EX 6.1.1: | Given the following sample from a hypothetical population of all fuel efficiencies of 6-cylinder vehicles (in mpg):

z: 210, 15.0, 21.0, 21.4, 18.1, 19.2, 17.8, 19.7, 13.0, 35.0

Compute the point estimate of the population mean fuel efficiency pu.

Compute the sample mean since it’s an unbiased estimator of the population mean.
zT= % ;xk = %0(21.0 +15.0421.0 + 21.4 + 18.1 + 19.2 + 17.8 + 19.7 + 13.0 4 35.0) = (%) (201.2) =
Compute the point estimate of the population variance of the fuel efficiency o2.

Compute the sample variance since it’s an unbiased estimator of the population variance.

2
" 1 (< 1 S 311.996
Spw = 2_ = =4360.14 — [ — ) (201.2)% = 311.996 — s*> = 2% — ~ | 34.6662 2
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Compute the point estimate of the proportion of all such 6-cylinder vehicles whose fuel efficiency is less than 20 mpg.

. X (# data points in sample < 20 mpg) 6 ~ ~
= = :*:-m: =1—-p=1-0.60=0.40
P= (Sample Size) 10 e p

Note that in this context, X ~ Binomial(n,p) = E[X] = np and V[X| = npg

Compute the estimated standard error 5+ of the point estimator X.

ox = \/VIX] = /32/n = \/s%/n ~ \/34.6662/10 = v/3.46662 ~

Compute the estimated standard error o5 of the point estimator p := X/n.

A 1 1 1 — 1
7= VVIX/n] = [ 5 VIX] = —/V[X] = —/npq = 51/(10)(0.6)(04) =

EX 6.1.2:| Given a random sample X1, ..., X,, from a population with mean p; and variance o2, and

(a)

(b)

(c)

given a random sample Yi,...,Y,, from a population with mean ps and variance ol

Show that the point estimator X —Y is an unbiased estimator of p; — po.

E[X - Y] =E[X] - E[Y] = juu — po

Find the expression for the standard error of the point estimator X — Y.

oy = VR 71 = VR + V) =[S+ 2

Find the expression for the estimated standard error of the point estimator X — Y.

R Gi 53 s3 s3 s? is the sample variance of 1, ..., Tn,
~.v =1\ — +— =[4/— + — | where . .
ni - n2 ni N2 s5 is the sample variance of yi, ..., Yn,
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EX 6.1.3: | Let random sample X1, X2 ud Poisson ().

(a) Find the expression for the standard error of the sample mean X.

X1 ~ Poisson(A) = E[Xi1] =X, V[Xi|=2A
X2 ~ Poisson(A) = E[Xz] =X, V[Xz]=A

ox =/VX] = VV (X + X2)] = [EH (VX + V[Xe]) = VAT A = %m:

First, realize that

X1 —2X

(b) Show that point estimator 51372 is an unbiased estimator of the parameter .

5X1 —2X» 5 2 5 2 5 2

E|l—— | =E |- X1 —-Xo| =5 EXi] -z EXo]=-A—-ZA=2A
[3} {3132}3[1]3[2133
X1 —2X X1 —2X.

E {51#2} =\ = point estimator 5X1 —2X2 is an unbiased estimator of A

(c) Show that point estimator 7)(%03)(2 is an unbiased estimator of the parameter .

7X1+3X> 7 3 7 3 7 3
El————= | =E|—=X1+ —Xs| = — - E[X — - E[Xq] = — —\=
[ 10 } {10 "o 2} 10 B+ 1g - EXa] = gA+ {gA =2
E {7‘){%{)3&} =\ = point estimator w is an unbiased estimator of A
(d) Which of the two point estimators, w and U(%OBXQ, is a better estimator of A?
5X1 —2Xs 5 2 5\° 2\? 25 4. 29
AL A vy 2x, - 2x, = (2) vix 2) VX, =24 =22
V[ 3 :| V|:3 13 2] (3> Y 1]+(3> V[X>) 9>\—|—9)\ 9)\
7X1 + 3Xo 7 3 7\? 3\’ 49 9 58
ViI—————=| =V |—=X1+ =Xs| =(—) VX — ) V[X2]=—"A+ —A=—]A
[ 10 } {10 " 1o 2} (10) [ 1H(w) X2l = 7062 * 100 ~ 100
Since A > 0, %)\ < %)\ = V {7)(%03)(2] \Y [M} — 7)(%03)(2 is a better estimator of A

(e) Show that point estimator X7 — X» is not an unbiased estimator of the parameter \.

E[X7 — Xo] = E[X{] — E[X2] = [V[X1] + (E[X1])*] —E[X2] = A+ A\] — A= N°

E[X{ — X2] # A\ = point estimator X{ — X> is not an unbiased estimator of A

EX 6.1.4:| Sometimes it’s easier to find a point estimator of a function of a population parameter.

Let random sample X1, ..., X, < pdf fx(z;0) := % for 0<f0<z<o0

(a) Show that the sample mean X is not an unbiased estimator of 1/6.

EX]|=p=E[X1] = / x - fx(z;0) dm:/ x~%d:p:/ 0z da
Supp(X1) 0 z o
0I73+1 T—>00 B 71 T — 00 FZC O B 7i - i
“3+1],, | 22%],_, 202) 26

E[X] # 1/ = sample mean X is not an unbiased estimator of 1/6
(b) Based on your work from the previous part, construct an unbiased estimator of 1/6.
_ 1 —
E[X] = 2 suggests that is an unbiased estimator of 1/6

E[2X] = 2 E[X] = (2) (%) =3
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