
adopted in [1] and [34]. The unwinding problem, which
is caused by the unit quaternion ambiguity is handled by
the proposed virtual controller. Furthermore, the detailed
stability analysis of the closed-loop system is conducted.

2) With the cascade control architecture and the thrust-
vectoring approach, the UDE-based position controllers
have been derived to achieve the accurate trajectory track-
ing and to solve the underactuation problem. The total
thrust and desired orientation are calculated from the
commanded accelerations without any linearization or
approximation. The proposed approach also avoids the
singularity problem, which can be caused by the construc-
tion of inverse trigonometric function operators [11], [12].
Furthermore, a nonlinear reference model is introduced
between position and attitude control loops to achieve the
time-scale separation.

3) The proposed approach is validated with quadrotor flight
experiments using only onboard sensing and compu-
tation in a GPS-denied environment. The performance
of the developed unit quaternion-based controllers are
demonstrated with the attitude recovery and autonomous
hover from the undesirable large initial angle, i.e.,
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Fig. 1. Quadrotor coordinate systems with inertia reference frame I
and body-fixed frame B.

−117.252 degrees, which has passed the mathematical
and mechanical singularity, i.e., −90◦, the complex tra-
jectory tracking in the presence of wind disturbance, and
the comparison with the newly developed unit quaternion-
based robust controller [1] considering both model uncer-
tainty and disturbance. The experimental results demon-
strate the superior robustness of the proposed controller
for handling model uncertainties and external distur-
bances over [1]. Compared with our previously published
works [18], [19], which were developed based on Eu-
ler angle attitude representation, the capabilities and the
operation ranges of the proposed controllers are further
improved with the demonstration of more challenging
flight maneuvers.

The rest of this article is organized as follows. Section II
presents the preliminaries about the unit quaternion, the unit
quaternion-based quadrotor system modeling, and the prob-
lem formulation. Section III discusses the developments of the
unit quaternion-based robust control design and the nonlinear
reference model. Section IV shows the proof of the closed-
loop system stability. The effectiveness of the proposed ap-
proach is demonstrated through flight experiments in Section V.
Section VI concludes this article.

II. SYSTEM MODELING AND PROBLEM FORMULATION

A. Preliminaries

The coordinate systems used for developing the quadrotor
dynamic models are shown in Fig. 1.

Let I = { i1 i2 i3 } represent the right-hand inertia reference
frame with i1, i2, and i3 being three mutually orthogonal unit di-
rection vectors, where i3 is pointing downward. The body-fixed
frame is denoted by B = {b1 b2 b3 } with the origin attached to
the center of gravity of the quadrotor, where b1, b2, and b3 are
three unit vectors. According to the Euler’s rotation theorem,
every rotation of a rigid body in three-dimensional space is
equivalent to a single rotation about some fixed axis, which is
described by a unit vector r, and a rotation angle β. Therefore,
the unit quaternion that represents the quadrotor attitude in I
could be defined as [35]

q =
[
q0 q1 q2 q3

]ᵀ
=

[
q0

qv

]
=

⎡
⎣ cos

(
β
2

)

r sin
(
β
2

)
⎤
⎦ ∈ S3

where ᵀ is the transpose operator, S3 = {q ∈ R4|qᵀq =
1} denotes the three-dimensional unit sphere space, q0

and qv = [q1 q2 q3]
ᵀ represent the scalar and vector parts

of the unit quaternion, respectively. The norm, conju-
gate, and inverse of the unit quaternion q are defined as
‖q‖ =

√
q2

0 + q2
1 + q2

2 + q2
3 , q

∗ = [q0 − qv]
ᵀ andq−1 = q∗

‖q‖ ,
respectively. For quaternions with ‖q‖ = 1, the inverse of q
is q∗. The multiplication between two quaternions, q and
p = [p0 pv]

ᵀ, which is designated by ⊗, is defined as [35]

q⊗ p =

[
q0p0 − qᵀ

vpv

q0pv + p0qv + qv × pv

]

where × represents the cross product. Consider a vector r ∈
R3, which can be represented as rI in I and as rB in B. The
transformation of vector r from B to I is defined as[

0

rI

]
= q⊗

[
0

rB

]
⊗ q∗.

