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Abstract— In this brief, a bounded integral controller (BIC)
with limited control power is proposed for a class of nonlinear
multiple-input multiple-output (MIMO) systems. The sum-of-
squares constraint on the control inputs with time-varying
weights is studied and handled through the BIC design, which
guarantees that both the control inputs and an auxiliary time-
varying variable are dynamically constrained on a designed
control circle. The BIC inherits the properties of the traditional
integral controller to eliminate tracking errors and achieve
disturbance rejections. Even under time-varying input weights,
the BIC guarantees limited control power independently of both
plant information and system states. The input-to-state (practical)
stability of the closed-loop system is established. To demonstrate
the effectiveness of the proposed method, experimental valida-
tions are conducted for two systems: a system with multiple dc
motors subject to a power limit with time-varying input weights
and a permanent magnet synchronous motor system subject to
a voltage limit with time-invariant input weights.

Index Terms— Bounded integral controller (BIC), limited con-
trol power, multiple-input multiple-output (MIMO), sum-of-
squares constraint, time-invariant input weights, time-varying
input weights.

I. INTRODUCTION

INPUT constraints are present in many practical control sys-
tems and can be caused by physical limitations of actuators,

e.g., the limited force for spacecraft rendezvous [1], the limited
rotor speed for unmanned aerial vehicles (UAVs) [2] and the
limited voltage for power electronics control [3], [4], or protec-
tion requirements [5]. To some extent, a bounded input design
can enhance the stability of the closed-loop system [6]. For
single-input single-output (SISO) systems, many approaches
have been proposed to handle input constraints, e.g., the sat-
uration unit plus antiwindup designs [7], constrained model
predictive control (MPC) [8], saturated linear state feedback
controller [9], constrained adaptive control [10], and opti-
mal control design [11], [12]. A bounded integral controller
(BIC) [6] is proposed to guarantee both the bounded control
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input and the stability of the closed-loop system. However,
the problem of input constraints becomes more challenging
and complicated for multiple-input multiple-output (MIMO)
systems because MIMO systems have multiple channels, cou-
pling effects, and so on. For some MIMO systems, if the
input constraint is independent for each input channel, most
approaches proposed for SISO systems are still applicable.
However, it is more difficult to consider a constraint with
multiple inputs involved, e.g., the norm constraint or the sum-
of-squares constraint of all inputs [13]–[16], i.e., �u� ≤ β
problem, where u = [u1, u2, . . . , un]T ∈ R

n is a general
control input vector for a MIMO system with n input channels,
�·� denotes the Euclidean norm, and β > 0 is a positive
constant number.

In [15]–[17], �u� ≤ β constraint of control inputs is
considered with a Takagi–Sugeno fuzzy model and solved by
an optimization technique based on the linear matrix inequality
(LMI) design. A similar idea based on the optimization tech-
nique subject to the LMI design is introduced into robust con-
trol of the spacecraft rendezvous to handle three-dimensional
input force constraints [1]. However, the LMI method usually
requires large computational efforts and is difficult to be used
in real-time control systems with fast responses [3]. Moreover,
the LMI-based optimization for �u� ≤ β constraint usually
requires full model information. Apart from the LMI-based
optimization, an improved integral control [4] is proposed to
regulate the sum-of-squares constraint of input voltage for the
vector control of induction motors.

In previous studies of MIMO systems with input constraints,
e.g., the norm constraint of the control inputs discussed
earlier, only the time-invariant input weights are considered.
However, in some practical systems, the input constraints are
subject to time-varying weights. In some cases, the maximum
output capability of an actuator, e.g., a pneumatic/hydraulic
cylinder, a motor, or a battery, is affected by other time-
varying variables, e.g., environmental temperature. In this
brief, a general sum-of-squares constraint with time-varying
input weights, named “limited control power,” is investigated
for a class of nonlinear MIMO systems. Inspired by the
BIC for SISO systems with time-invariant input constraints
in [6], a new BIC is proposed in this brief to handle limited
control power with time-varying input weights for nonlinear
MIMO systems. A control circle is designed to make the
control inputs or the final controller outputs always move
and remain on the control circle to satisfy a control power
limit, and the BIC is designed to realize the control circle
through the Lyapunov analysis. The BIC design keeps the
properties of the traditional integral controller (IC) to eliminate
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Fig. 1. System with multiple dc motors and a single source.

