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2F rcbANOVA Random Effects Model Assumptions

Random effects means the levels of a factor are randomly selected.

@ (1 Desired Factor) The sole factor of interest has I levels.

@ (1 Nuisance Factor) The sole nuisance factor has J levels.

@ (Factor Levels are Randomly Selected) AKA Random Effects.

@ (1 Measurement per Group) Each of the 1J groups has one exp unit.

@ (Random Assignment within Blocks) such that (s.t.)

@ (Nuisance Same in Block) Within block, nearly same nuisance values.
@ (Nuisance Differs across Blocks) Blocks differ by nuisance value.

@ (Independence) All measurements on units are independent.

@ (Normality) All 1J groups are approximately normally distributed.

@ (Equal Variances) All 1J groups have approximately same variance.
@ (Factor and Block are not Interactive)

1DF 1NF FLaRS 1MpG | RAwB s.t. NSiB NDaB | I.N.EV FaBanl
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2-Factor rcbANOVA Linear Model (Random Effects)

Random effects means the levels of a factor are randomly selected.

2F rcbANOVA Random Effects Linear Model

(I,J) = (#levels of factor A, # levels of blocked nuisance factor B)
X;j = rv for observation at (i,j)-level of (factor A, block B)
I = Mean avg response over all levels of (factor A, block B)
(A;,[B];) = rvfor effect of (i”-level factor A, j"-level block B)
E; = Deviation from 1 due to random error

ASSUMPTIONS:
E; “ Normal (0,0%), A % Normal (0,0%), [B] “ Normal (O,a[zB])

A;, [B]; & Ej; are all mutually independent of each other

Xj=p+Ai+ B + Ej

Hg: 01%:0
HY: 02>0
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2F rcbANOVA Random Effects F-Test

Qui=I-1vyg=J-1ve=0I-1){J-1)

Q Tio =X x5 Xeji= 70
Q x.:= ]]721 ijij

SSres = Zu(x;e]nz i 22j(Xij — Xie — Xoj +Xoo)
Q@ ( SSa = Yyl = 3 0(Fe — )
S8 = Ly = X% (E —Te)

(Optional) SSuw = > (x5 — 1)* = 32, D2 (xij — Xes)?
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2F rcbANOVA Random Effects F-Test

SS
@ Ms, = > sy, L MS,, = S
VA V(g Vres
MS, MS ]
O "= s, T~ Ws,.
H H . = ]P)(F >fA) ~ 11— CDF(fA; Va, Vres)
f fit : pa
@ (if using software) { pi = PF>fig) =~ 1—=@(fig; Vig), Vies)

It pa<a or fi>fr, . thenreject Hy, else accept Hj.
If ps <o or fi>fi .. . thenthe blockingwas effective’.

t*Effective” means a reduced MS,,, compared to 1F bcrANOVA.
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2F rcbANOVA Random Effects
(Expected Mean Squares)

Proposition

Given 2F experiment satisfying 2F rcbANOVA random effects assumptions.
Then:

(i) E[MS,] = o°
(iiy E[MSs] = o*+Jo3
(iii) E[MSg] = o +Iofy
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2F rcbANOVA Random Effects
(Point Estimators of 02, o & o)

Given 2F experiment satisfying 2F rcbANOVA random effects assumptions.
Then:

() 6> = MS.,
(i) 62 = (MSy—MS.)/J

(”l) 6-[23] = (MS[B] - Msres)/I
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2F bcrANOVA Random Effects Model Assumptions

Random effects means the levels of a factor are randomly selected.

(2F bcrANOVA Random Effects Model Assumptions)

@ (2 Desired Factors) Factor A has I levels & Factor B has J levels.

@ (Factor Levels are Randomly Selected) AKA Random Effects.

@ (Factors are Crossed) IJ groups — one per (i, j)-level factor combination.
@ (Balanced Replication in Groups) Each group has K > 1 units.