B. Quadrotor Mathematical Model

The motion of the quadrotor is controlled by varying the
speeds of four rotors. With the cooperation of four rotors, it
generates one collective thrust along the negative b3 direction,
which is denoted by F and three torques along the three body
axes, which are τ1, τ2, and τ3. The positions and velocities of
the quadrotor are represented by ξ = [ξ1 ξ2 ξ3]

ᵀ ∈ R3 and v =
[v1 v2 v3]

ᵀ ∈ R3, respectively. The orientation is described
using a unit quaternion q = [q0 qv]

ᵀ ∈ S3 and the angular ve-
locities are represented byω = [ω1 ω2 ω3]

ᵀ ∈ R3. Considering
a quadrotor with the mass of m and the 3 by 3 inertia matrix of
J ∈ R3×3, the dynamics can be modeled with unit quaternion
formulation as [1], [25]

ξ̇ = v (1)
[

0

v̇

]
= − 1

m
q⊗

[
0

F

]
⊗ q∗ +

[
0

g

]
+

1
m

[
0

dξ

]
(2)

q̇ =
1
2
q⊗

[
0

ω

]
=

1
2

[
−qᵀ

vω

q0ω + qv × ω

]
(3)

ω̇ = −J−1 (ω × Jω) + J−1 (τ + dq) (4)

where F = [0 0 F ]ᵀ ∈ R3 represents the thrust force vector
acting on the quadrotor in B, g = [0 0 g]ᵀ ∈ R3 is the gravity
vector in I, τ = [τ1 τ2 τ3]

ᵀ ∈ R3 is the torque vector, which
consists of three torques along the body axes, dξ ∈ R3 and
dq ∈ R3 are the forces and torques induced by bounded un-
known external disturbances, which are acting on the position
and attitude subsystems, respectively.

C. Problem Formulation

In this article, the control problem is formulated as i) develop-
ing the UDE-based global attitude control algorithms to regulate
the quadrotor orientation q(t) to track the orientation refer-
ence qr(t) = [qr0(t) qr1(t) qr2(t) qr3(t)]

ᵀ ∈ S3 for all pos-
sible initial conditions q(0); and ii) developing the UDE-based
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Fig. 2. Cascade control scheme for a quadrotor.

position control algorithm to drive the quadrotor position ξ(t) to
track the position reference ξr(t) = [ξr1(t) ξr2(t) ξr3(t)]

ᵀ ∈
R3 in the presence of model uncertainties and external distur-
bances. The desired trajectories, qr(t) and ξr(t) are bounded
and continuously differentiable up to their second order time
derivatives for all t ≥ 0.

Remark 1: Even though the unit quaternion can represent the
attitude globally without any singularity, it should be noted that
there exist mechanical singularities for the quadrotor when the
roll and pitch angles reach ± π

2 , where the total thrust has no
upward component force to counter the gravity. Therefore, it
is undesirable to set the unit quaternion reference qr(t) to the
orientation, which may result in zero upward total thrust, e.g.,
roll and pitch references equal to ± π

2 .

III. CONTROL DESIGN

In this section, the detailed derivations of the position con-
trol algorithms, the nonlinear reference model and the unit
quaternion-based attitude controller are presented. As shown in
Fig. 2, the cascade control scheme is adopted with the attitude
controllers as the inner loop and the position controllers as
the outer loop. Furthermore, a nonlinear reference model is
employed to achieve the time-scale separation between the inner
and outer loops.

A. Position Controller Design

The position and velocity tracking errors for the quadrotor are
defined as

ξe = ξr − ξ

ve = vr − v. (5)

Let eξ = [ξe ve]
ᵀ be the error vector for the position subsys-

tems. The objective is to design the effective position controllers
to drive eξ to zero. Let Fξ be the forces acting on the quadrotor

in I, where
[

0
Fξ

]
= q⊗ [

0
F

] ⊗ q∗. The position dynamics (2)

can be rewritten in the vector form as

v̇ = − 1
m
Fξ + g +

1
m
dξ. (6)

Design the virtual control inputs as

uξ = − 1
m
Fξ + g. (7)

Taking the time derivative of eξ along with (1), (5), and (6)
results in

ėξ = hξ (ve, vr)−Bξ

(
uξ +

1
m
dξ

)
(8)

where hξ(ve, vr) = [ve v̇r]
ᵀ ∈ R6×3, Bξ = [03×3 I3]

ᵀ ∈
R6×3, and 0m×n ∈ Rm×n is m by n zero matrix. The desired
error dynamics is specified as

ėξ = −Kξeξ (9)

where Kξ is the error feedback gain matrix. Combining (8) and
(9), there is

hξ (ve, vr)−Bξ

(
uξ +

1
m
dξ

)
= −Kξeξ.

The control action term is designed as

Bξuξ = hξ (ve, vr) +Kξeξ − 1
m
Bξdξ. (10)

According to the position tracking error dynamics (8), the dis-
turbance term can be solved as

1
m
Bξdξ = hξ (ve, vr)−Bξuξ − ėξ.