tracking errors and achieve disturbance rejection. Except for
the information of the time-varying input weights, the BIC
fulfills the desired control power limit independently from the
plant information and the system states with a simple structure.
The input-to-state (practical) stability (ISpS) of the closed-loop
system is investigated with the small-gain theorem. It is worth
mentioning that the classical saturation constraint and the
standard norm constraint, �u� ≤ β, are special cases of limited
control power studied in this brief. The preliminary results of
this work for the sum-of-squares constraint with time-invariant
input weights are presented in [18]. In this brief, the proposed
BIC with limited control power is further applied to practical
systems via experimental studies, including a system with
multiple dc motors with a power limit subject to time-varying
input weights and a permanent magnet synchronous motor
(PMSM) system with a voltage limit subject to time-invariant
input weights.

The rest of this brief is organized as follows. Section II
describes the problem formulation. In Section III, the BIC is
developed for nonlinear MIMO systems with a control power
limit. Experimental validations of both a system with multiple
dc motors and a PMSM system are conducted in Section IV to
demonstrate the effectiveness of the proposed BIC for limited
control power with both time-varying and time-invariant input
weights. Section V concludes this brief.

II. PROBLEM FORMULATION WITH

LIMITED CONTROL POWER

A. Practical Application Subject to a Control Power Limit

As shown in Fig. 1, a system with multiple dc motors
consists of a single dc source, multiple dc motors
(M1, M2, . . . ,Mn), power converters (H-bridge 1,
H-bridge 2, . . . , H-bridge n), and input capacitors
(C1, C2, . . . ,Cn). Each dc motor is powered by
an H-bridge, which can drive the dc motor with a
clockwise or counterclockwise rotation. The input capacitors

Fig. 2. Illustration of the term (
√

CP )/β and the additional control state u0(t)
moving on a control circle with the proposed BIC (6).

are used to maintain the input dc voltage stable. This system
with multiple dc motors has broad industrial applications,
e.g., robotics, industrial machine tools, two/four-wheel-drive
electric vehicles, and low-voltage dc systems in regular
vehicles with different dc motors for windows, wipers, and
fans. In these applications, the single dc source can be
a battery or a power electronic device fed by other power
sources, e.g., the utility grid. It is known that both batteries and
power electronic devices have limited power outputs. If the
power output limit is violated, the lifespan of the source can
be reduced, or damages are caused. Though some protections
with detection and shutdown can be adopted to handle this
problem in traditional designs, the protection performance is
restricted by the response time and the designed tolerance.

For this system with multiple dc motors, the control objec-
tives can be motor speeds, motor torques, or motor positions
depending on the application. The control inputs are the duty
cycles ui of the H-bridge converters, with ui ∈ [−1, 1]. The
power limitation of the dc source can be regarded as the total
limited output power of the H-bridge converters, which is
expressed as

Ptotal =
n∑

i=1

ioi(t)voi (t) ≤ Pmax (1)

where Ptotal is the total output power of the H-bridge con-
verters, Pmax is the power limit of the source, and ioi and voi

are the output current and the output voltage of the H-bridge
converters, respectively. According to the characteristics of the
H-bridge converters, the output voltages of the H-bridge con-
verters can be approximately expressed as voi(t) = ui(t)E(t),
where E(t) is the voltage of the dc source. Then, the power
constraint (1) can be rewritten as

n∑
i=1

gi(t)E
2(t)u2

i (t) ≤ Pmax (2)

where gi(t) = (ioi(t))/(voi (t)) are the equivalent time-varying
conductance of the dc motors. In this power constraint (2),
gi(t)E2(t) > 0 are regarded as time-varying input weights,
which can be directly or indirectly measured.

