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Jakob Bernoulli (1654-1705)
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Bernoulli Random Variables (Applications)
Bernoulli random variables are used to model the result of a Bernoulli Trial:

Any random experiment where all possible outcomes are considered
either a ”Success” or ”Failure” (but not both):

Flip a coin. (Success ≡ ”Heads”, Failure ≡ ”Tails”)
Flip a coin. (Success ≡ ”Tails”, Failure ≡ ”Heads”)
Roll a six-sided die. (Success ≡ ”6”, Failure ≡ ”1,2,3,4 or 5”)
Roll a six-sided die. (Success ≡ ”5 or 6”, Failure ≡ ”1,2,3 or 4”)
Roll a six-sided die. (Success ≡ ”odd #”, Failure ≡ ”even #”)
Shake a mixed bag of almonds & cashews until a single piece falls out.
(Success ≡ almond, Failure ≡ cashew)
Randomly select a person in a large busy conference.
(Success ≡ person wearing a hat, Failure ≡ person not wearing a hat)
Randomly select a person in the ’Treatment’ group of a medical trial.
(Success ≡ treatment was effective, Failure ≡ treatment was not effective)

Any ”Yes/No” question regarding some uncertain future event:
Will you vote ’yes’ for the city proposal? (Success ≡ ”Yes”, Failure ≡ ”No”)
Is the next built widget defective? (Success ≡ ”No”, Failure ≡ ”Yes”)
Did the website get ≥ 1000 views today? (Success ≡ ”Yes”, Failure ≡ ”No”)
Is the newborn kitten female? (Success ≡ ”Yes”, Failure ≡ ”No”)

NOTE: ”Success” & ”Failure” are labels – do not interpret them literally.
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Bernoulli Random Variables (Summary)

Proposition
Notation X ∼ Bernoulli(p), 0 < p < 1, q := 1− p

Parameter(s) p ≡ P(Bernoulli Trial is a Success)
q ≡ P(Bernoulli Trial is a Failure)

Support Supp(X) = {0, 1}

Density
(pmf) pX(k; p) := pkq1−k = pk(1− p)1−k

Mean E[X] = p
Variance V[X] = pq = p(1− p)
Model(s) Result of One Bernoulli Trial: 1 ≡ Success, 0 ≡ Failure

Assumption(s) 1. Random process has its sample space
partitioned into Successes and Failures
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Bernoulli Density Plots (pmf’s)

Remember, the only meaningful values of k for Bernoulli r.v.’s are 0 and 1.
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Verification that Bernoulli pmf truly is a valid pmf
It’s not immediately obvious that pX(k; p) = pkq1−k is a pmf, so let’s prove it:

Non-negativity on its support:
Let k ∈ Supp(X) = {0, 1} and 0 < p < 1 =⇒ q = 1− p.
Then (1− k) ∈ {0, 1}, 0 < q < 1 =⇒ pk > 0, q1−k > 0 =⇒ pX(k; p) > 0

Universal Summation of Unity:∑
k∈Supp(X)

pX(k; p) =
1∑

k=0

pkq1−k (∗)
= p0q1−0 + p1q1−1 = q + p = (1− p) + p = 1

(∗) Since the summation is finite with only two terms, simply expand it:

e.g.
3∑

k=0

ak = a0 + a1 + a2 + a3

e.g.
3∑

k=0

k2 = (0)2 + (1)2 + (2)2 + (3)2 = 0 + 1 + 4 + 9 = 14
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Mean of Bernoulli(p) random variable (Proof)

Let random variable X ∼ Bernoulli(p), where 0 < p < 1 and q := 1− p. Then:

E[X] =
∑

k∈Supp(X)

k · pX(k; p) =
1∑

k=0

k · pkq1−k (∗)
= (0) · p0q1−0 + (1) · p1q1−1

= 0 + pq0 = 0 + p · 1 = p

∴ E[X] = p QED

(∗) Since the summation is finite with only two terms, simply expand it:

e.g.
3∑

k=0

ak = a0 + a1 + a2 + a3

e.g.
3∑

k=0

k2 = (0)2 + (1)2 + (2)2 + (3)2 = 0 + 1 + 4 + 9 = 14
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Variance of Bernoulli(p) random variable (Proof)

Let random variable X ∼ Bernoulli(p), where 0 < p < 1 and q := 1− p. Then:

E[X2] =
∑

k∈Supp(X)

k2 · pX(k; p) =
1∑

k=0

k2 · pkq1−k (∗)
= (0)2 · p0q1−0 + (1)2 · p1q1−1

= 0 + 1 · pq0 = 0 + p = p

∴ V[X] = E[X2]− (E[X])2 = p− (p)2 = p− p2 = p(1− p) = pq QED

(∗) Since the summation is finite with only two terms, simply expand it:

e.g.
3∑

k=0

ak = a0 + a1 + a2 + a3

e.g.
3∑

k=0

k2 = (0)2 + (1)2 + (2)2 + (3)2 = 0 + 1 + 4 + 9 = 14
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Binomial Random Variables (Applications)
Binomial r. v.’s model the # successes of n independent Bernoulli Trials:

Flip n coins, then count # Heads. (Success ≡ ”Heads”, Failure ≡ ”Tails”)
Flip n coins, then count # Tails. (Success ≡ ”Tails”, Failure ≡ ”Heads”)

Roll n dice, then count # 6’s. (Success ≡ ”6”, Failure ≡ ”1,2,3,4 or 5”)
Roll n dice, then count # 5’s and 6’s. (Success ≡ ”5 or 6”)
Roll n dice, then count # odd numbers. (Success ≡ ”odd #”)

Shake a mixed bag of almonds & cashews until n pieces fall out.
Then count how many pieces are almonds. (Success ≡ ”almond piece”)
Randomly select n people in a large busy conference.
Then count how many are wearing a hat. (Success ≡ person wears hat)
Randomly select n people in the ’Treatment’ group of a medical trial.
Then count how many had successful treatment.

Randomly select n people, count how many will vote ’yes’ for resolution.
Count how many of the next n built widgets are not defective.
Randomly select n websites, count how many got ≥ 1000 views today
Randomly select n newborn kittens, count how many are female.

NOTE: ”Success” & ”Failure” are labels – do not interpret them literally.
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Binomial Random Variables (Summary)

Proposition
Notation X ∼ Binomial(n, p), n ≥ 1, 0 < p < 1, q := 1− p

Parameter(s) p ≡ P(Bernoulli Trial is a Success)
q ≡ P(Bernoulli Trial is a Failure)

Support Supp(X) = {0, 1, 2, · · · , n− 2, n− 1, n}

Density
(pmf) pX(k; n, p) :=

(
n
k

)
pkqn−k =

(
n
k

)
pk(1− p)n−k

Mean E[X] = np
Variance V[X] = npq = np(1− p)
Model(s) # Successes of n Bernoulli Trials

Assumption(s)

1. Random process comprises of n trials.
2. Trials are all identical & independent.
3. Random process has its sample space
partitioned into Successes and Failures
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Binomial Density Plots (pmf’s) for Sample Size n = 2
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Binomial Density Plots (pmf’s) for Sample Size n = 5
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Binomial Density Plots (pmf’s) for Sample Size n = 10

Josh Engwer (TTU) Bernoulli & Binomial Distributions 22 February 2016 15 / 30



Binomial Density Plots (pmf’s) for Sample Size n = 20
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Binomial Density Plots (pmf’s) for Sample Size n = 50
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Verification that Binomial pmf truly is a valid pmf

It’s not obvious that pX(k; n, p) =
(

n
k

)
pkqn−k is a pmf, so let’s prove it:

Non-negativity on its support:

Let n ≥ 1, k ∈ Supp(X) = {0, 1, 2, · · · , n} and 0 < p < 1 =⇒ q = 1− p.
Then (n− k) ≥ 0, 0 < q < 1 =⇒ pk > 0, qn−k > 0 =⇒ pX(k; n, p) > 0

Universal Summation of Unity:∑
k∈Supp(X)

pX(k; n, p) =
n∑

k=0

(
n
k

)
pkqn−k (∗)

= (p + q)n = 1n = 1

(∗) Binomial Theorem:

(x+y)n = xn+

(
n
1

)
xn−1y+

(
n
2

)
xn−2y2+ · · ·+

(
n

n− 1

)
xyn−1+yn =

n∑
k=0

(
n
k

)
xkyn−k
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Mean of Binomial(n, p) random variable (Proof)

Let random variable X ∼ Binomial(n, p) s.t. n ≥ 1, 0 < p < 1 and q := 1− p.
Then:

E[X] =
∑

k∈Supp(X)

k · pX(k; n, p) =
n∑

k=0

k ·
(

n
k

)
pkqn−k = p

n∑
k=0

k ·
(

n
k

)
pk−1qn−k

= p
n∑

k=0

∂

∂p

[(
n
k

)
pkqn−k

]
(∗)
= p

∂

∂p

[
n∑

k=0

(
n
k

)
pkqn−k

]
= p

∂

∂p

[
(p + q)n

]

= p · n(p + q)n−1 ∂

∂p

[
p + q

]
= np(p + q)n−1(1 + 0) = np · 1n−1 · 1 = np

∴ E[X] = np QED

(∗) Interchanging summation & differentiation works here, but not in general.
Take Advanced Calculus for the painful details.
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Variance of Binomial(n, p) random variable (Proof)
Let random variable X ∼ Binomial(n, p) s.t. n ≥ 1, 0 < p < 1 and q := 1− p.

E[X2] =
∑

k∈Supp(X)

k2 · pX(k; n, p) =
n∑

k=0

k2 ·
(

n
k

)
pkqn−k =

n∑
k=1

k2 ·
(

n
k

)
pkqn−k

(∗)
=

n∑
k=1

nk
(

n− 1
k − 1

)
pkqn−k CV

=

n−1∑
j=0

n(j + 1)
(

n− 1
j

)
pj+1qn−(j+1)

=

n−1∑
j=0

nj
(

n− 1
j

)
pj+1qn−(j+1) +

n−1∑
j=0

n
(

n− 1
j

)
pj+1qn−(j+1)

(∗) k2
(

n
k

)
= k2 n!

k!(n− k)!
= nk

(n− 1)!
(k − 1)![(n− 1)− (k − 1)]!

