EX 4.2.1:| A local gas station has three pumps, each of which can pump up to 1000 gallons per week.
Let X = (Total amount of gas (in 1000’s of gallons) pumped at the station in a week). Then, X has the pdf:

/2 ,if0<e <1
Ix(x)=9 1-(5/16)z ,if1<z<3
0 , otherwise

(a) What is the support of random variable X?
Supp(X) = (Set of all meaningful values of X) =0, 3]

(b) Determine the cdf of X, Fx (z).

Jifx <0 0 Jifx <0 0 Jifx <0
o fx()ydt Lifo<z<1 Lot ,if0<z <1 Lg? ,if0<z <1
e =4 & | e 2 = Rx@=|{ 2,
[ fx(t)dt if1<z<3 Jo sdt+ [y (1—Zt)dt ,if1<z<3 r— gt -3 ifl1<z<3
1 Jif3 < 1 Jif3 < 1 Jif3 <
@ 1 1] Fprel, o 1,0 1,
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For1 <z <3: t) dt = —tdt 1——t) dt=|=t t— 5t = T 5% T o5
wrsosa [[poas a0 ) s (3] e ] e g

(¢) Using the cdf, what is the probability that the station will pump at most 500 gallons in a week?

P(X <0.5) = Fx(0.5) = i(o.s)2 =10.0625

(d) Using the cdf, what is the probability that the station will pump between 1000 and 2000 gallons in a week?

P X <2) = P(X £2)~ (X £ 1) = Fx(2) - Fx(1) = @) - 52| - ) = 02| = 37 —[0.58125]

(e) What is the expected amount of gas pumped by the station in a week?

1 €T 3 5 11 2 3 5 2
x~fX(x)dx:/x- = da:Jr/:c-(lf—x) dm:/ —x der/ (mf—m>dx
/Supp(x) o (2) ) 16 o 2 ) 16

e T O N e et

E[X]

The expected amount of gas pumped by the station in a week is about (1.45833)(1000) = ’ 1458.33 gallons ‘

(f) What is the variance of the amount of gas pumped by the station in a week?
1 3 1 3
E[X?] = / - fx(x) da::/ w2(§) dx—l—/ m2~<1—im> dm:/ 113 dm—i—/ (m2—313> dx
Supp(X) 0 2 1 16 0 2 1 16

] - ) o o (o) G -G - e

61 35\% 239
VIX]=E[X?] — (E[X])?= — — [ == ) = === ~0.414930556
— V[X] = E[X*] - (EIX)) () -2

The variance of amount of gas pumped by station in a week is about (0.414930556)(1000%) = ’ 414930.556 gallons? ‘

(g) What is the standard deviation of the amount of gas pumped by the station in a week?

ox = /V[X] = 1/0.414930556 = 0.64415
The std dev of amount of gas pumped by the station in a week is about (0.64415)(1000) =| 644.15 gallons
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EX 4.2.2:| Let X = (Monthly salary ($) where few workers earn very high monthly salaries). Then, the pdf of X is:

(3 x 10%)/z* , if 2 > 1000
fx(z) = .
0 , if x <1000

(a) What is the support of random variable X?

Supp(X) = (Set of all meaningful values of X) = OR Supp(X) = (Set of all values of X s.t. fx > 0) =] (1000, c0)

(b) Determine the cdf of X, Fx(z).

0 , if 2 <1000
Fx(m)—{fz fo i 2 < 1000 _{ 0 Jfe<1000 o0
o Ix(t) dt o if x> 1000 Jio00 fx (@) dt, if > 1000 L 1?0; o> 1000
/‘I fx() dt:/z 3x10° [3>< 109]” _ {_1 x 109}” FrC (_LQQ) B (_1709> _ 10 10°
—o0 w00 t* (=3)* | ,—1000 3 ] 1000 a3 10003 109 23
(¢) Using the cdf, what is the probability that a worker earns between $2000 and $3000 per month?
10° 10°
P(2000 < X < 3000) = P(X <3000)—P(X <2000) = Fx(3000) — Fx(2000) = (1 — W) — (1 — W)

10° 10° 1x10°  1x10°

1 1 19
= =~ - — =" ~[0.08796
(2x10%)3  (3x10%)®  8x10° 27x10° 8 27 216

(d) What is the mean monthly salary, pux?