B. Problem Formulation

Following the above mentioned practical application, in this
brief, a control problem subject to limited control power is
formulated and investigated for a class of nonlinear MIMO
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systems described as

ẋ1 = f1(x1, x2, . . . , xn, u1)+ d1

ẋ2 = f2(x1, x2, . . . , xn, u2)+ d2

...

ẋn = fn(x1, x2, . . . , xn, un)+ dn (3)

where xi = [xi1, xi2, . . . , ximi ]T ∈ R
mi , i = 1, 2, . . . , n,

are system state vectors. The dimensions mi of xi are deter-
mined by each subsystem, and fi are system dynamics that
are assumed to be ISpS, which is practical because many
engineering systems have an inherent dissipative structure [6].
di(t) ∈ R

mi are bounded external disturbance vectors
with the same dimensions as xi , and ui (t) ∈ R are the
control inputs. The system output y is defined as y =
[x11, x21, . . . , xn1]T . Without loss of generality, the control
input u = [u1, u2, . . . , un]T is subject to limited control
power

CP =
n∑

i=1

ci (t)u
2
i (t) ≤ β2 (4)

where CP is the control power of the system, ci(t) > 0
are known or measurable differentiable time-varying weights
for ui(t), and β > 0 is a positive constant. For simplicity,
the index i , which varies from 1 to n, for the summation
notation

∑
is omitted in the rest of this brief.

The control objective is to design a controller for the
MIMO system (3) such that the system output y =
[x11, x21, . . . , xn1]T can asymptotically track its reference
r = [x ref

11 , x ref
21 , . . . , x ref

n1 ]T subject to limited control power (4).
In other words, the tracking errors ei(t) = x ref

i1 − xi1,
i = 1, 2, . . . , n, can converge to zero as t → ∞.

Note that, in addition to the power limit, the constraint (4)
also can represent other actuator physical limitations, e.g.,
force limitation, voltage limitation, and so on.

III. BIC DESIGN FOR MIMO SYSTEMS WITH

LIMITED CONTROL POWER

In the preliminary version of this brief [18], the sum-of-
squares constraint with time-invariant input weights is stud-
ied for MIMO systems. In this brief, the results in [18]
are further extended to nonlinear MIMO systems subject
to limited control power with time-varying input weights,
i.e.,

∑
ci(t)u2

i (t) ≤ β2. The ISpS stability of the closed-loop
system, performance analysis, and discrete implementation are
investigated.

A. Controller Design

The requirements of limited control power (4) can be
achieved if the control inputs or the final controller outputs
ui can always move and remain on a control circle shown
in Fig. 2, which can be described as(√

CP

β

)2

+ u2
0(t) = 1 (5)

where u0(t) is an additional auxiliary time-varying control
variable.

In order to achieve the desired control circle (5) and
asymptotic reference tracking with ei (t) → 0, a dynamic
controller is developed for the final controller outputs ui and
the auxiliary time-varying variable u0 as

u̇1(t) = −k

[∑
ci(t)u2

i (t)

β2
+ u2

0(t)− 1

]
u1(t)+ k1u2

0(t)e1

u̇2(t) = −k

[∑
ci(t)u2

i (t)

β2
+ u2

0(t)− 1

]
u2(t)+ k2u2

0(t)e2

...

u̇n(t) = −k

[∑
ci(t)u2

i (t)

β2
+ u2

0(t)− 1

]
un(t)+ knu2

0(t)en

u̇0(t) = −k

[∑
ci(t)u2

i (t)

β2
+ u2

0(t)− 1

]
u0(t)

− c1(t)u1(t)

β2
k1u0(t)e1 − c2(t)u2(t)

β2
k2u0(t)e2

− · · · − cn(t)un(t)

β2
knu0(t)en

− ċ1(t)u2
1(t)