The disturbance estimation is constructed following the UDE
techniques in [30] by adopting strictly proper filters as

1
m
Bξd̂ξ = L−1 {Gfξ(s)} ∗ [hξ −Bξuξ − ėξ] (11)

whereGfξ(s) ∈ R6×6 is a 6 by 6 matrix in the form ofGfξ(s) =[
03×3 03×3
03×3 diag(Gfξ1(s), Gfξ2(s), Gfξ3(s))

]
and diag(·) is the diagonal

matrix operator. Replacing the disturbance term with (11) and
solving for uξ leads to the UDE-based position control algo-
rithms

uξ = B+
ξ

{
L−1

{
(I6 −Gfξ(s))

−1
}
∗ (Kξeξ)

+ L−1
{
(I6 −Gfξ(s))

−1 Gfξ(s)s
}
∗ eξ + hξ

}

(12)

where B+
ξ = (Bᵀ

ξBξ)
−1Bᵀ

ξ denotes the pseudoinverse of Bξ.
Then, the commanded control forces in I that need to be applied
to the quadrotor can be solved from (7) asFξ = m(g − uξ). The
magnitude of the collective thrust command is calculated as the
Euclidean norm of the commanded control forces

F = ‖Fξ‖ .
Let the direction vector rF denote the direction of commanded
forces in I, which is calculated as rF =

−Fξ

‖Fξ‖ . Since the thrust
direction is fixed in B, which is −b3 axis, the vector transfor-
mation from B to I can be represented as

[
0

rF

]
= qb1b2

r ⊗
[

0

−b3

]
⊗ (

qb1b2
r

)∗

where qb1b2
r is the desired quadrotor orientation excluding the

rotation about b3 axis, which is not crucial regarding the thrust
pointing direction. The unit quaternion qb1b2

r that rotates −b3

into rF can be solved as [25], [36]

qb1b2
r =

1√
2 [1 + (−b3)

ᵀ rF ]

[
1 + (−b3)

ᵀ rF

(−b3)× rF

]
. (13)

Authorized licensed use limited to: Texas Tech University. Downloaded on November 06,2020 at 04:52:54 UTC from IEEE Xplore.  Restrictions apply. 



LU et al.: UNCERTAINTY AND DISTURBANCE ESTIMATOR-BASED GLOBAL TRAJECTORY TRACKING CONTROL FOR A QUADROTOR 1523

Considering that (13) only defines the desired rotations about b1

and b2 axes, the desired orientation is fully specified as

qr = qb1b2
r ⊗

[
cos

(
ψr

2

)
0 0 sin

(
ψr

2

)]ᵀ

where ψr denotes the desired heading angle.

B. Nonlinear Reference Model Design

A nonlinear reference model that observes the quaternion
differential kinematics is designed in this section to smooth the
control signals from the position control loop, to avoid the un-
reasonable attitude control inputs and to simultaneously achieve
the time-scale separation between the position subsystems and
attitude subsystems. Let qm = [qm0 qmv]

ᵀ and ωm denote the
states of the reference model. A nonlinear reference model is de-
signed by satisfying the unit quaternion-based attitude dynamics
as [10], [30]

q̃ = q∗
r ⊗ qm =

[
q̃0

q̃v

]

ω̇m = −Am12q̃0q̃v −Am2ωm

q̇m =
1
2
qm ⊗

[
0

ωm

]
(14)

where Am1, Am2 are 3 by 3 constant diagonal matrices and q̃
denotes the orientation difference between qr and qm.

C. Unit Quaternion-Based Attitude Controller Design

The attitude tracking errors qe and the angular velocity track-
ing errors ωe are defined as

qe = q∗
m ⊗ q =

[
qe0

qev

]
(15)

ωe = ωm − ω (16)

where ωm =
[
ωm1 ωm2 ωm3

]ᵀ
, qe0 is the scalar part of qe,

and qev is the vector part of qe. The unit quaternion attitude
tracking error dynamics can be found via taking the time deriva-
tive of (15) [34]

q̇e = −1
2

[
0

ωm

]
⊗ qe +

1
2
qe ⊗

[
0

ω

]

= −1
2

[ −ωᵀ
mqev

qe0ωm + ωm × qev

]
+

1
2

[
−qᵀ

evω

qe0ω + qev × ω

]

=
1
2

[
qᵀ
evωm − qᵀ

evω

−qe0ωm + qev × ωm + qe0ω + qev × ω

]

=
1
2

[ −qᵀ
ev (ω − ωm)

qe0 (ω − ωm) + qev × (ω + ωm)

]
. (17)

Remark 2: It should be noted that in [34], the intermediate
variable ω̄m = Rᵀ(qe)ωm, where R(qe) is the rotation matrix

calculated from the unit quaternion qe, is introduced to facilitate
the controller derivation. While in this article, (17) is derived
without introducing any intermediate variable. As a result, it
avoids the computation of the rotation matrix while preserving
the advantage of the quaternion in terms of computational effi-
ciency.

