. iid k ‘ 0 1 2
EX 5.3.1:| Let size (n = 2) random sample X1, X> ~ pmf px (k) such that:
px(k) | 0.65 0.25 0.10

(a) What is the population mean p and population variance o2?

p=EX]= Y k-px(k)=(0)(0.65)+ (1)(0.25) + (2)(0.10) = | 0.45
keSupp(X)

EX* = Y Kk px(k)=(0°)(0.65) + (1%)(0.25) + (2)(0.10) = 0.65
k€Supp(X)

= V[X] = E[X?] — (E[X])?> = 0.65 — (0.45)> =

(b) Construct the sampling distributions for the sample mean X and the sample variance S2.

X1=j1 | Xo=jo P(X1 =71 N X2 =72) X=(X1+X2)/2|5=-"1[(X1 —-X)>+ (X2 — X)?]
0 0 px(0) - px (0) = (0.65)(0.65) = 0.4225 (0+0)/2=0 0-02+(0-02=0
0 1 px(0) - px (1) = (0.65)(0.25) = 0.1625 || (04+1)/2=0.5 (0—0.5)24 (1 -0.5)2=05
0 2 px(0) - px(2) = (0.65)(0.10) = 0.0650 (0+2)/2=1 0-1)2+2-1)2%*=2
1 0 px (1) - px(0) = (0.25)(0.65) = 0.1625 || (1+0)/2=0.5 (1-0.5)24(0—-0.5)2 =05
1 1 px (1) - px (1) = (0.25)(0.25) = 0.0625 (1+1)/2=1 A-1)2*+01-1>%*=0
1 2 px (1) - px(2) = (0.25)(0.10) = 0.0250 || (1+2)/2=1.5 (1-15)24+(2-15)2=05
2 0 px(2) - px(0) = (0.10)(0.65) = 0.0650 2+0)/2=1 2-1)2+0-1)>%*=2
2 1 px(2) - px (1) = (0.10)(0.25) = 0.0250 || (24+1)/2=1.5 (2-1.5)2+(1-15)2=05
2 2 px(2) - px(2) = (0.10)(0.10) = 0.0100 (2+2)/2=2 2-22%+(2-22%=0

k 0 | 0.5 | 1 | 1.5 | 2
E

H
px(k) || 0.4225 | 0.1625 +0.1625 | 0.0650 + 0.0625 + 0.0650 | 0.0250 + 0.0250 | 0.0100

The sampling distribution for X is the pmf

Eofl oo [os | 1 | 15 | 2
| 0.4225 | 0.3250 | 0.1925 | 0.0500 | 0.0100

SANITY CHECK: > px(k) =0.4225 + 0.3250 + 0.1925 + 0.05 + 0.01 = 1 v/

kESupp(Y)

—

kol 0 | 0.5 | 2
psz (k) || 0.4225 +0.0625 +0.0100 | 0.1625 + 0.1625 + 0.0250 + 0.0250 | 0.0650 + 0.0650

ko o | o5 | 2

The sampling distribution for S? is the pmf
psz(k) || 0.4950 | 0.3750 | 0.1300

SANITY CHECK: > psa(k) =0.4950 + 0.3750 + 0.13 =1 v/
kESupp(S2)

(c) What is the expected value & variance of the sample mean, p+ & 027?

px=EX]= > k-px(k) = (0)(0.4225) + (0.5)(0.3250) + (1)(0.1925) + (1.5)(0.05) + (2)(0.01) = 0.45
keSupp(X)
E[X] = >k px(k) = (0%)(0.4225) + (0.5%)(0.3250) + (1%)(0.1925) + (1.5%)(0.05) + (2°)(0.01) = 0.42625
kESupp(X)

o2 = V[X] = E[X’] — (E[X])? = 0.42625 — (0.45)% =

(d) What is the expected value & variance of the sample variance, pg2 & 0§2?

ps2 =E[S? = > k-pga(k) = (0)(0.4950) + (0.5)(0.3750) + (2)(0.13) = [ 0.4475 |

keSupp(S?)