2u0(t)β2
− ċ2(t)u2

2(t)

2u0(t)β2
− · · · − ċn(t)u2

n(t)

2u0(t)β2
(6)

where k is a positive constant, ei (i = 1, . . . , n) are the
system output tracking errors, and ki are integral gains. It can
be noted that the proposed controller is an improved version
of the traditional IC. It inherits the properties of the IC with
the dynamic integral gain ki u2

0(t) to eliminate tracking errors.
Lemma 1: The BIC design in (6) achieves both the control

circle (5) and the requirement of limited control power (4).
Proof: Consider the following Lyapunov function candi-

date:

V (t) =
∑

ci(t)u2
i (t)

β2
+ u2

0(t). (7)

Taking the time derivative of V (t) along with (6), it yields

V̇ (t) =
∑

ċi (t)u2
i (t)

β2
+

∑
2ci(t)ui (t)u̇i (t)

β2
+ 2u0(t)u̇0(t)

= ċ1(t)u2
1(t)

β2
+ ċ2(t)u2

2(t)

β2
+ · · · ċn(t)u2

n(t)

β2

−2kc1(t)u2
1(t)

β2
[V (t)− 1] + 2c1(t)u1(t)

β2
k1e1u2

0(t)

−2kc2(t)u2
2(t)

β2
[V (t)− 1] + 2c2(t)u2(t)

β2
k2e2u2

0(t)

...

−2kcn(t)u2
n

β2
[V (t)− 1] + 2cn(t)un(t)

β2
knenu2

0(t)

−2ku2
0(t)[V (t)− 1] − 2c1(t)u1(t)

β2
k1e1u2

0(t)

−2c2(t)u2(t)

β2
k2e2u2

0(t)

− · · · − 2cn(t)un(t)

β2
knenu2

0(t)

−2u0(t)

[
ċ1(t)u2

1(t)

2u0(t)β2
+ ċ2(t)u2

2(t)

2u0(t)β2
+· · ·+ ċn(t)u2

n(t)

2u0(t)β2

]

= −2kV (t)[V (t)− 1]

= −2kV 2(t)+ 2kV (t). (8)
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Solving (8) gives

V (t) = e2kt V (0)

e2kt V (0)− V (0)+ 1

= 1

1 − e−2kt
(
1 − 1

V (0)

) . (9)

With the proper initial designs, e.g., with u0(0) = 1 and
ui(0) = 0, there is V (0) = 1. As a result

V (t) = 1 ∀ t ≥ 0.

Consequently, it always holds true that (
∑

ci (t)u2
i (t))/(β

2)+
u2

0(t) = 1 for the control circle shown in Fig. 2. Hence,
the limited control power (4) is fulfilled. This completes the
proof.

It is interesting to note that V (t) still can converge to 1 as
t → ∞ if V (0) is not equal to zero, according to (9). The rate
of convergence can be adjusted by the parameter k. Therefore,
the terms −k[(∑ ci (t)u2

i (t))/(β
2)+u2

0(t)−1]ui(t) introduced
in the proposed BIC (6) are used to handle measurement
noises, parameter drifts, and numerical errors in practical
implementations, where (5) can always hold to guarantee
limited control power (4). If V (t) converges to 1, the term√

CP/β and the additional state u0(t) always remain on the
first quadrant of the control circle. At the steady state, u̇i (t)
and u̇0(t) are regulated to 0, and the BIC operates at the
equilibrium point, e.g., point E indicated in Fig. 2.

Even under the time-varying input weights ci (t), the limited
control power (4) is guaranteed through the proposed BIC (6),
and the effects from system states are also relaxed.

