EX 10.1.1:| Given the following 1-factor balanced experiment:

FACTOR A: | GROUP SIZE: | MEASUREMENTS:
Level 1 (z1) 4 T11, T1i2, T13, T14
Level 2 (z24) 4 21, X22, T23, T24
Level 3 (z34) 4 31, T32, T33, T34

(a) Formulate this experiment as a 1-Factor ANOVA fixed effects linear model.

Xi; = p+ of* + Eyj, where Ej; « Normal(0, o%)

fori=1,2,3and j =1,2,3,4

(b) Use multivariable calculus to compute the least-squares estimators (LSE’s) for this linear model.

Be sure to explain why the constraint >, a; = 0 is necessary to impose.

Find (g5 a1, 05, af') =

(f1; 61", 44, 44) to minimize SS. := 27, Z

3 4
=2ia Zj:l(xij —H = 0‘?)2

Recall from multivariable calculus that the minimum occurs where all first-order partial derivatives are zero:

8 _
g—#[sse] |WdiA) =0 . {
ol [Sse] |(g,a§‘) =0

2.3 Y (@ —p—af) = 0

-2 ijl(ivij —ji—af) = 0 (Do you understand why >°_  vanishes?)
. Z?:1 Z?:I(Iij — - aA) = 0 . 12Tee — 121 — 4 ZZ 1 a = 0
Z? 1 (@i _ﬂ_O‘A) =0 AT —Afi — 4068 = 0

The fact that 37 | &

shows up in the linear system requires the general constraint », af

= 0 to be imposed

in order to ensure that the linear system has a unique solution for fi, at, e, a.

12Tee — 1241 —4-(0) = 0 I = Tee
_ ~ (A‘A)A > ANA _
ATie — 4 —4ai = 0 Q= Tie

- Eoc

(c) Show that each least-squares estimator (LSE) found in part (b) is a linear combination of the data points.

N — 3 4
U= Tes = ﬁ Zi:l Zj:l Tij

—

N 1 1 1 1 1 1 1 1 1 1 1 1
b= 15211 + 153212 + 3213 + 15214 + 5221 + 15%22 + 5223 + 15%24 + 5231 + 15232 + 5233 + 15%34

@7‘;4 = Tie — Tee — i Z?:l Tij — % Z?:l Z;:l Tij
= &' = él’u + éwm + %1’13 + %3614 - ﬁlél - %mz - él’zs - %11024 - T123631 - ﬁl’sz - ﬁxss - T12$34
= |a5 = —%3311 - T12$12 - 712$13 - 112$14 + 35 FT21 + I22 + 3323 + 1»‘24 1123331 - leitsz - %$33 - %%34
= |43 = *%mu - T12$12 - 712$13 - %3714 - %2621 - %mm - ﬁl?% - 1125824 + 1751 + $52 + xss + l"54

(d) Establish the sums of squares partition for the general version of this linear model with I levels each of size J.

SSA +SS’V‘€5 - Z,L Zj(fil _f.0)2 +ZZ Zj(wzg _Eio)Q
—92 —  — =2 2

> Zj(‘r'i' — 2TieTee + Tae) + 2, Zj(‘rij

= Zl Zj E?. -

JZ :E’L.

—2JTee Y, Tie + 1Jz2, + > Zj a:?j

= 2T 4+ LT + 30, 30, w5

S, — 2003, + 1T,

> Zj wzzj -23 Z]’ TijTes + ) ; Z]’ Tae

> Zj(xfj — 2 Tee + Tay)

22w

= Sstotal

=1

—~
N

- Eoo)z

(1) Tie = 5 32, @35 (2) Toe = 12, Tia
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2JTee > Tie + [JTae + 32, >, 45 —
2Jfoo Zifio + IJEE. + Zz Zj mz‘j

— 23Tie + Tie)

250. Zl ZJ Tie +Ego Zz Z] 1 + Z Z xlﬂ
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22 Z I’LJ‘T“—"_JZ xzo
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. ’ SStotai = SSa + SSres




EX 10.1.2: | The lifetimes of three light bulb brands were measured and summarized into this table:

BULB BRAND | (BULB LIFETIMES in yrs)
Brand 1 (z1,) 9.22, 9.07, 8.95, 8.98, 9.54
Brand 2 (z2.) 8.92, 8.88, 9.10, 8.71, 8.85
Brand 3 (z3.) 9.08, 8.99, 9.06, 8.93, 9.02

A 1-Factor Balanced Completely Randomized ANOVA (1F berANOVA) at significance level a = 0.01 is to be performed.