E[(S*)*]= > k- psa(k) = (0°)(0.4950) + (0.5%)(0.3750) + (2%)(0.13) = 0.61375

keSupp(S2)

022 = V[S?] = E[(5%)?] - (E[S?])? = 0.61375 — (0.4475)% =

(©2016 Josh Engwer — Revised March 21, 2016



2 3
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EX 5.3.2:| Let size (n = 3) random sample Y7, Y2, Y3 w pmf py (k) such that:

(a) What is the population mean p and population variance o2?

p=EY]= Y kepy(k) = (2)(0.2) + (3)(0.8) =
k€Supp(Y)
EY? = > K -py(k)=(2%)(0.2) + (3*)(0.8) =8
k€Supp(Y)
=V[Y] =E[Y? — (E[Y])? =8 — (2.8)> =| 0.16

(b) Construct the sampling distributions for the sample mean Y and the sample total Y1 + Y + Ys.

Yi=j | Yo=42 | Y3=173 P(Yi =41 N Ya=7j> N Y3 =73) Yi+Y>o+Ys 7=(Y1+Y2+Y3)/3
2 2 2 py (2) - py(2) - py(2) = (0.2)(0.2)(0.2) = 0.008 || 2+2+2=6 6/3
2 2 3 v (2) - py(2) - py(3) = (0.2)(0.2)(0.8) = 0.032 || 2+2+3=7 7/3
2 3 2 v (2) - py (3) - py(2) = (0.2)(0.8)(0.2) = 0.032 || 2+3+2=7 7/3
2 3 3 v (2) - py(3) - py(3) = (0.2)(0.8)(0.8) = 0.128 || 2+3+3 =38 8/3
3 2 2 Py (3) - py(2) - py(2) = (0.8)(0.2)(0.2) = 0.032 || 3+2+2=7 7/3
3 2 3 py(3) - py(2) - py(3) = (0.8)(0.2)(0.8) =0.128 || 34+2+3 =38 8/3
3 3 2 py(3) - py(3) - py(2) = (0.8)(0.8)(0.2) =0.128 || 3+3+2=38 8/3
3 3 3 Py (3) - py(3) - py (3) = (0.8)(0.8)(0.8) =0.512 || 34+3+3=9 9/3
Lk | 6/3 | 7/3 | 8/3 | 9/3
py(k) || 0.008 | 0.032 +0.032 +0.032 | 0.128 +0.128 + 0.128 | 0.512
R k|63 | 73 | 83 | 93
The sampling distribution for Y is the pmf
(k) || 0.008 | 0096 | 0.384 | 0.512
SANITY CHECK: > py(k) =0.008 +0.096 + 0.384 + 0.512 = 1 v/
keSupp(Y)
. k | 6 | 7 | 8 9
Pyivatvy (k) || 0.008 | 0.032+0.032 +0.032 | 0.128 + 0.128 + 0.128 | 0.512
o | ko le | 7| 8|9
The sampling distribution for Y7 + Y5 + Y3 is the pmf
Pyievasvs(k) || 0.008 | 0.096 | 0.384 | 0512

SANITY CHECK:

>

keSupp(Y1+Ya+Y3)

Pyi sty (k) = 0.008 4 0.096 + 0.384 + 0.512 =1 v

(c) What is the expected value & variance of the sample mean, jy & 037

>

keSupp(Y)

>

keSupp(Y)

= E[Y] = k - py(k) = (6/3)(0.008) + (7/3)(0.096) + (8/3)(0.384) + (9/3)(0.512)

E[Y’] = = (6/3)%(0.008) + (7/3)*(0.096) +

-
(d) What is the expected value & variance of the sample total, py, +vo+v; & 0'%/1+Y2+y3?

-

E[(Y1 + Ya + ¥3)?] = (6)%(0.008) + (7)2(0.096) + (8)%(0.384) + (9)%(0.512) = 71.04

=E[(Y1 + Yz + Y3)?] — (E[Y: + Y + Y3])? = 71.04 — (8.4)% =

py( (8/3)%(0.384) +

2

2 =V[Y] =E[Y'] - (E[Y])? = 7.893333333 — (2.8)2

[ivy+vstvs = EB[Yi 4 Ys + Ya] = (6)(0.008) + (7)(0.096) + (8)(0.384) + (9)(0.512)

O'%/l+y2+y3 = V[Y1 + Ya2 + V3]
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~[28)

0.48

(9/3)2(0.512) = 7.893333333



EX 5.3.3: | Let size (n = 2) random sample Wi, Wa “ Binomial(2, 0.35).

