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PART I

PART I:

UNIFORM DISTRIBUTION

Josh Engwer (TTU) Uniform & Normal Distributions 04 March 2016 2 / 29



Uniform Random Variables (Applications)

Uniform random variables reasonably model:

Waiting times for a single arrival that repeats over a small time period:
Waiting time for a bus arrival over a 10-min interval
Waiting time for a train arrival over a 1-hour interval

Randomly-chosen point on a line segment
Random generation of numbers

This is how a computer randomly selects a number in an interval

Very Small Measurement Errors:
Time-measuring test equipment is accurate to within 0.05 µsec
Quantization error in analog-to-digital signal conversion (ADC)

Uniform distributions are also used to develop later statistical methods.
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Uniform Random Variables (Summary)

Proposition

Notation X ∼ Uniform(a, b), a < b

Parameter(s) a, b ∈ R

Support Supp(X) = [a, b]

pdf fX(x; a, b) = 1
b−a

Mean E[X] = 1
2 (b + a)

Variance V[X] = 1
12 (b− a)2

Model(s)

Waiting time for a bus
Random point on line segment
Random-number generation

Very small measurement errors
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Uniform Density Plots (pdf & cdf)
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Verification that Uniform(a, b) pdf truly is a valid pdf

X ∼ Uniform(a, b) ⇐⇒ fX(x; a, b) =

{ 1
b− a

, for a ≤ x ≤ b

0 elsewhere

Non-negativity on its support:

Observe that a < b =⇒ b− a > 0 =⇒ 1
b−a > 0

Hence, fX(x; a, b) ≥ 0

Universal Integral of Unity:∫ ∞
−∞

fX(x) dx =

∫ b

a

1
b− a

dx =

[
x

b− a

]x=b

x=a

FTC
=

b
b− a

− a
b− a

=
b− a
b− a

= 1
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Mean of Uniform(a, b) random variable (Proof)

Let random variable X ∼ Uniform(a, b), where a < b. Then:

E[X] =

∫ ∞
−∞

x · fX(x; a, b) =

∫ b

a

x
b− a

dx =

[
x2

2(b− a)

]x=b

x=a

FTC
=

(b)2

2(b− a)
− (a)2

2(b− a)
=

b2 − a2

2(b− a)
=

(b + a)(b− a)

2(b− a)
=

b + a
2

∴ E[X] =
1
2

(a + b) QED
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Variance of Uniform(a, b) random variable (Proof)

Let random variable X ∼ Uniform(a, b), where a < b. Then:

E[X2] =

∫ ∞
−∞

x2 · fX(k; a, b) =

∫ b

a

x2

b− a
dx =

[
x3

3(b− a)

]x=b

x=a

FTC
=

(b)3 − (a)3

3(b− a)
=

(b− a)(b2 + ba + a2

3(b− a)
=

a2 + ab + b2

3

V[X] = E[X2]− (E[X])2 =
a2 + ab + b2

3
−
(

a + b
2

)2

=
a2 + ab + b2

3
− a2 + 2ab + b2

4
=

4(a2 + ab + b2)

12
− 3(a2 + 2ab + b2)

12

=
4a2 + 4ab + 4b2 − 3a2 − 6ab− 3b2

12
=

a2 − 2ab + b2

12
=

(b− a)2

12

∴ V[X] =
1

12
(b− a)2 QED
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PART II

PART II:

NORMAL DISTRIBUTION
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Carl Friedrich Gauss (1777-1855)

Gauss made fundamental developments with the normal distribution.
Normal distributions are sometimes referred to Gaussian distributions.
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Normal Random Variables (Applications)

Normal random variables reasonably model:

First midterm scores of a lecture hall class of students
Grade point averages of college students
Heights of people at a large busy conference
Monthly rainfall totals in a humid climate
Measurement errors
Brownian motion of particles suspended in fluid

Normal distributions are often used to develop later statistical methods,
many of which will be encountered throughout the course. (Ch5 - Ch9)
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Normal Random Variables (Summary)

Proposition

Notation X ∼ Normal(µ, σ2), µ ∈ R, σ2 > 0

Parameter(s) µ ≡ Mean
σ2 ≡ Variance

Support Supp(X) = (−∞,∞)

pdf fX(x;µ, σ) = 1√
2πσ

e−(x−µ)2/(2σ2)

Mean E[X] = µ

Variance V[X] = σ2

Model(s) Exam Scores, Heights, Measurement Errors

Assumption(s) 1. Very large population size.
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Standard Normal Random Variables (Summary)
A standard normal r.v., usually denoted Z, is used to actually compute
probabilities of Normal(µ, σ2) r.v.’s via its cdf which is denoted Φ(z).

