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Simple Linear Regression (Model Assumptions)

Proposition

(Simple Linear Regression Model Assumptions)

@ (1 Numerical Response) Response is not categorical.
@ (1 Numerical Regressor) Regressor is not categorical.

@ (Regressors are Perfect) No errors in regressor measurements.
@ (Balance around Fit Line) Nearly equal scatter above & below fit line.

@ (Independence) All measurements are independent.

@ (Normality) All measurements are approximately normally distributed.
@ (Equal Variances) All measurements have approx. same variance.
Mnemonic: 1NR(1NR)| RaP BaFL | I.N.EV
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Simple Linear Regression (Linear Model)

Definition
The simple linear regression model is:

Y; = By + Bix; + E; where Ei,--- E, “ Normal(0, o2)
Y; = rvfor measurement of i response
x; = Actual measurement of i’ regressor
Bo = Expected value of response when regressor is zero
81 = Expected change in response per unit increase in regressor
E; = Effect of random error on i response

The realized simple linear regression model is:

Yi = Bo+ Buixi + e; Vi=1,...,n
Actual measurement of i’ response

yi =

xi = Actual measurement of i"* regressor

Bo = Estimated value of response when regressor is zero

81 = Estimated change in response per unit increase in regressor

Actual error on i response
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Simple Linear Regression (Sums)

Several particular sums show up in Simple Linear Regression:

(Sums)
Let vectors x = (x1,---,x,)7 and y = (y1,---,y,)!. Then:

Regressor Sum | S, :=> . x;
Response Sum | S, :=>".y

Squared Regressor Sum | Sy, := >, xix;
Squared Response Sum | Sy, := > . y;y;
Cross-termed Sum | Sy, := >, x;y;
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Cauchy-Schwarz Inequality for R”

(Cauchy-Schwarz Inequality for R")

Let vectors x = (x1,--- ,x)" and y = (y1,--- ,y)’.
Let sums Sy := Z,- Xi, Sy:i= Z,' Vi, S = Zixixi; Syy = Zi)’iyi; Sxy = Zixiyi
Then: (@) (Sxy)? < Sux - Syy (B) (Sx)? < n- S

where equality in part (a) holds when either x = 0 ory=0 or y=cx where ¢ #0.
where equality in part (b) holds when either x = 0 or x=k-1 where k € R.

PROOF: Recall from trigonometry () : |cosf] <1 V8 = cos?0 <1 VO
()
(@ x-y = [x|L|lyllzcos & = (x-¥)* = [Ix[3lyl[5 cos® 0 < [Ix][3]]yl]3
SUMS 2 SUMS
= (x ¥’ <IKXIBIVIE = (Zix)” < (Zixw) - (Ziovwi) = (S0)® < Su Sy

Now: Letx=0ory=0. Thenx-y =0 and [[x||3 =0 or ||y|3 =0.
— (LHS) = (x-y)2 =0, (RHS) = |[x|]3|]y[|3cos?8 = 0-cos?§ =0 = (LHS) = (RHS)

Now: Lety=cx. Thenx-y=x"(cx) =c(x-x) =c||x||3 and ||y||? = ||cx||? = ?|[x| 3.
= (LHS) = (x-y)> = &[[x][3, (RHS) = [[x|[3][y[[3cos? @ = *[[x]3 -1 = (LHS) = (RHS)
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Cauchy-Schwarz Inequality for R”

(Cauchy-Schwarz Inequality for R")

Let vectors x = (x1, -+ ,x.)7 and y = (y1,-- ,yn)".
Letsums Sy :=3;xi, Sy:=> Vi, Swi=D ;jXiXi, Sy =D ViV, Swi= ;X
Then: (@) (Sxy)? < Sux - Syy (B) (Sx)? < n- Sy

where equality in part (a) holds when either x =0 or y =0 or y = cx where ¢ # 0.
where equality in part (b) holds when either x =0 or x = k-1 where k € R.

