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1-Factor ANOVA Random Effects Model Assumptions

Random effects means the levels of factor A are randomly selected.

Proposition
(1F bcrANOVA Random Effects Model Assumptions)

(1 Desired Factor) Factor A has I levels.
(Factor Levels are Randomly Selected) AKA Random Effects.
(Balanced Replication in Groups) Each group has J > 1 units.
(Distinct Exp. Units ) All IJ units are distinct from each other.

(Random Assignment across Groups)

(Independence) All measurements on units are independent.
(Normality) All groups are approximately normally distributed.
(Equal Variances) All groups have approximately same variance.

Mnemonic: 1DF FLaRS BRiG DEU | RAaG | I.N.EV
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1F bcrANOVA Random Effects Linear Model

Random effects means the levels of factor A are randomly selected.

1F bcrANOVA Random Effects Linear Model
I ≡ # groups to compare
J ≡ # measurements in each group

Xij ≡ rv for jth measurement taken from ith group
µi ≡ Mean of ith population or true average response from ith group
µ ≡ Common population mean or true average overall response

Ai ≡ rv for deviation from µ due to ith group
Eij ≡ Deviation from µ due to random error

ASSUMPTIONS: Eij
iid∼ Normal

(
0, σ2

)
, Ai

iid∼ Normal
(
0, σ2

A

)
Ai & Eij are all mutually independent of each other

Xij = µ+ Ai + Eij

HA
0 : σ2

A = 0
HA

A : σ2
A > 0
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1F bcrANOVA Random Effects F-Test

1 Determine df’s: n = IJ, νA = I − 1, νres = I(J − 1)

2 Compute Group Means: xi• := 1
J

∑
j xij

3 Compute Grand Mean: x•• = 1
I

∑
i xi•

4 Compute SSres :=
∑

ij(xres
ij )2 =

∑
i

∑
j(xij − xi•)2

5 Compute SSA :=
∑

ij(α̂
A
i )2 =

∑
i

∑
j(xi• − x••)2

6 Compute Mean Squares: MSres := SSres
νres

, MSA := SSA
νA

7 Compute Test Statistic Value: fA = MSA
MSres

8 Compute F-cutoff/P-value:
By hand, lookup f ∗νA,νres;α

By SW, compute pA = 1− ΦF(fA; νA, νres)

9 Render Decision:
If fA ≥ f ∗νA,νres;α , then reject HA

0 ; else accept HA
0 .

If pA ≤ α , then reject HA
0 ; else accept HA

0 .
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1F bcrANOVA Random Effects
(Expected Mean Squares)

Proposition
Given 1F experiment satisfying 1F bcrANOVA random effects assumptions.
Then:

(i) E[MSres] = σ2

(ii) E[MSA] = σ2 + Jσ2
A
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1F bcrANOVA Random Effects
(Point Estimators of σ2 & σ2

A)

Proposition
Given 1F experiment satisfying 1F bcrANOVA random effects assumptions.
Then:

(i) σ̂2 = MSres

(ii) σ̂2
A = (MSA −MSres)/J
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1F ucrANOVA (Random Effects Model Assumptions)

Proposition
(1F ucrANOVA Random Effects Model Assumptions)

(1 Desired Factor) Factor A has I levels.
(Factor Levels are Randomly Selected) AKA Random Effects.
(Replication in Groups) Each group has Ji > 1 units.
(Distinct Exp. Units) All

∑
i Ji units are distinct from each other.

(Random Assignment across Groups)

(Independence) All measurements on units are independent.
(Normality) All groups are approximately normally distributed.
(Equal Variances) All groups have approximately same variance.

Mnemonic: 1DF FLaRS RiG DEU | RAaG | I.N.EV
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1F ucrANOVA Random Effects Linear Model

Random effects means the levels of factor A are randomly selected.

1F ucrANOVA Random Effects Linear Model
I ≡ # groups to compare

Ji ≡ # measurements in ith group
Xij ≡ rv for jth measurement taken from ith group
µi ≡ Mean of ith population or true average response from ith group
µ ≡ Common population mean or true average overall response

Ai ≡ rv for deviation from µ due to ith group
Eij ≡ Deviation from µ due to random error

ASSUMPTIONS: Eij
iid∼ Normal

(
0, σ2

)
, Ai

iid∼ Normal
(
0, σ2

A

)
Ai & Eij are all mutually independent of each other

Xij = µ+ Ai + Eij

HA
0 : σ2

A = 0
HA

A : σ2
A > 0
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1F ucrANOVA Random Effects F-Test

1 Determine df’s: n :=
∑

i Ji, νA = I − 1, νres = n− I
2 Compute Group Means: xi• := 1

Ji

∑Ji
j=1 xij

3 Compute Grand Mean: x•• := 1
I

∑
i xi•

4 Compute SSres :=
∑

i

∑Ji
j=1(xres

ij )2 =
∑

i

∑Ji
j=1(xij − xi•)2 and MSres := SSres

νres

5 Compute SSA :=
∑

i

∑Ji
j=1(α̂A

i )2 =
∑

i

∑Ji
j=1(xi• − x••)2 and MSA := SSA

νA

6 Compute Test Statistic Value: fA = MSA
MSres

7 Compute P-value: pA := P(F > fA) ≈ 1− ΦF(fA; νA, νres)

8 Render Decision:
(by SW) If pA ≤ α then reject HA

0 for HA
A , else accept HA

0 .
(by hand) If fA ≥ f ∗νA,νres;α then reject HA

0 for HA
A , else accept HA

0 .
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1F ucrANOVA Random Effects
(Expected Mean Squares)

Proposition
Given 1F experiment satisfying 1F ucrANOVA random effects assumptions.
Then:

(i) E[MSres] = σ2

(ii) E[MSA] = σ2 +
1

I − 1

(
n−

∑
i J2

i

n

)
σ2

A, [n :=
∑

i Ji]
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1F ucrANOVA Random Effects
(Point Estimators of σ2 & σ2

A)

Proposition
Given 1F experiment satisfying 1F ucrANOVA random effects assumptions.
Then:

(i) σ̂2 = MSres

(ii) σ̂2
A =

MSA −MSres

1
I−1

(
n−

∑
i J2

i
n

) [n :=
∑

i Ji]
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Fin

Fin.
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