From (4), (16), and (17), the tracking error dynamics for
attitude subsystems can be written in the form of

q̇e =
1
2

[ −qᵀ
ev (ω − ωm)

qe0 (ω − ωm) + qev × (ω + ωm)

]

ω̇e = ω̇m + J−1 (ω × Jω)− J−1 (τ + dq) . (18)

The objective is to design the effective attitude controllers,
which are capable of driving the quaternion attitude tracking
errors qe to [± 1 0 0 0]� and the angular velocity tracking
errors ωe to zero. It should be noted that qe = [1 0 0 0]ᵀ

and qe = [−1 0 0 0]ᵀ correspond to the scenarios where the
differences between qm and q are 0◦ and 360◦, respectively,
which are the same physical attitude [20], [24]. Therefore, the
two equilibrium points qe = [± 1 0 0 0]� are in reality one
physical equilibrium point.

Remark 3: It can be observed that the quaternion-based atti-
tude error dynamics (18) is highly nonlinear with the equilibrium
points of [±1 0 0 0]�. Therefore, it may be difficult to directly
derive the UDE-based controller from (18). Inspired by [33], the
backstepping technique is adopted to deal with the highly non-
linear quaternion-based error dynamics along with the following
coordinate transformation:

z1 = qev

z2 = −ωe +α (19)

where α is the virtual control to be designed. Due to the unity
property of qe, if z1 = qev converges to zero, then qe0 will
converge to ± 1.

Design the virtual control as [10]

α = 2C1qe0qev (20)

where C1 ∈ R3×3 is a 3 by 3 positive constant matrix. It should
be noted that the unwinding problem, where the quaterinon
double covers the physical attitude space, is tackled with the
introduction of the virtual controller (20). Taking the time deriva-
tive of (19) leads to

ż1 = −1
2
qe0ωe +

1
2
z1 × (ω + ωm) +

1
2
qe0α− 1

2
qe0α

= −q2
e0C1z1 +

1
2
qe0z2 +

1
2
z1 × (ω + ωm) (21)

ż2 = −ω̇e + α̇

= −ω̇m − J−1 (ω × Jω) + J−1 (τ + dq) + α̇. (22)

Choosing the Lyapunov function candidate as

Vq =
1
2
zᵀ1z1 +

1
2
zᵀ2z2. (23)
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Taking the time derivative of (23) results in

V̇q = zᵀ1 ż1 + zᵀ2 ż2

= zᵀ1

[
−q2

e0C1z1 +
1
2
qe0z2 +

1
2
z1 × (ω + ωm)

]
+ zᵀ2 ż2

(24)

= −zᵀ1 q
2
e0C1z1 + zᵀ2

(
1
2
qe0z1 + ż2

)
. (25)

In order to facilitate derivation, the cross product term in (24)
can be rewritten in matrix multiplication form as

1
2
zᵀ1z1 × (ω + ωm) =

1
2
zᵀ1 [S (z1) (ω + ωm)] (26)

where S(z1) represents the skew-symmetric matrix in the form
of

S (z1) =

⎡
⎢⎣

0 −z13 z12

z13 0 −z11

−z12 z11 0

⎤
⎥⎦

and z1 =
[
z11 z12 z13

]ᵀ
. Expanding (26) leads to zero. To

ensure (25) is negative, the desired error dynamics is

1
2
qe0z1 + ż2 = −C2z2 (27)

where C2 ∈ R3×3 is a 3 by 3 positive gain matrix. Combining
(22) and (27), the control action term is designed as

J−1τ = −C2z2 − 1
2
qe0z1 + ω̇m + J−1 (ω × Jω)− ud

(28)

where ud = J−1dq + α̇ is the lumped uncertainty term. The
lumped uncertainty term can be solved from (22) as

ud = ż2 + ω̇m + J−1 (ω × Jω)− J−1τ . (29)

Following the UDE techniques provided in [30], by adopting
strictly proper filters with unity steady-state gains, the lumped
uncertainty term can be estimated as

ûd = L−1 {Gfq(s)} ∗ {ż2 + ω̇m

+ J−1 (ω × Jω)− J−1τ
}

(30)

where L−1 is the inverse Laplace operator, ∗ is the convolution
operator, ûd represents the estimation of lumped uncertainty
term ud, and Gfq(s) ∈ R3×3 is a 3 by 3 filter matrix in the
form of Gfq(s) = diag(Gfq1(s), Gfq2(s), Gfq3(s)). Substi-
tuting (30) back into (28) and solving for τ , the UDE-based
attitude control laws are derived as

τ = ω × Jω + Jω̇m

− JL−1
{
(I3 −Gfq(s))

−1
}
∗
[
C2z2 +

1
2
qe0z1

]

− JL−1
{
(I3 −Gfq(s))

−1 Gfq(s)s
}
∗ z2 (31)

where In ∈ Rn×n is the n-dimensional identity matrix.

Assumption 1: For the controller implementation, it is as-
sumed that the nominal value of the inertia matrix J is known.

It should be noted that the Assumption 1 can be easily satisfied
with the system identification technique in [37].