PROOF:
(b) Consider the particular case where y is the vector of all one’s: y = (1,---,1)T. Then:

Sxy t= D Xyi =X L=3,x =58

Syr=2 yyi=3;1-1=31=n

*. Applying these simplified expressions to Sy, and Sy, in part (a) yields: (Sx)?> < 7 - Se
Now: Letx=0. Then S, = >,0=0and Sp=3,02=0 = (LHS) = (RHS)
Now: Let x be a multiple of the vector of allone’s: x=k-(1,--- ,1)T = (k,--- , k)T where k € R.
= Syi=Y,x = ,k=nk and Sy = Zl—x,-x,«:zik-kzzikz = nk?
= (LHS) = (8,)? = (nk)> = n?k?, (RHS) =n - Sy = n-nk* = n*k*> = (LHS) = (RHS) O
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Simple Linear Regression (Centered Sums)

Several particular centered sums show up in Simple Linear Regression:
Definition
(Centered Sums)

Let vectors x = (x1,---,x,)7 and y = (y1,---,y,)!. Then:

Squared Regressor Centered Sum | SC,, := >,(x; — X)*
Squared Response Centered Sum | SCy, := >".(yi — y)*
Cross-termed Centered Sum | SC, := > .(x; — X)(yi — )
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Simple Linear Regression (Centered Sums)

It is useful to express the centered sums in terms of sums:

(Centered Sum Lemma — CSL)

1 1 1
(a) SCox = Sex = S5+ (b) SCyy = Syy = 535, (€) SCiy = Sy = ~ 5.5,
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Simple Linear Regression (Centered Sums)

It is useful to express the centered sums in terms of sums:

(Centered Sum Lemma — CSL)

1 1 1
(a) SCox = Sex = —S:Sx (b) SCiy = Syy = 535, (€) SCiy = Sty = ~ 515,

PROOEF:
(a) SCu > —%)?
Zi(x,-x,- - fol' + ﬁ)

DoiXix —2XD 0 x + Y XX

[|=

PR DDIED DIETE D e

ks

Sur — 28k + 32, 3

inon

S)cx - %stx + %stx

= Su— 1858,
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Simple Linear Regression (Centered Sums)

It is useful to express the centered sums in terms of sums:

(Centered Sum Lemma — CSL)

1 1 1
(a) SCox = Sex = —S:Sx (b) SCiy = Syy = 535, (€) SCiy = Sty = ~ 5.5,

PROOF:
(b) SCy = >0 —¥)?

>y — 29y + )

Zz)’i}’i - 2?2,% + Z,’W

||~

Sy — A+ Sy
n

Sy Sy

inon

[

Sy — %S,vs,v +2

2 1
Syy = 2SSy + 2SSy

= Sy -1gs,
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Simple Linear Regression (Centered Sums)

It is useful to express the centered sums in terms of sums:

(Centered Sum Lemma — CSL)

1 1 1
(a) SCxx = S = ~ S5+ (b) SCyy = Syy = ~ 845, (c) SCry = Sy — =S8y

PROCF:
(€) 8Cy = > ,(xi—Xi—Y)

= (i —xy— Xy + %)

= D =YX — XYyt DXy

= Dixi— (ﬁ Z,-Yi) DX — (i Zm) Doyt 2y
Sy Sy

= Sy S8y SSy + N T

= Sy — 2SS+ 188,

= Sy-1s8 O
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Simple Linear Regression (Predicted Responses)

Definition
(Predicted Responses)
Given a simple linear regression model:

Y, = By + Bix; + E; where Ei,--- E, “ Normal(0, 02)

and the corresponding realized model:
)’i:BO‘Flei-l-ei Vi=1,...,n

Then the corresponding predicted responses, denoted y;, are:

B = /3’0 + lei
SYNONYMS: Predicted values, fitted values
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Simple Linear Regression (Residuals)

Definition
(Residuals)
Given a simple linear regression model:

Y, = 6o + pix; + E; where Ey,--- | E, = Normal(0, o%)

and the corresponding realized model:
Yi = Bo+ Buixi + e; Vi=1,...,n
Then the corresponding predicted responses, denoted y;, are:
Vii= Bo + Bix;
Moreover, the corresponding residuals, denoted y**, are:

Y =y — 9 = yi — (Bo + Bix)
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Simple Linear Regression (OLS Derivation)

We wish to find the OLS best-fit line to the n data points (with at least two distinct regressors) such
that the sum of the squares of the residuals (vertical errors in predicted values) are minimized.

0(Bo, B1) =3 i — (Bo + Bix)]* (OLS = Ordinary Least-Squares)
(Bo, 1) = arg ming, 5 Q(Bo, B1)

w0

dBo { 2 2bi—(Bo+Bix)] = 0
= =

Y 0 Si—25i—Bo+Bix)] = 0

9B

{ 23y —2nfo — 281 Y xi = 0 { nfo+S:61 = Sy

= =

23 xiyi — 280> % — 281> = 0 SxBo + SuB1 = Sy

2x2 linear system in By, ]

nSyx — SxSx Sex — ZSXSX SCrx

1 1
- nIBO+SXﬁ] :Sy - BO: Zsy*;Sxﬁl - ﬂo=Y*ﬁﬁ

. L . . SC
. A possible minimum or maximum of Q occurs at point (35, 8;) := (y - Bi%, Sny)
XX
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Simple Linear Regression (OLS Derivation)

We wish to find the OLS best-fit line to the n data points (with at least two distinct regressors) such
that the sum of the squares of the residuals (vertical errors in predicted values) are minimized.