B. Closed-Loop System Stability

Considering the plant (3) and the BIC (6), the closed-
loop system can be represented as an interconnected form
with two subsystems, �1 and �2, as shown in Fig. 3, where
y = [x11, x21, . . . , xn1]T and u = [u1, u2, . . . , un]T are
internal vectors and d = [dT

1 , dT
2 , . . . , dT

n ]T and r(t) =
[x ref

11 , x ref
21 , . . . , x ref

n1 ]T are external input vectors.
Theorem 1: The closed-loop system shown in Fig. 3 as

designed earlier is ISpS with respect to both inputs d(t)
and r(t) if the plant (3) is ISpS with respect to inputs d(t)
and u(t).

Proof: For the subsystem �1 with ISpS, there exists a
class KL function βkl1(·), class K∞ functions γu(·) and γd(·),
and positive constants K1, K2, and K3 such that for any state
y(0) with �y(0)� < K1, any input u(t) with supt≥0�u(t)� <
K2, and any external input d(t) with supt≥0�d(t)� < K3,
there is

�y(t)� ≤ βkl1(�y(0)�, t)+ γu( sup
0≤ τ ≤t

�u(τ )�)
+γd( sup

0≤ τ ≤t
�d(τ )�)+ α1

for all t ≥ 0, where α1 ≥ 0 is a constant.
Through the BIC design in (6), the output of �2 satisfies∑

ci (t)u
2
i (t) ≤ β2.

Fig. 3. Interconnection form of the closed-loop system.

Consequently, there is

�u(t)� ≤ β√
cmin

where cmin = mint {ci(t)} > 0.
For the subsystem �2, there exists a class KL func-

tion βkl2(·), class K∞ functions γy(·) and γr (·), and positive
constants K4, K5, and K6 such that for any state u(0) with
�u(0)� < K4, any input y(t) with supt≥0�y(t)� < K5, and
any external input r(t) with supt≥0�r(t)� < K6, there is

�u(t)� ≤ β√
cmin

≤ βkl2(�u(0)�, t) + γy( sup
0≤ τ ≤t

�y(τ )�)
+ γr( sup

0≤ τ ≤t
�r(τ )�)+ α2 (10)

for all t ≥ 0, where α2 = β/
√

cmin is a positive constant.
Then, two K∞ functions ρ1 and ρ2 and a nonnegative real

number sl can be found to achieve

(Id + ρ2) ◦ γy ◦ (Id + ρ1) ◦ γu(s) ≤ s
(Id + ρ1) ◦ γu ◦ (Id + ρ2) ◦ γy(s) ≤ s

}
∀s ≥ sl

where Id is the identity function, and ◦ is the function
composition, as γy can be designed small enough, according
to (10). By applying the small-gain theorem in [19], the closed-
loop system is ISpS with respect to the external inputs d(t)
and r(t). This completes the proof.

C. Performance Analysis

When V (t) in (7) is equal to 1, the BIC (6) is reduced to

u̇i (t) = ki u
2
0(t)ei (i = 1, . . . , n)

u̇0(t) = −c1(t)u1(t)

β2
k1e1u0(t)− c2(t)u2(t)

β2
k2e2u0(t)

− · · · − cn(t)un(t)

β2
knenu0(t)

− ċ1(t)u2
1(t)

2u0(t)β2
− ċ2(t)u2

2(t)

2u0(t)β2
− · · · − ċn(t)u2

n(t)

2u0(t)β2
.

Each subcontroller is an IC with a dynamic integral gain
ki u2

0(t). As long as u0(t) does not converge to 0, the ICs
can handle step disturbances and step references and eliminate
tracking errors, according to the internal model principle, since
the subsystems fi are ISpS.
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D. Special Cases

In this brief, the BIC (6) is proposed for MIMO systems
under a single constraint of all control inputs with time-varying
weights ci(t). The results are also applicable to the special case
when the weights ci (t) are time-invariant. This can be easily
verified when ċi are set as zero in both the control law (6)
and the Lyapunov analysis (8). The preliminary results of this
special case are presented in [18]. Especially, when ci = 1,
the problem is reduced to a standard norm constraint problem
with �u� ≤ β.