IV. STABILITY ANALYSIS

In this section, the stability of closed-loop attitude subsystems
with the developed unit quaternion-based attitude controllers are
analyzed. The stability analysis of the position subsystems can
be conducted following the similar procedures provided in [19].

Substituting (28), (30), into (22) results in the closed-loop
error dynamics for attitude subsystems

ż1 = −q2
e0C1z1 +

1
2
qe0z2 +

1
2
z1 × (ω + ωm)

ż2 = −C2z2 − 1
2
qe0z1 + ũd (32)

where ũd = L−1(I3 −Gfq(s)) ∗ ud is the lumped uncertainty
estimation error vector for attitude subsystems. Combining (32)
and (25) leads to

V̇q = zᵀ1 ż1 + zᵀ2 ż2

= − q2
e0z

ᵀ
1C1z1 − zᵀ2C2z2 + zᵀ2 ũd

≤ − q2
e0z

ᵀ
1C1z1 − λmin (C2) (1 −Θ) ‖z2‖2

− λmin (C2)Θ ‖z2‖2 + ‖z2‖ ‖ũd‖ (33)

where 0 < Θ < 1 is a constant, λmin(·) denotes the minimum
eigenvalue of a matrix. Then,

V̇q ≤ − q2
e0z

ᵀ
1C1z1 − λmin (C2) (1 −Θ) ‖z2‖2 ≤ 0

∀ ‖z2‖ ≥ ‖ũd‖
λmin (C2)Θ

. (34)

Therefore, if the filter matrix Gfq(s), controller parameter
matrix C2 and constant Θ are chosen properly to satisfy the
derived condition ‖z2‖ ≥ ‖ũd‖

λmin(C2)Θ
, there exists an invariant set

Ωq = {Vq ∈ R : Vq ≤ δ} such that Vq with initial conditions
Vq(0) inΩq will remain inΩq for all t ≥ 0 with δ being the upper
bound of Vq. Then, the closed-loop system tracking errors z1

and z2 are uniformly bounded. Furthermore, from the invertible
change of coordinates (19), it can be concluded that qev and ωe
are uniformly bounded.

The derivative of the virtual control can be calculated
from (20) as α̇ = 2C1q̇e0qev + 2C1qe0q̇ev . From (17), it can
be observed that q̇e0 and q̇ev are continuous functions of
qev, qe0, ω, ωm. Since qev and qe0 are structurally bounded
and ω is bounded from the boundness of ωe and ωm,
then α̇ is bounded. From the definition of the lumped un-
certainty term, ud = J−1dq + α̇, where dq is the bounded
external disturbance. Then, it can be concluded that ud is
bounded. By adopting the diagonal filter matrix Gfq(s) =
diag(Gfq1(s), Gfq2(s), Gfq3(s)), which has the diagonal el-
ements as strictly proper stable filters with all the poles on the
left-hand side of the complex plane, the estimation error vector
ũd = L−1(I3 −Gfq(s)) ∗ ud is also bounded with ‖ũd‖ ≤ γ,
where γ is a constant.
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To determine the bound of the invariant set Ωq , applying
Young’s inequality to (33) along with (23), there is

V̇q ≤ −q2
e0λmin (C1) ‖z1‖2 − λmin (C2) ‖z2‖2

+
1
2
‖z2‖2 +

1
2
‖ũd‖2

≤ −2μVq +
1
2
γ2 (35)

where μ = min{q2
e0λmin(C1), [λmin(C2)− 1

2 ]} > 0 in the case
of qe0 �= 0. The special case when qe0 = 0 will be discussed
latter. Solving (35) results in

Vq ≤ Vq(0)e
−2μt +

γ2

4μ

(
1 − e−2μt

)
. (36)

Therefore, the upper bound of Vq can be calculated as

δ = max{Vq(0), γ2

4μ}. The bound is determined by the initial
condition Vq(0), the controller parameters C1, C2 and the
estimation error vector ũd. As t→ ∞, the first term on the
right-hand side of (36) will decay to 0, and the second term is
bounded by γ2

4μ . The size of the bound can be adjusted as small
as possible by tuning the controller parameters C1, C2 and
properly designing the filter matrix Gfq(s). The guideline for
the filter design to achieve the asymptotic disturbance rejection
performance is discussed in [31].

It should be noted that there is a special case when qe0 = 0,
where qm and q are 180◦ away. When qe0 = 0 and ωe are a zero
vector,qe will be a constant unit quaternion, which is structurally
bounded. Therefore, it can be concluded that closed-loop system
tracking errors z1 and ωe are bounded. Ifωe is a nonzero vector,
the nonzero ωe will drive qe to leave the point of qe0 = 0, then
the above mentioned conclusions derived in the case of qe0 �= 0
can be applied.

