MOTIVATION: GAMMA FUNCTION

GAMMA FUNCTION INTEGRAL DEFINITION (GFID):

There are many definitions of the gamma function, but we will only consider Euler’s integral definition devised 1730:

I(«) ::/ z* ‘e " dz, where a >0
0

GAMMA FUNCTION CONVERGENCE THEOREM (GFCT):

The improper integral [ ::/ e da converges for a >0
0

GAMMA FUNCTION PROPERTIES:

(1) = 1
I'(«) = (a—1)-T(a—1) where a>1
I'(n) = (n—1)! where n€Zy
r@ = VR
F(nJr%) = (nf%)l"(nf%) where n € Z4
I'(n+3) = g JWB3)(B) - (2n—5)(2n — 3)(2n —1)] where n € Zy
F'n+31) = 2$1 : Il‘_‘((2:)) where n € Z,
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MOTIVATION: GAMMA FUNCTION

GAMMA FUNCTION CONVERGENCE THEOREM (GFCT):

(oo}
The improper integral [ ::/ z® 'e™" dz converges for a >0
0

1 [e5S]
PROOF: Fix a > 0 and split integral as I = / e do +/ e de =T+ Io
0 1

1
Consider integral I, ::/ 2 'e™® de where 0<e< 1. Then, e™® <1Vz e (0,1]

1 1 z° z=1 rro 1 €& 1
= I ::/ 27 e dx < / 22V dy = {—} = - - - <~ <oo = I is bounded
. . a a «

Since, for fixed o > 0, the integrand of I., z® ‘e~ is always positive for all z € (0, 1],

decreasing the value of € towards zero (with fixed a > 0) results in I. monotonically increasing.
Therefore, since integral I. is bounded above and monotically increases as € | 0,

1
liﬂ)l I. =1y = / 2 e dx converges for all a > 0.
€ 0

Consider integral I, := / 2 'e™® dr where 1< w < oco. Recall: e* = > %I,c Vo € R
1

k=0
K a+l1 1 1)!
= ez>% VK >0 = in particular, ez>h e 67125<% Va € [1,00)
a—1_—x (Oé+1)' _ (Oé+1)'
= e < oty T 2 Vz € [1,00)

w ! 1=
— L </ (Gt LA {_M] FIC (o 4 1)1 (1— %) <(a+1)! — I is bounded
1

72 T 1
Since, for fixed a > 0, the integrand of I,, 2* 'e™" is always positive for all z € [1, c0),

increasing the value of w towards infinity (with fixed @ > 0) results in I, monotonically increasing.

Therefore, since integral I, is bounded above and monotically increases as w 1 oo,

wToo

lim I, =1 = / 2 e da converges for all a > 0.
1

Finally, since integrals Ip and I, have each been shown to converge for all a > 0,

oo
their sum [ := / z® e dz also converges for all o > 0. O
0
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MOTIVATION: GAMMA FUNCTION

GAMMA FUNCTION OF ONE (GF1): I'(1)=1

PROOF: T'(1) = / e dr = [—eﬂ““’ 20 lim e — (") =0 (-1)=1 O
0

x=0 xTr—r0o0

GAMMA FUNCTION REDUCTION FORMULA (GFRF): T'(a)=(a—1)-T(a—1) where a>1

PROOF: Apply Integration by Parts.

! du = (a—1z*?dz
(IBP): Let =
dv = e “dx v = —e "
el ol —= o IBP T—00 e
= T'(a) = / % e dZEE/ wdv = [u(z)v(m)] —/ v du
0 0 z=0 0

= [ T [T e e e

x=0

a—1 o]
FLe {— lim <x ) - (—0)} +(a—1) / e do
T — 00 ex 0

0+ (a—1)- / 2T e () L’Hospital’s Rule or Tower of Power
0

—~
*
=

1=

(a—1)-T(a—1) O

GAMMA FUNCTION OF HALF OF UNITY (GF3): T (%) =7

PROOF: Apply two appropriate Changes of Variables leading to Standard Normal pdf.

z=0 <= y=+/0=0

(CV1): Let z =9y <= dx=2ydy = {
r=00 <= y= /0=

= I(a) = / 2% 1o do C;/l/ y2(a—1)e—y2.(2y dy):Z/ y20¢—le—y2 dy
0 0 0
2 =0 — =0-v2=0
V2:Lety:i<:>y2:z—<:>dy:idz:> Y z V2
C
V2 2 2 Yy=00 <= z2=00-v/2=00

1\ cvi /°° —y? cve /°° 1 _2p cro 1 2 NOD) 1
r(- =" 2. e ¥ d =" 2. —e 7 dy = 27 ——e " dy 22T =T
( ) 0 Y 0 \/5 0 \/271’ f 2
N—_——
N(0,1) pdf
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