It is also applicable to MIMO systems with multiple input
constraints. For example, when the control inputs ui(t) are
divided into N groups with each group having M j control
inputs, j = 1, 2, . . . , N , subject to limited control power
defined as

C P1 =
M1∑

k1=1

ck1(t)u
2
k1(t) ≤ β2

1

C P2 =
M2∑

k2=1

ck2(t)u
2
k2(t) ≤ β2

2

...

C P N =
MN∑

kN=1

ckN (t)u
2
kN (t) ≤ β2

N

where ck j (t) > 0 are known differentiable time-varying
weights for control inputs ukj (t) and β j > 0, which are
positive constants, the proposed BIC (6) can be adopted N
times to handle these N groups of constraints. If M j = 1,
ck j = 1, the multiple constraints are reduced to a classical
saturation constraint problem, i.e., |ui | ≤ βi .

E. Discrete Implementation

Instead of the differential form of the proposed BIC in (6),
the integral form is used for the discrete implementation
of (6) for practical applications. For example, (6) can be
implemented as

ui(m + 1) = ui(m)+ T
[ − kη(m)ui(m)+ ki u

2
0(m)ei(m)

]
u0(m + 1) = u0(m)+ T

[
− kη(m)u0(m)

−
∑ ci (m)ui(m)

β2
ki u0(m)ei(m)

−
∑ δi(m)u2

i (m)

2u0(m)β2

]

through the forward Euler method, where η(m) =
(
∑

ci(m)u2
i (m))/(β

2)+ u2
0(m)− 1, δi(m) is the derivative of

ci(m), i = 1, 2, . . . , n, m is the sample index, and T is the
sampling period of the digital controller.

In practical applications, in order to eliminate the
measurement noise, ċi(t) can be numerically approximated
via low-pass filters [20] as

c̃i(t) = L−1

{

i

s +
i

}
∗ ci(t)

Fig. 4. Experimental test rig for a system with multiple dc motors.

where L−1 means the inverse Laplace transformation, and ∗
is the convolution operator. Then

ċi(t) ≈ ˙̃ci(t) = 
i [ci (t)− c̃i(t)].

They can be digitally implemented as

c̃i(m + 1) = (1 − T
i)c̃i (m)+ T
i ci(m)

δi(m) = 
i [ci (m)− c̃i(m)].

It is worth noting that, as long as the sampling frequency is
high enough for the digital controller, the discrete implementa-
tion can achieve similar performance as in the continuous time
domain. The terms −k[(∑ ci (t)u2

i (t))/(β
2)+ u2

0(t)− 1]ui(t)
in (6) can help eliminate numerical errors in the discrete
implementation, as discussed in Section III-A.

IV. EXPERIMENTAL VALIDATION

A. Case I: Limited Control Power With Time-Varying Input
Weights

To validate the proposed BIC for MIMO systems subject
to limited control power with time-varying input weights,
a system with multiple dc motors, discussed in Section II-A,
is investigated. An experimental test rig with two motor–
generator sets is built up, as shown in Fig. 4. There are
two motors driving two generators individually. Both motors
are controlled by a single controller, a dSPACE DS1104 kit.
Instead of the H-bridge converters discussed in Section II-A,
power amplifiers are used to drive the dc motors. The control
signals are sent from the dSPACE DS1104 to the power ampli-
fiers. The generator connected to a 1 
 resistor is performed
as the load for the dc motor in each motor–generator set. The
mathematical model of this system is given as [21]

Jmi ω̇i = Tei − Tli (i = 1, 2) (11)

Lmi i̇oi = −Rmi ioi − kωiωi + voi (12)

where ωi is the motor speed, ioi is the armature current,
Jmi is the equivalent total moment of inertia of the rotor,
Tei = kti ioi is the electromagnetic torque of the dc motor, Tli is
the total load including the rolling friction and the load from
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Fig. 5. Experimental results for the control of multiple dc motors with motor speed (left column), motor input voltage (middle column), and total power
Ptotal (right column). (a) With the proposed BIC. (b) With the traditional IC.