(a) Identify factor A and its levels.

Factor A = , Factor A: Level 1 = , Level 2 = , Level 3 =
(b) Determine factor A’s level count, I, common group sample size, J, and degrees of freedom, verr & va.

1=[3], J=[5] wew=1J-1)=30G-1)=[12], wa:=I-1=3-1=[2]
(c) State the appropriate null hypothesis H§' & alternative hypothesis H74.

H . = po =ps versus HA : At least two of the p’s differ
(d) Compute the cell means, T;e.

Tie =2 3 @15 = 1(9.22+9.07 + 8.95 + 8.98 + 9.54) = 9.

Toe = 530 waj = 1 (8.92+ 8.88+9.10 + 8.71 + 8.85) = 8.892
1
= ) =
5

Tye := 5 >, w35 = £ (9.0848.99 4 9.06 + 8.93 + 9.02
(e) Compute the cell variances, s7.
st = 327 2, (21— T1e)? = 7 [(9:22 = 9.152) 4 (9.07 — 9.152)% + (8.95 — 9.152)* 4 (8.98 — 9.152)” + (9.54 — 9.152)] =| 0.05807

1
4
55 1= 77 > (w2 —T2e)? = 1 [(8.92 — 8.892) + (8.88 — 8.892)% + (9.10 — 8.892) 4 (8.71 — 8.892)% + (8.85 — 8.892)*] =| 0.01977
1
1

53 1= 77 2 (w3;—T3e)? = 1 [(9.08 —9.016) + (8.99 — 9.016)* + (9.06 — 9.016)° + (8.93 — 9.016)* + (9.02 — 9.016)*] =| 0.00353

(f) Compute the grand mean, Tee.

Toe = L3, Tie = 1+ (T1e + Tae + Tsa) = & (9.152 + 8.892 + 9.016) =
(g) Compute the sums of squares, SSyes & SSa.

SSres =32, 2 (@5%)? = (J = 1)- 32,87 = (5—1)- (s7 + 55+ 53) = 4-(0.05807 4 0.01977 +0.00353) = | 0.32548

]

SSa =32, 20, (6)? = J -3, (Tie —Tee)® = 5- [(9.152 — 9.02)% + (8.892 — 9.02)* + (9.016 — 9.02)*] =| 0.16912

(h) Compute the square means, MS,.s & MSa.

SSres  0.32548 SSa  0.16912
MSyes 1= —=2 = ~[0.02712], M= =28 = === =[0.08456

Vres 12
(i) Compute the test F-statistic, fa, and Fisher’s effect size measure, 7%.
0.16912

MS 4 0.08456 .2 SSa SSa
= = ~|3.118 = = = ~|0.3419
fa ’ A SStotal SSa 4+ SSres 0.16912 + 0.32548

"~ MSres  0.02712
(j) By hand, lookup F' cutoff value, fJ, . ...a-

X . LOOKUP
By hand: [}, 1....0 = f2,12,0.01 ~ 6.927
By SW: pa:=P(F> fa)=1—®p(faiva,vres) =1 — Op(3.118;01 = 2,05 = 12) X 1—0.9188 =[0.0812

(k) Render the appropriate decision. Also, interpret Fisher’s effect size measure, 77%.

By software (SW), compute resulting P-value, pa.

Since either by hand, fa ~ 3.118 < 6.927 ~ f;, .. ., or, by software, pa = 0.0812 > 0.01 = a, .
There’s not enough evidence from the experiment to claim that at least two of the bulb brands’ avg. lifetimes differ.
N4 ~ 0.3419 = About 34% of the variation in the response (bulb lifetime) is due to factor A (bulb brand).

(1) Summarize everything in an 1-Factor ANOVA table.