oo 1 9 oo 1 9 1 97 T—00 1 1 97 T—00
px = E[X]:/ Lv-fx(:v)da::/ x~3x40 d:c:/ 3X30 dm:[—gx;)} :[—LQO}
Supp(X) 1000 z 1000 & 2z £=1000 € £=1000
FTC . 1.5 x 10° 1.5 x 10° 1.5x 107 1.5 x 10° 3
S 1 _ _ == ) = = =1. 10° =| $1500.
LL‘E@ ( 22 )} ( (1000)2 ) O oo = 1xaoe X107 =[§1500.00

(e) What is the variance of the monthly salary, o% ?

oo 1 9 oo 1 9 1 97T
E[X?] = / z? - fx(x) da::/ x2~¥daﬁ:/ 3><20 da:=|:—ﬂ:|
Supp(X) 1000 T 1000 L €z 2=1000
rre [ (Z3XA0°N] (L3100 3X10° o an00000
- w00 T (1000) ) 1x103 N

0% = V[X] = E[X?] — (E[X])? = 3000000 — (1500)* = \ 750,000 dollars® \

(f) What is the median monthly salary, ix?

N 10° 10° ~ 5/10°
Solve the following equation: 0.5 = F = 1 - = =05 = — =05 = =4/ —= ~|$1259.92
g eq (kx) (Fix )3 (fix)? Hx 0.5

(g) What is the probability that a worker’s monthly salary is within 2 standard deviations of the mean value?

]P)(|X—p,x‘§20'x) = P(—QO‘XgX—,ungU)()
= Plux —20x < X <pux +20x)=P(X <pux +20x) —P(X < ux —20x)
= Fx(ux +20x) — Fx(px —20x) = Fx (1500 4 2(866.0254)) — Fx (1500 — 2(866.0254))

10°
= Fx(3232. — Fx(—232. =(1-———— ) —-0~]o0.
% (3232.0508) — Fix (—232.0508) ( (3232‘0508)3’) 0~|0.97038
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0 Lif 2 <0

EX 4.2.3:| Given the following cdf of X: Fx(z) =1 (z/4)[1 +1In(4/z)] ,if0<z<4

1 Jif >4
What is the corresponding pdf of X, fx (z)?
fx(z) = F&@szé%{(%)(l+ﬂn(%))]€2‘3[1+ln(%)]—F(§>‘éé{1+ln<%>}
eGP Q) &
if0<z<4

fx(z) = lelno(;l) OR (+%) | fx(z) = %

, otherwise 0 , otherwise

Ind—Inz] ,if0<z<4

(*) Product Rule (from Calculus I): % [f(x)g(a:)] = f'(z)g(z) + f(z)g'(x)

(*%) Logarithm Properties: In(AB)=InA+InB In(A/B)=InA—1InB In(A*) =kIn A

EX 4.2.4:| Given the following cdf of X: Fx(z) =e ¢ for —oo <z < 00

(a) Show that lim Fx(z)=0.
T— —00

. . —e™® NS _e— (=20 —e>® -
lim Fx(z)= lim e ¢ =e° =e ¢ = T=0V
r—r— 00 Tr—r—00

(b) Show that lim Fx(z) = 1.

T — o0

. . —e™® NS _e= (o) —e™>® -
lim Fx(z)= lim e ¢ =e ¢ = = W= =1y

(¢) What is the corresponding pdf of X, fx(z)?

== ]2 () ) e

fx(@)=e e for —co<a<oo

(*) Chain Rule (from Calculus I): % [f[g(a:)}] = f'lg()] - g'(z)

(d) What is the median of X, pix?

Solve the equation: 0.5=F(ux) = e X 205 = —ex) = In(0.5)
— e "X = —1n(0.5) = —In(1/2) ¥ In((1/2)"") = In2
= e X =n2 — —px =In(In2)
= Jix = —In(In2) ~[0.36651
(*) Logarithm Properties: In(AB)=InA-+InB In(A/B)=InA—InB In(A*) =kln A

(e) What is the 80th percentile of X, x¢.807

Solve the equation: 0.80 = F(zo.50) = e—el*080) _ 0.8 = —e (®o.80) = In(0.8)
— 00 — _1n(0.8) = —In(4/5) < In((4/5)"") = In(5/4)
= e 980 =In(5/4) = —zo.80 = In(In(5/4))
= w080 = —In(In(5/4)) ~|1.49994
(*) Logarithm Properties: In(AB)=InA-+InB In(A/B)=InA—InB In(A*) =kIn A
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