TABLE I

CONTROL PARAMETERS FOR CASE I

the generator side, Lmi is the armature inductance, Rmi is the
armature resistance, kti = kωi is the torque constant or voltage
constant, and voi is the voltage input. More information of
system modeling can be found in [21].

The speed control of the two dc motors is considered in this
experiment. Similar to the power limitation for the total output
power of the H-bridge converters in Section II-A, the total
output power of the amplifiers is subject to a limit

Ptotal =
2∑

i=1

ioi(t)voi (t) ≤ Pmax.

Again, it can be further rewritten as

2∑
i=1

gi(t)v
2
oi (t) ≤ Pmax (13)

where gi(t) = (ioi(t))/(voi (t)) can be measured by the
dSPACE DS1104 kit. In order to achieve both speed regu-
lation and satisfy the condition (13), the proposed BIC (6) is
implemented on the dSPACE DS1104 kit with the sampling
frequency of 10 kHz. The control parameters are shown
in Table I.

The speed references of the two dc motors are 3000 rpm
and 2000 rpm, respectively. The system responses are shown
in Fig. 5 with the BIC in Fig. 5(a) and the traditional
IC in Fig. 5(b). For clarity, unlike the duty cycles for the
H-bridge converters discussed in Section II-A, the control
inputs vo1 and vo2 are input voltages of the dc motors. Both
BIC and traditional IC can achieve similar desired control
performances at the steady state. Compared with the traditional
IC in Fig. 5(b), the BIC shown in Fig. 5(a) does not have

Fig. 6. Moving controller states with the proposed BIC for the control of
two DC motors.

Fig. 7. Experimental test rig for a PMSM system.

any overshoots in both motor speeds and control inputs. The
BIC can always regulate the total power Ptotal within the limit,
whereas the traditional IC violates the power limit at both
the transient state and the steady state. The operations of
the control inputs and the additional state u0 are illustrated
in Fig. 6, where the controller states remain on a controller
sphere Sr by using the proposed BIC (6) and converge
to a small neighborhood of point E1 at the steady state.
In summary, the BIC demonstrates good reference tracking
performances and capabilities to handle limited control power
with time-varying input weights.
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Fig. 8. Experimental results of the vector control for a PMSM with the proposed BIC. (a) Motor torque. (b) Motor mechanical speed. (c) Motor dq currents.

B. Case II: Limited Control Power With Time-Invariant
Input Weights

To further validate the proposed BIC for MIMO systems
subject to limited control power with time-invariant input
weights, the vector control of a PMSM with a voltage limit is
investigated through experimental studies. The experimental
test rig is shown in Fig. 7, where an Anaheim Automation
EMJ-04 PMSM is driven by a Texas Instruments (TI) motor
controller. A dc source is used to supply dc power for the
TI motor controller. An AmpFlow E30-150 dc generator plus
four parallel-connected resistors (total 0.25 
) are performed
as the mechanical loads for the PMSM. The electrical model
of a PMSM in the dq reference frame is given as [22]

i̇d = − Rs

Ld
id + ωe Lq

Ld
iq + 1

Ld
Ud

i̇q = − Rs

Lq
iq − ωe Ld

Lq
id + 1

Lq
Uq − ωeψ f

Lq

where id and iq are stator currents, Ud and Uq are the stator
voltage inputs, Ld and Lq are stator winding inductance, Rs is
the stator winding resistance, ψ f is the core magnetic flux, and
ωe is the electrical angular velocity. The voltage inputs Ud and
Uq are limited by both the dc-bus voltage Vdc and the adopted
pulse width modulation (PWM) method. Usually, the limited
voltage for the voltage inputs Ud and Uq can be expressed as√

u2
d + u2

q ≤ 1 (14)

where ud and uq are the normalized values of Ud and Uq ,
respectively. Note that this constraint is the special case of
limited control power (4), and ci (t) are constants, as discussed
in Section III-D.