1-Factor ANOVA Table (Significance Level a = 0.01) ‘

Vo A Swme  oueam  Nalw  Povalue| Decision
Factor A 2 0.16912 0.08456 3.118 0.0812 | Accept H§'
Unknown 12 0.32548 0.02712

Total 14 0.49460

FYI, Kelley’s effect size measure ¢4 = 0.2322 and Hays’ effect size measure &% ~ 0.2777
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EX 10.1.3: | Dentists use resin composites and ceramic fillings among others for cavities in teeth. The shear bond strengths of

resin composite-ceramic bonds formed from three possible configurations (conventional, reversed, all-composite) were measured

(in MPa) and summarized in the following table:

GROUP: SAMPLE SIZE: | MEAN: | STD DEV:
Conventional 10 T1e = 10.37 s1 = 1.99

Reversed 10 Toe = 18.02 so = 2.52
All-Composite 10 T3e — 21.82 s3 = 2.45

This table and all the details regarding the experiment can be found in the following paper:

A. Della Bona, R. van Noort, “Shear vs. Tensile Bond Strength of Resin Composite Bonded to Ceramic”,
Journal of Dental Research, T4 (1995), 1591-1596.

A 1-Factor Balanced Completely Randomized ANOVA (1F berANOVA) at significance level o = 0.05 is to be performed.
(a) Identify factor A and its levels.

Factor A = ’ Resin composite-ceramic bond configurations ‘

Factor A: Level 1 = , Level 2 = , Level 3 = ’ All—Composite‘

(b) Determine factor A’s level count, I, common group sample size, J, and degrees of freedom, vres & va.

1=[3], J=[10] ve:=I1J-1)=310-1)=[27] wva:=I-1=3-1=[2]

(c) State the appropriate null hypothesis H§' & alternative hypothesis H7.

Hg' s pn = po = pia
HA . At least two of the u's differ

(d) Compute the grand mean, Zee.

Tee := 7 9., Tie = 7 (T1e + T2e + T3s) = 3 (10.37 + 18.02 4 21.82) ~ | 16.737

(e) Compute the sums of squares, SSyes & SS4.

SSres 1= 30, 30, (205)? = (J = 1) - X, 87 = 9+ (1.99 + 2.52 + 2.45%) =
SSa =32, 2 (61)? = J-32, (Tie — Tee)” = 10-[(10.37 — 16.737) + (18.02 — 16.737)* + (21.82 — 16.737)*] =| 680.21667
(f) Compute the square means, MSy.s & MSa4.
o SSres o 146.817 N o SSa B 680.21667 7
MS;es := s a7~ 5.4377 |, MSa4 := on 5 =1|340.108335
(g) Compute the test F-statistic, fa, and Fisher’s effect size measure, /5.

_ MS4  340.108335 Lo SSa SSa 680.21667 -
fa:= MS,ce  5.4377 ~ ’ A+ ~

T SSiotar SSa + 5SS, 680.21667 + 146.817
(h) By hand, lookup F' cutoff value, fJ, .. _..o. By software (SW), compute resulting P-value, pa.

N . LOOKUP
By hand:  f), ,....0 = fa27005 = 3.354
By SW: pa:=P(F> fa)=1— ®p(fa:va,vres) = 1 — ®p(62.546;01 = 2,05 = 27) % 1 — 0.999999999927 = | 7.3 x 10~

(i) Render the appropriate decision. Also, interpret Fisher’s effect size measure, H3.

Since either by hand, fa ~ 62.546 > 3.354 = f,, ., ..., OF, by software, pa ~ 7.3 x 107 < 0.05 = a, .

There’s enough evidence from the experiment to claim that at least two of the bond configs’ avg. shear bond strengths differ.
74 ~ 0.8225 = About 82% of the variation in the response (shear bond strength) is due to factor A (bond config).

(j) Summarize everything in an 1-Factor ANOVA table.

’ 1-Factor ANOVA Table (Significance Level a = 0.05) ‘
Variation 4. Sum of Mean F Stat

Source Squares Square Value P-value Decision
Factor A 2 680.217 340.11 62.546 7.3 x 107! | Reject H
Unknown 27 146.817 5.44

Total 29 827.034

FYI, Kelley’s effect size measure ¢4 ~ 0.8093 and Hays’ effect size measure &% = 0.8040
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