V. EXPERIMENTS

In this section, the flight experiments are carried out to validate
the effectiveness of the developed unit quaternion-based robust
control strategies. Three experimental cases are considered,
which are attitude recovery, trajectory tracking with wind dis-
turbance, and comparison with the existing robust controller [1],
to demonstrate the capability of developed controller for large
angle maneuvers and accurate trajectory tracking under the
influence of external disturbance and the superior robustness
of the proposed approach over existing controller in handling
model uncertainty and disturbance.

A. Experimental Setup

The quadrotor platform used in experiments is a Parrot
Mambo quadrotor, which is shown in Fig. 3. The weight of the
quadrotor is about 63 g. The orientation estimation is carried out
with measurements provided by a three-axis accelerometer and
a three-axis gyroscope. An ultrasonic sensor, an air pressure
sensor, and a downward-facing camera are used for relative
position localization. The control loop is running with the update
rate of 200 Hz. The flight control algorithm programming is

Fig. 3. Experimental platform. (a) Top view. (b) Bottom view.

Fig. 4. Experimental environment.

done with Simulink Support Package [38]. The experimental
environment is shown in Fig. 4.

B. Controller Parameter Selection

For implementation, the low-pass filter matrices in (12) and
(31) are chosen as [30], [31]

Gfξ(s) =

[
03×3 03×3

03×3 diag
(

1
Tξ1s+1 ,

1
Tξ2s+1 ,

1
Tξ3s+1

)
]

Gfq(s) = diag

(
1

Tq1s+ 1
,

1
Tq2s+ 1

,
1

Tq3s+ 1

)
.

The matrix Kξ in (12) are designed as
[
03×3 I3
K1 K2

]
with K1 and

K2 being the 3 by 3 diagonal matrices in the form of

K1 = diag (k11, k12, k13) , K2 = diag (k21, k22, k23) .

The constant matricesAm1 andAm2 for the developed nonlinear
reference model are also chosen as diagonal matrices in the
forms of

Am1 = diag (am11, am12, am13)

Am2 = diag (am21, am22, am23) .

The matrices C1 and C2 in (31) are chosen as diagonal matrices
in the forms of

C1 = diag (c11, c12, c13) , C2 = diag (c21, c22, c23) .

The selections of parameters are listed in Table I.

Authorized licensed use limited to: Texas Tech University. Downloaded on November 06,2020 at 04:52:54 UTC from IEEE Xplore.  Restrictions apply. 



1526 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 25, NO. 3, JUNE 2020

Fig. 5. Case I: Attitude recovery with five stages: 1: launch detection, 2: attitude control enabled, 3: height control enabled, 4: horizontal velocity
control enabled, 5: full DOF control enabled. (a) Positions. (b) Euler angles.

TABLE I
CONTROLLER PARAMETER SELECTION

C. Results and Discussion

1) Case I. Attitude Recovery: In this case, the control ob-
jective is to achieve attitude recovery and position hover under
random initial conditions, which are generated by hand tossing.
This experimental case is performed by throwing the quadrotor
by hand in an indoor environment, where the sensing is con-
ducted with onboard sensors and no disturbance is applied. After
the quadrotor is thrown, the launch detection, attitude recovery,
and position holding are achieved autonomously. The similar
launch detection and recovery processes in [39] are adopted,
which consist of five stages.

The first stage is the launch detection, which is achieved by
analyzing the accelerometer data. Let ‖a‖ denote the averaged
norm of accelerometer data within last 20 ms. After the quadro-
tor is released by hand, it will start falling freely, where ‖a‖ will
approach zero. When ‖a‖ is less than the threshold of 3 m/s2, the
attitude recovery process will be initiated, which is the second
stage. In the second stage, the attitude controllers and the nonlin-
ear reference model are enabled to control the quadrotor attitude
to the level with the attitude references set as qr = [1 0 0 0]ᵀ.
The initial conditions of the nonlinear reference model are set
as the current orientations of the quadrotor when the second
stage is initiated. Based on the quadrotor nominal weight, the
quadrotor thrust is set as F = mg. When the quadrotor roll and
pitch angles are less than 10◦ and the roll and pitch angular
velocities are less than 1 rad/s, the third stage will be switched
ON. The height controller is enabled in the third stage with
the reference set as −1 m. Since i3 is pointing downward, the
negative value actually means the quadrotor is above the ground.
Once the height controller is enabled and the vertical velocity

Fig. 6. Case I: Attitude recovery: quaternion.

is less than 0.5 m/s, the fourth stage is enabled to reduce the
horizontal velocities. In the fourth stage, the horizontal posi-
tion controllers are activated with only velocity measurements
feeding to the controllers while the velocity references are set
as zero. As soon as the horizontal velocities are small enough,
i.e., ‖v1‖ ≤ 0.2 m/s and ‖v2‖ ≤ 0.2 m/s, the full DOF control
of quadrotor is initiated with the horizontal position references
set as current positions.