@ (Distinct Exp. Units ) All IJK units are distinct from each other.

@ (Random Assignment across Groups)

@ (Independence) All measurements on units are independent.

@ (Normality) All groups are approximately normally distributed.

@ (Equal Variances) All groups have approximately same variance.
Mnemonic: 2DF FLaRS FaC BRIiG DEU | RAaG | I.N.EV
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2F bcrANOVA Linear Model (Random Effects)

Random effects means the levels of a factor are randomly selected.
2F bcrANOVA Random Effects Linear Model

(I,J) = (#levels of factor A, # levels of factor B)
K = # observations (replications) at each (i,)-level of factors A & B
Xijk = rv for k" observation at (i, j)-level of factors A & B
i = Mean average response over all levels of factors A & B
(Ai,B;)) = (rvfor effect of i”-level factor A, rv for effect of j*-level factor B)
AB; = rvforinteraction between (i, j)-level factors A & B
Ej = Deviation from p due to random error

ASSUMPTIONS:
Ej " Normal (0,0%), A;“N(0,03), BN (0,03), AB; N (0,0%,)
A;, Bj, AB; & Ej. are all mutually independent of each other

Xijk = u+A;i + Bj + ABj; + Eyi

Hy: o0;=0 HY : o2 =0 H)E UE\B:O
Hi: 03>0 HE: o3>0 HYB . 03, >0

Josh Engwer (TTU) 2-Factor Random Effects ANOVA 2019 11/16



2F bcrANOVA Random Effects F-Test

Qui=I-1,1vp=0-1Luvpp=10-1)J—1), Ve =LK —1)

Q Fiew 1= 75 20 Dk Xk Feje 1= Ig 2o DpXiks Tije 1= g D Xijk
e Xeoo = IJLK Zi Zj kaijk

Ssres = Zijk(xjrje]g 2 Zi Zj Zk (xijk xij')
o SSi = Yl y =Y 2 2 k(Xiee — Xeee)
SSg = Zuk(df)z = Z[ Zj Zk(jqo fooo)
SSAB = szk( A,’jB)z Z,’ Z] Zk(-xlj. — Xieo — xojo + xooo)

(Optional) SSu := Zijk('xijk ) Z Z Zk('xl]k X..o)
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2F bcrANOVA Random Effects F-Test

O Ms, = 2 s, = 5% g, = S g SSw
VA Vp VaAB Vres
_ MSA _ MSB _ MSAB
O fh=sy 1= NSy = WS,
Pa = ]P)(F >fA) ~ 1- CI)F(fA; VA, Vres)
@ (if using software): pg = P(F>fg) = 1—P(fp;vp,Vrs)
PAB = ]P)(F >fAB) ~ 1—- ¢F(fAB; VAB, VVES)

o

If pp<a or fg>fF thenreject HE else accept HE

VB Vres; X

If pa<a or fi>fr, . thenreject Hj elseaccept Hj
If pas<a or fiz>fr, . .. thenreject Hy® elseaccept Hy?
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2F bcrANOVA  (Expected Mean Squares)

Given 2F experiment satisfying 2F bcrANOVA random effects assumptions.
Then:

(i) E[MS,] = o

(iiy E[MSs] = o?+ Kol +JKo3

(iii) E[MSg] = o>+ Kol +IKoj

(iv) E[MSi] = o®+Kojy
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2F bcrANOVA Random Effects

(Point Estimators of 02, 03, 02 & 03p)

Given 2F experiment satisfying 2F bcrANOVA random effects assumptions.
Then:

(i) 62 = MSy,
(ll) (5’% = (MSA—MSAB)/JK

(i) 3 = (MSs— MS)/IK

(iV) (3%3 = (MSAB—MSres)/K

Josh Engwer (TTU) 2-Factor Random Effects ANOVA 2019

15/16



F

In

losh Engwer (TTU;

dom Effects ANOVA

2019