Proposition

Notation Z ∼ Normal(0, 1)

Parameter(s) (None)

Support Supp(Z) = (−∞,∞)

pdf fZ(z) = 1√
2π

e−z2/2

cdf Φ(z) = 1√
2π

∫ z
−∞ e−ξ

2/2 dξ

Mean E[Z] = 0

Variance V[Z] = 1

Model(s)

Assumption(s) 1. Very large population size
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Mean of Normal(0, 1) random variable (Proof)

Let Z ∼ Normal(0, 1) ⇐⇒ pdf fZ(z) =
1√
2π

e−z2/2

Then:

E[Z] =

∫ ∞
−∞

z · fZ(z) dz =

∫ ∞
−∞

z · 1√
2π

e−z2/2 dz =
1√
2π

∫ ∞
−∞

ze−z2/2 dz

=
1√
2π

[
e−z2/2

]z→∞

z→−∞

FTC
=

1√
2π

[(
lim

z→∞
e−z2/2

)
−
(

lim
z→−∞

e−z2/2
)]

=
1√
2π

[
0− 0

]
= 0

∴ E[Z] = 0 QED
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Variance of Normal(0, 1) random variable (Proof)

Let Z ∼ Normal(0, 1) ⇐⇒ pdf fZ(z) =
1√
2π

e−z2/2

E[Z2] =

∫ ∞
−∞

z2 · fZ(z) dz =

∫ ∞
−∞

z2 · 1√
2π

e−z2/2 dz =
1√
2π

∫ ∞
−∞

z2e−z2/2 dz

IBP
=

1√
2π

[[
−ze−z2/2

]z→∞

z→−∞
−
∫ ∞
−∞

(
−e−z2/2

)
dz
]

FTC
=

1√
2π

[[
0− 0

]
+

∫ ∞
−∞

e−z2/2 dz
]

=
1√
2π

∫ ∞
−∞

e−z2/2 dz

=

∫ ∞
−∞

1√
2π

e−z2/2 dz =

∫ ∞
−∞

fZ(z) dz = 1

∴ V[Z] = E[Z2]− (E[Z])2 = 1− (0)2 = 1 QED

(IBP): Let
{

u = z
dv = ze−z2/2 dz

=⇒
{

du = dz
v = −e−z2/2

Josh Engwer (TTU) Uniform & Normal Distributions 04 March 2016 15 / 29



Standard Normal Density Plots (pdf & cdf)

Normal pdf’s have this distinctive bell-shaped curve.
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How changing µ affects the location of a Normal pdf

Here:
X1 ∼ Normal(1, 1) (Red Curve)
X2 ∼ Normal(2, 1) (Black Curve)
X3 ∼ Normal(3, 1) (Blue Curve)
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How changing σ2 affects the shape of a Normal pdf

Here:
X1 ∼ Normal(1, 0.25) (Black Curve)
X2 ∼ Normal(1, 1) (Red Curve)
X3 ∼ Normal(1, 4) (Blue Curve)
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Properties of the Normal Distribution
The normal distribution has some very properties that many other discrete
and continuous distributions do not possess:

Proposition
(Properties of the Normal Distribution)

Let random variable X ∼ Normal(µ, σ2). Then the following are all true:

The density curve is unimodal, bell-shaped, and not skewed.
The density curve is symmetric about its mean X.
The mean & median of X are equal: X = X̃
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Computing Probabilities involving Normal r.v.’s

Let X ∼ Normal(µ, σ2) ⇐⇒ pdf fX(x) =
1√

2πσ2
e−(x−µ)2/(2σ2)

Then, P(a ≤ X ≤ b) =

∫ b

a
fX(x) dx =

1
σ
√

2π

∫ b

a
e−(x−µ)2/(2σ2) dx︸ ︷︷ ︸

Nonelementary integral!!

and the cdf is FX(x) = P(X ≤ x) =
1

σ
√

2π

∫ x

−∞
e−(ξ−µ)

2/(2σ2) dξ︸ ︷︷ ︸
Nonelementary integral!!

The problem with the Normal distribution is the resulting integrals have no
finite closed-form anti-derivative!!

The fix to this is to numerically approximate the Normal cdf via a table.
But since µ & σ are real numbers, there would be infinitely many tables!!

The solution is to convert Normal(µ, σ2) r.v. X to standard normal r.v. Z,
and then use the table for the standard normal cdf, which is denoted Φ(z).
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Converting Normal r.v. → Standard Normal r.v.
Converting a Normal r.v. to a standard Normal r.v. is called standardization:

Proposition
(Standardizing Normal(µ, σ) r.v. → Normal(0, 1) r.v.)