The experimental results are shown in Fig. 5 with different
stages marked. The positions are plotted as x, y, z, and the
orientations are shown as Euler angles for reader-friendly pre-
sentation. Since the quadrotor measures positions with respect
to ground, the measurements before stage 2 are not plotted,
which are not able to accurately reflect the quadrotor positions.
The quadrotor attitude in terms of unit quaternion is shown in
Fig. 6. The quadrotor is hand tossed at around t = 2.4 s, where
the attitude are −159.556◦ in roll direction, −62.748◦ in pitch
direction, −169.603◦ in yaw direction in terms of Euler angle
representation.

Remark 4: It should be noted when the quadrotor is tossed,
the pitch angle has already passed the mathematical and mechan-
ical singularity point, which is −90◦ at t = 1.62 s, as shown in
Fig. 5(b). In terms of rotation about the b2 axis, the angle is
actually −117.252◦ at t = 2.4 s. It can also be observed from q2

in Fig. 6 that the quadrotor is rotating by hand in one direction
before tossed. However, the mathematical singularity in Euler
angle representation limits the pitch angle within the range of
±90◦ and results in sudden jumps in roll and yaw angles when
pitch angle passes through ±90◦.

Authorized licensed use limited to: Texas Tech University. Downloaded on November 06,2020 at 04:52:54 UTC from IEEE Xplore.  Restrictions apply. 



LU et al.: UNCERTAINTY AND DISTURBANCE ESTIMATOR-BASED GLOBAL TRAJECTORY TRACKING CONTROL FOR A QUADROTOR 1527

Fig. 7. Case I: Attitude recovery: control inputs.

Fig. 8. Case I: Attitude recovery. (a) Position tracking errors. (b) Euler
angle tracking errors.

TABLE II
RMSES OF THE EXPERIMENTAL RESULTS

The evolution of control inputs are shown in Fig. 7. The
period of experimental case I is about 35 s. Only the results
from 0 to 20 s are plotted for a better view of the recovery
processes. Define the position tracking errors as Ex, Ey, Ez and
the attitude tracking errors as ERoll,EPitch, EYaw. The position
and Euler angle tracking errors are shown in Fig. 8. To have a
better view of the performance of the proposed control strategy,
the position tracking errors are shown started from stage 3, when
the height controller is enabled and the attitude tracking errors
are shown started from stage 2, when the attitude controllers
are enabled. The steady-state root-mean-square errors (RMSEs)
from 15 to 35 s when the quadrotor is stably hovering are
calculated in Table II. The experimental results have demon-
strated the singularity-free property of the proposed approach
by accomplishing large angle maneuvers and the stability of the
proposed approach under undesirable initial conditions.

2) Case II. Trajectory Tracking With Wind Disturbance: The
control objective of the second case is to let the quadrotor track
the desired trajectory in presence of external wind disturbances.
The reference trajectory is designed as a Lissajous curve in

the form of ξr = [sin(0.5t) sin(0.25t) − 1]ᵀ m. The wind dis-
turbances are generated by a fan, which is shown in Fig. 4.
An AR816 digital anemometer from Smart Sensor1 is used to
measure the generated wind profile. The wind speed measure-
ment is carried out by placing the anemometer at the point of
[0 0 − 1]ᵀ m. The measured average wind speed over two min-
utes is 1.6 m/s. The experimental results are shown in Figs. 9–
11. The tracking errors for all DOFs are plotted in Fig. 12.
The calculated RMSEs are listed in Table II, which are quite
small considering the small mass of the experimental platform
(less than 100 g) and the time-varying and location-dependent
properties of the generated wind field. The experimental results
successfully validate that the quadrotor can accurately track the
desired trajectory even in the presence of external disturbances
while demonstrating the robustness of the developed control
strategies.

3) Case III. Comparison With the Existing Robust
Controller [1]: To demonstrate the advantages of the
proposed controller, the comparative experiments with the
quaternion-based robust strategy, which is developed in [1]
are carried out. The control objective of the third case is to let
the quadrotor track the desired trajectory in presence of model
uncertainties and disturbances. The reference trajectory is the
same with the Case II. Let � and � denote the component
multiplication and division for vectors. For example, define
the two vectors, respectively, as r = [r1 r2 r3]

ᵀ ∈ R3 and
s = [s1 s2 s3]

ᵀ ∈ R3, then the component multiplication is
calculated as r� s = [r1s1 r2s2 r3s3]

ᵀ ∈ R3. In [1], the hybrid
robust controllers for the quadrotor are developed in the form
of

Fξ = mg −mξ̈r + λ2 � σ (k2 � λ2 � (ve

+ λ1 � σ (k1 � λ1 � ξe)))

τ = Jω̇r − S (Jωr)ωr − hkp � qev − kp � kd � ω̃∗

where Fξ is the vector of the position controllers, τ is the vector
of the attitude controllers, ωr is the reference angular velocity,
ω̃∗ = ω − ω̄r, ω̄r = R(qe)ωr, R(qe) is the rotation matrix
calculated from the unit quaternion qe, h ∈ {−1, 1} which is
governed by the following hybrid dynamics