The mechanical model of the PMSM is

Jmω̇ = Te − Tl

where ω = (ωe/p) is the mechanical rotational speed, p is
the number of pole pairs, Jm is the rotational moment of
inertia, Te is the electromagnetic torque of the PMSM, and
Tl is the total load including the rolling friction and the
load from the generator side. In this brief, a surface-mounted
magnet type PMSM is considered with Ld = Lq . Therefore,
the electromagnetic torque is calculated as

Te = 3

2
pψ f iq . (15)

The nominal system parameters are shown in Table II. In this
brief, the torque control of the PMSM is considered as the

TABLE II

SYSTEM PARAMETERS FOR CASE II

torque regulation is usually adopted to control PMSM in many
applications, e.g., electric vehicles and wind turbines.

In practice, the current is often controlled to generate a
desired torque for a PMSM, e.g., the iq reference can be
set as 2Te/(3 pψ f ) to achieve the desired electromagnetic
torque, according to (15), and the id reference can be
set as 0. The proposed BIC (6) is conducted on a TI
TMS320F28335 microcontroller for PMSM control, where
the sampling frequency is set as 10 kHz. Note that ċi(t) = 0
is adopted in the implementation of the proposed BIC (6)
in this special case. Other control parameters are selected as
kd = 1000, kq = 1000, and k = 1000.

The system responses are illustrated in Figs. 8 and 9.
Initially, the electromagnetic torque reference is set to 1 N ·m
by passing through a first-order low-pass filter. The electro-
magnetic torque of the PMSM can track its reference well,
as shown in Fig. 8(a), where the mean absolute error (MAE) of
the electromagnetic torque tracking during 2.9 ∼ 3 s is about
0.0019 N · m. The motor speed converges to its steady state
within about 1.5 s, as shown in Fig. 8(b). The motor currents
are shown in Fig. 8(c), wherein id is well regulated to 0, and
iq is regulated to a positive number to generate the positive
torque. The motor voltages are shown in Fig. 9(a) with the
negative ud and the positive uq . At t = 3 s, the torque refer-
ence is changed to 1.5 N · m, and (u2

d +u2
q)

1/2 increases to the
maximum value quickly. Though the electromagnetic torque
cannot be regulated because of the voltage limit, the BIC still
regulates (u2

d + u2
q)

1/2 within the limit, as shown in Fig. 9(a),
and the closed-loop system still keeps stable operation. When
the torque reference is set to 0.5 N · m at t = 6 s, both
electromagnetic torque and motor currents are well regulated
again, due to the decrease in (u2

d + u2
q)

1/2, where the MAE of
the electromagnetic torque tracking during 8.8 ∼ 9 s is about
0.0036 N ·m. The motor speed decreases with a lower torque.
The BIC can always keep (u2

d + u2
q)

1/2 ≤ 1 at different stages
and guarantee system stability. The controller states ud , uq ,
and u0 are illustrated in Fig. 9(b), where the controller states
remain on a controller sphere Sr with the proposed BIC (6).
The small neighborhoods of the equilibrium points E1, E2, and
E3 represent three steady states of the system, during 2 ∼ 3 s,
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Fig. 9. Motor dq voltage inputs with the proposed BIC for the vector control
of a PMSM. (a) In the time domain. (b) Moving on a controller sphere.

5 ∼ 6 s, and 8 ∼ 9 s, respectively. Therefore, the BIC can
achieve good reference tracking and handle limited control
power with time-invariant input weights in this experimental
study.

V. CONCLUSION

A BIC with limited control power has been proposed for
a class of nonlinear MIMO systems in this brief. The control
power limit on the control inputs with both time-varying and
time-invariant weights has been achieved through the bounded
controller design. The ISpS of the closed-loop system has
been proven based on the small-gain theorem. Experimental
validations on a system with multiple dc motors subject to a
power limit with time-varying input weights and a PMSM
system subject to a voltage limit with time-invariant input
weights have been provided to validate the proposed BIC.
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