Let random variable X ∼ Normal(µ, σ2).
Then, X can be standardized to the standard normal r.v. Z ∼ Normal(0, 1) by

Z =
X − µ
σ

PROOF: Let X ∼ Normal(µ, σ2) =⇒ FX(x) =
1

σ
√

2π

∫ x

−∞
e−(ξ−µ)

2/(2σ2) dξ

(CV): Let ξ̃ =
ξ − µ
σ

=⇒ dξ̃ =
1
σ

dξ =⇒ dξ = σ dξ̃ =⇒

{
ξ̃(µ+ σz) = z
ξ̃(−∞) = −∞

∴ FZ(z) =
1

σ
√

2π

∫ µ+σz

−∞
e−(ξ−µ)

2/(2σ2) dξ CV
=

1
σ
√

2π

∫ z

−∞
e−ξ̃

2/2(σ dξ̃)

=
1√
2π

∫ z

−∞
e−ξ̃

2/2 dξ̃ =
1√
2π

∫ z

−∞
e−ξ

2/2 dξ ←− cdf of Normal(0,1) QED

Josh Engwer (TTU) Uniform & Normal Distributions 04 March 2016 21 / 29



Converting Standard Normal r.v. → Normal r.v.

The reverse conversion is just as straightforward to perform:

Proposition
(Converting Normal(0, 1) r.v. → Normal(µ, σ2) r.v.)

Let random variable Z ∼ Normal(0, 1).
Then, Z can be converted to the normal r.v. X ∼ Normal(µ, σ2) by

X = µ+ σZ
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Probabilities of Normal r.v.’s via Std Normal cdf Φ(z)

Proposition
(Computing Probabilities of Normal(µ, σ2) r.v. via Standard Normal cdf Φ(z))

Let random variable X ∼ Normal(µ, σ2). Then:

P(X ≤ a) = P
(

Z ≤ a− µ
σ

)
= Φ

(
a− µ
σ

)

P(a ≤ X ≤ b) = P
(

a− µ
σ
≤ Z ≤ b− µ

σ

)
= Φ

(
b− µ
σ

)
− Φ

(
a− µ
σ

)

P(X ≥ b) = P
(

Z ≥ b− µ
σ

)
= 1− Φ

(
b− µ
σ

)
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Computing Standard Normal cdf Φ(z) via Table

The standard normal table below approximates Φ(z) = P(Z ≤ z):
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Computing Φ(z) via Table or Calculator or Software

TI-82/83/84+ normalcdf(-1E99,1.45,0,1) 2nd → VARS

TI-86 nmcdf(-1E99,1.45,0,1) 2nd → MATH

TI-89 Normal cdf APPS → Stats
TI-36X Pro Normalcdf 2nd → data

MATLAB normcdf(1.45) (Stats Toolbox)

R pnorm(1.45)

Python scipy.stats.norm.cdf(1.45) (Needs SciPy)
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Computing Φ(z) via Table or Calculator or Software

TI-82/83/84+ normalcdf(-1E99,-1.23,0,1) 2nd → VARS

TI-86 nmcdf(-1E99,-1.23,0,1) 2nd → MATH

TI-89 Normal cdf APPS → Stats
TI-36X Pro Normalcdf 2nd → data

MATLAB normcdf(-1.23) (Stats Toolbox)

R pnorm(-1.23)

Python scipy.stats.norm.cdf(-1.23) (Needs SciPy)
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Textbook Logistics for Section 4.3

Difference(s) in Notation:

CONCEPT
TEXTBOOK
NOTATION

SLIDES/OUTLINE
NOTATION

Probability of Event P(A) P(A)

Support of a r.v. ”All possible values of X” Supp(X)

pdf of a r.v. f (x) fX(x)

cdf of a r.v. F(x) FX(x)

Expected Value of r.v. E(X) E[X]

Variance of r.v. V(X) V[X]

Normal Distribution N(µ, σ2) Normal(µ, σ2)

Normal Distribution N(3, 4) Normal(µ = 3, σ2 = 4)

Normal Distribution N(µ = 3, σ = 4) Normal(µ = 3, σ = 4)

Standard Normal N(0, 1) Normal(0, 1)
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Textbook Logistics for Section 4.3

Skip the ”zα Notation for z-Critical Values” section (pg 160-161)
This is important for Statistical Inference.
Hence, zα will be covered starting in Chapter 7.

Skip the Empirical Rule (middle blue box on pg 163)
This is a nice handy rule, but it’s not useful now.
The Empirical Rule will be covered in Chapter 5.

Skip the ”Approximating the Binomial Distribution” section (pg 165-166)
This will be covered in Chapter 5.
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Fin

Fin.
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