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ḣ = 0 hqe0 ≥ −δ or qevJUqev

+ ω̃∗JU ω̃∗ ≥ 2kdδ

h+ ∈ ¯sgn (qe0) hqe0 ≤ −δ, qevJUqev
+ ω̃∗JU ω̃∗ ≤ 2kdδ

¯sgn(·) and σ(·) are, respectively, the sign and saturation func-
tions defined in [1]. The controller parameters are set as
k1 = [70 70 10]ᵀ, k2 = [0.01 0.01 0.3]ᵀ, λ1 = [10 10 10]ᵀ,
λ2 = [10 10 10]ᵀ, δ = 0.15, JU = diag(0.01, 0.01, 0.02),
kp = [0.03 0.03 0.01]ᵀ, kd = [0.06 0.06 0.02]ᵀ. It should be
noted that compared to the controller developed in [1], the
proposed control algorithms avoid the calculation of the rotation
matrix. Therefore, the proposed controllers are computationally

1[Online]. Available: http://en.smartsensor.cn/
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Fig. 9. Case II: Trajectory tracking with wind disturbance. (a) Positions. (b) Euler angles.

Fig. 10. Trajectory tracking with wind disturbance: quaternion.

Fig. 11. Case II: Trajectory tracking with wind disturbance: control
inputs.

Fig. 12. Case II: Trajectory tracking with wind disturbance. (a) Position
tracking errors. (b) Euler angle tracking errors.

more efficient. To ensure the fair comparison, the nominal sce-
nario is carried out without any uncertainty and disturbance. The
control parameters of the robust controller developed in [1] are
tuned to achieve the best possible performance. As shown in
Fig. 14(a), the performances of the proposed controller, which
are plotted with blue thick solid line and the performances of

Fig. 13. Model uncertainty with additional coin attached.

the robust controller developed in [1], which are plotted with
red thin solid line are similar in the nominal scenario. Then,
the uncertainty and disturbance rejection scenario is considered
with the controller parameters unchanged. As shown in Fig. 13,
a coin with the weight of 6 g, which are about 10% of the
quadrotor’s weight, is added to the side of the quadrotor as
model uncertainties before take-off. The added coin is unknown
to the controllers and it changes the quadrotor’s weight and
inertia. In particular, the asymmetry weight distribution largely
changes the quadrotor’s inertia along the b1 axis. The input step
disturbances with the magnitude of 0.002 N · m are added to
the roll and pitch directions at t = 20 s. The position and atti-
tude tracking performances for the uncertainty and disturbance
rejection scenario are shown in Fig. 14(b). For the controller
developed in [1], it can be clearly seen that due to added model
uncertainties, the quadrotor slightly deviates from the references
for the roll and y directions. After the disturbance is added at
t = 20 s, though the controller developed in [1] can still track
the references, the tracking performances are deteriorated in roll,
pitch, x and y directions. On the other hand, with the proposed
controller, the quadrotor can still accurately track the desired tra-
jectory even in the presence of both model uncertainties and step
input disturbances. The experimental results have demonstrated
the superior robustness of the developed control strategies over
the existing quaternion-based robust controllers for handling
model uncertainties and disturbances. The control inputs are
shown in Fig. 15.

Authorized licensed use limited to: Texas Tech University. Downloaded on November 06,2020 at 04:52:54 UTC from IEEE Xplore.  Restrictions apply. 



LU et al.: UNCERTAINTY AND DISTURBANCE ESTIMATOR-BASED GLOBAL TRAJECTORY TRACKING CONTROL FOR A QUADROTOR 1529

Fig. 14. Case III: Comparison with the existing robust controller: positions and Euler angles. (a) Nominal scenario without uncertainty and
disturbance. (b) Uncertainty and disturbance rejection scenario with the uncertainty added at t = 0 s and disturbance added at t = 20 s.

Fig. 15. Case III: Comparison with the existing robust controller: con-
trol inputs. (a) Nominal scenario. (b) Uncertainty and disturbance rejec-
tion scenario.

VI. CONCLUSION

In this article, the UDE-based attitude and position controllers
with the unit quaternion formulation have been developed for a
quadrotor to achieve the robust global singularity-free control in
the presence of system coupling, model uncertainties, and exter-
nal disturbances. A nonlinear unit quaternion-based reference
model has been introduced to attain the time-scale separation
between the position loop and attitude loop. The boundedness
of attitude tracking errors were guaranteed via Lyapunov-based
stability analysis. Extensive flight experiments were performed
to demonstrate the capabilities of developed controllers for
recovering from undesirable large initial angles, accurate trajec-
tory tracking under the influence of external wind disturbance,
and the superior robustness over the existing quaternion-based
robust control algorithms.
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