(a) What is the population mean p and population variance o2?

1= (2)(0.35) = 0% = (2)(0.35)(1 — 0.35) = pw (k) = (2) 0.35%0.65%*

2 2 2
pw (0) = <0> 0.35°0.65% = 0.4225 pw(l) = <1> 0.35'0.65' = 0.4550 pw(2) = <2> 0.35%0.65° = 0.1225

(b) Construct the sampling distributions for the sample mean W and the sample minimum Way.

Wi =j1 | Wa=j2 P(W1 =41 N Wa = j2) W = (Wi + W2)/2 | Wiy = min{W;, W>}
0 0 pw (0) - pu (0) = (0.4225)(0.4225) = 0.17850625 (0+0)/2=0 min{0,0} = 0
0 1 pw (0) - pw (1) = (0.4225)(0.4550) = 0.19223750 | (0 +1)/2 = 0.5 min{0,1} = 0
0 2 pw (0) - pw (2) = (0.4225)(0.1225) = 0.05175625 (0+2)/2=1 min{0, 2} = 0
1 0 pw (1) - pw (0) = (0.4550)(0.4225) = 0.19223750 || (1 +0)/2 = 0.5 min{1,0} =0
1 1 pw (1) - pw (1) = (0.4550)(0.4550) = 0.20702500 (1+1)/2=1 min{1,1} = 1
1 2 pw (1) - pw (2) = (0.4550)(0.1225) = 0.05573750 || (1 +2)/2 = 1.5 min{1,2} = 1
2 0 pw (2) - pw (0) = (0.1225)(0.4225) = 0.05175625 (2+0)/2=1 min{2,0} = 0
2 1 pw (2) - pw (1) = (0.1225)(0.4550) = 0.05573750 | (2+1)/2 = 1.5 min{2,1} = 1
2 2 pw(2) - pw (2) = (0.1225)(0.1225) = 0.01500625 (2+2)/2=2 min{2, 2} = 2
ko 0 | 0.5 | 1 | 1.5 | 2
P (k) || 0.17850625 | 0.19223750 + 0.19223750 | 0.05175625 + 0.20702500 + 0.05175625 | 0.05573750 + 0.05573750 | 0.01500625
- e b . ko 0 | 05 | 1| 15| 2
e sampling distribution for W is the pmf
prr(k) || 0.17850625 | 0.384475 | 0.3105375 | 0.111475 | 0.01500625
SANITY CHECK: > pwlk) = 0.17850625 + 0.384475 + 0.3105375 + 0.111475 + 0.01500625 = 1 v/
k€Supp(W)
k 0 1 2

PWiy (k) H 0.17850625 + 0.19223750 + 0.05175625 + 0.19223750 + 0.05175625 ‘ 0.20702500 + 0.05573750 4 0.05573750 ‘ 0.01500625

kol |1 | 2
pw,, (k) || 066649375 | 0.3185 | 0.01500625

The sampling distribution for Wy is the pmf

SANITY CHECK: Z PW(y) (k) = 0.66649375 + 0.3185 + 0.01500625 = 1 v
kE€Supp(W(y))

(c) What is the expected value & variance of the sample mean, pyr & O'QW?
pi5 = E[W] = (0)(0.17850625) + (0.5)(0.384475) + (1)(0.3105375) + (1.5)(0.111475) + (2)(0.01500625) =
E[WQ] = (0)2(0.17850625) 4 (0.5)%(0.384475) + (1)?(0.3105375) + (1.5)%(0.111475) + (2)?(0.01500625) = 0.7175
o2 = VW] = E[W’] — (E[W])? = 0.7175 — (0.7) =
(d) What is the expected value & variance of the sample total, Bw ) & cr%V(l)?
pw ., = E[W)] = (0)(0.66649375) + (1)(0.3185) + (2)(0.01500625) =

E[W{] = (0)%(0.66649375) + (1)*(0.3185) 4 (2)*(0.01500625) = 0.378525

T, = VW] = EIW3)] - (E[W)))? = 0.378525 — (0.3485125)* =| 0.257064037
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