= nk
(

n− 1
k − 1

)
CV: Let j = k − 1 ⇐⇒ k = j + 1

Then k = n =⇒ j + 1 = n =⇒ j = n− 1
k = 1 =⇒ j + 1 = 1 =⇒ j = 1 − 1 = 0
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Variance of Binomial(n, p) random variable (Proof)
Let random variable X ∼ Binomial(n, p) s.t. n ≥ 1, 0 < p < 1 and q := 1− p.

E[X2] =

n−1∑
j=0

nj
(

n− 1
j

)
pj+1qn−(j+1) +

n−1∑
j=0

n
(

n− 1
j

)
pj+1qn−(j+1)

= np2
n−1∑
j=0

j
(

n− 1
j

)
pj−1q(n−1)−j + np

n−1∑
j=0

(
n− 1

j

)
pjq(n−1)−j

= np2
n−1∑
j=0

∂

∂p

[(
n− 1

j

)
pjq(n−1)−j

]
+ np

n−1∑
j=0

(
n− 1

j

)
pjq(n−1)−j

= np2 ∂

∂p

n−1∑
j=0

(
n− 1

j

)
pjq(n−1)−j

+ np
n−1∑
j=0

(
n− 1

j

)
pjq(n−1)−j

(∗)
= np2 ∂

∂p

[
(p + q)n−1

]
+ np(p + q)n−1

(∗) Binomial Theorem
Josh Engwer (TTU) Bernoulli & Binomial Distributions 22 February 2016 21 / 30



Variance of Binomial(n, p) random variable (Proof)

Let random variable X ∼ Binomial(n, p) s.t. n ≥ 1, 0 < p < 1 and q := 1− p.

E[X2] = np2 ∂

∂p

[
(p + q)n−1

]
+ np(p + q)n−1

= np2 · (n− 1)(p + q)n−2 ∂

∂p

[
p + q

]
+ np(p + q)n−1

= n(n− 1)p2 · 1n−2 · (1 + 0) + np · 1n−1

= n(n− 1)p2 + np

= n2p2 − np2 + np

V[X] = E[X2]− (E[X])2 = (n2p2− np2 + np)− (np)2 = np− np2 = np(1− p) = npq

QED
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Probabilities of Binomial rv’s via Binomial cdf Bi(x; n, p)

It can get quite tedious using the Binomial pmf.
It’s easier to use the Binomial cdf, but the cdf has no elementary closed-form!
Instead, tables of numerical values of the Binomial cdf are used instead.
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Probabilities of Binomial rv’s via Binomial cdf Bi(x; n, p)

Suppose X ∼ Binomial(n = 5, p = 0.7). Then:

P(X ≤ 3) = ??????
P(X ≤ 4) = ??????
P(X = 4) = ??????
P(X > 4) = ??????
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Probabilities of Binomial rv’s via Binomial cdf Bi(x; n, p)

Suppose X ∼ Binomial(n = 5, p = 0.7). Then:

P(X ≤ 3) = Bi(3; 5, 0.7) LOOKUP
= 0.47178

P(X ≤ 4) = Bi(4; 5, 0.7) LOOKUP
= 0.83193

P(X = 4) = P(X ≤ 4)− P(X ≤ 3) = 0.83193− 0.47178 = 0.36015
P(X > 4) = 1− P(X ≤ 4) = 1− 0.83193 = 0.16807
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Probabilities of Binomial rv’s via Binomial cdf Bi(x; n, p)

How, if possible, to compute Bi(4; 5, 0.7) via calculator or software??

TI-82/83/84+ binomcdf(5,0.7,4) 2nd → VARS

TI-86 (Not Possible) (Not Possible)
TI-89 (Not Possible) (Not Possible)

TI-36X Pro Binomialcdf 2nd → data

MATLAB binocdf(4,5,0.7) (Stats Toolbox)
R pbinom(q=4,size=5,prob=0.7)

Python scipy.stats.binom.cdf(4,5,0.7) (Needs SciPy)
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Probabilities of Binomial rv’s via Binomial cdf Bi(x; n, p)
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Probabilities of Binomial rv’s via Binomial cdf Bi(x; n, p)
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Textbook Logistics for Section 3.4

Difference(s) in Notation:

CONCEPT
TEXTBOOK
NOTATION

SLIDES/OUTLINE
NOTATION

Probability of Event P(A) P(A)
Measure of Event N(A) |A|
Support of a r.v. ”All possible values of X” Supp(X)
Support of a r.v. D Supp(X)

pmf of a r.v. p(x) pX(k)
cdf of a r.v. F(x) FX(x)

Expected Value of a r.v. E(X) E[X]
Variance of a r.v. V(X) V[X]

Binomial pmf b(x; n, p) pX(k; n, p)
Binomial cdf B(x; n, p) Bi(x; n, p)

Ignore Rule of Thumb for Deciding whether a ”without-replacement”
experiment can be treated as being Binomial (pg 119)
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Fin

Fin.
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