Q(Bo, B1) == > vi— (Bo + ,6’1x,~)]2 (OLS = Ordinary Least-Squares)
(Bo, B1) = arg ming 5 O(Bo, B1)

. . . . SCyy
A possible minimum or maximum of Q occurs at point (85, 81) := (y - B/%, f)
XX

Now, use second derivative test to determine whether (37, 8;) is a min or max or neither:

2
%Zzifz[yi*(ﬁo+5lxi)] == %2212:2”

ngQO =>—2i— (Bo + Bixi)] = 8%9%1 =2, 2% = 28,
(«,BTBQI =32 [i— (Bo+ fix)] = 8%7]%0 =>2x =25
2
gT*Ql =>—2x[yi— (Bo+ Bixi)] = 273% =22 2xix; = 28k
— | 9880 D288 ] _ [ 2n 28y ]

= HO: Qﬁ?ﬁﬁ Qﬁ?Bi 28x 28u

80 09*Q0 2’0 90 )

det [H = — — — . = (2n)(28xx) — (285x)(2Sy) = 4nSyy — 4(Sx

= det[H(Q)] 082 982 BB 9Bfo (2n) (28xx) — (28x)(2S8x) = 4n (8x)
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Simple Linear Regression (OLS Derivation)

We wish to find the OLS best-fit line to the n data points (with at least two distinct regressors) such
that the sum of the squares of the residuals (vertical errors in predicted values) are minimized.

0(Bo, B1) = 3 i — (Bo + Bix)]* (OLS = Ordinary Least-Squares)
(Bo, 1) = arg ming, 5 Q(Bo, B1)

. L . . SCyy
A possible minimum or maximum of Q occurs at point (85, 8;) := (y - Bi%, SCX) )
XX

Now, use second derivative test to determine whether (37, 3}) is a min or max or neither:
82Q 62Q 62Q 82Q

o~ " o BB OB

=28, = H(Q):[ 2n 25 }

28y 28y

= det[H(Q)] = (2n)(2Sw) — (25:)(2Sy) = 4nSyx — 4(Sy)? > 0 by Cauchy-Schwarz Inequality

(SUBTLE: det [H(Q)] cannot be zero since there are at least two distinct regressors.)

2

.. Since g—ﬁg >0 and det[H(Q)] > 0, The only critical point (55, 3}) is a minimum.
0

o G Br) = (55,60 = (5 - b, 302 )
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Simple Linear Regression (OLS Estimators)

(OLS Estimators — OLS)
Given a simple linear regression model:

Y; = Bo + Bixi + E; where Ey,--- E, > Normal(0,5?)

and the corresponding realized model:
yi = Bo + Bixi + e; Vi=1,...,n

The OLS estimators®* (LSE’s) for the model parameters are:

5o~ Lo | TP | S-S,
! SCxx Z ( 2<xl - x) Sxx - %ASxSx
B() _ y . le _ Z Vi nﬂl Z Xi _ Sy _nﬂlsx

*AM. Legendre, Nouvelles Méthodes pour la Détermination des Orbites des Comeétes, 18086.
"'Gauss, Theoria Motus Corporum Coelestrium in Sectionibus Conicis Solem Ambientium, 1809.
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Simple Linear Regression (Visualization)
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The i residual (y/**) is represented by the vertical dashed green line’s length.
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Simple Linear Regression (BLUE’S)

Point estimators for a simple linear regression model should be ideal ones:

Definition
(Best Linear Unbiased Estimators — BLUE's)

A point estimator 6 is called a best linear unbiased estimator (BLUE) if:
@ |t estimates a parameter 6 of a linear model.
e Itis a linear combination of the data points: 6 := Y}_ cox

@ Itis an unbiased estimator: E[f] =0
@ It has minimum variance of all such unbiased estimators.
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Simple Linear Regression (Gauss-Markov Theorem)

Theorem
(Gauss'-Markovt Theorem)

Given a simple linear regression model:

Y: = By + Bixi + E; where Ey,--- E, "% Normal(0, o?)

Moreover, suppose the following conditions are all satisfied:

E[E] = 0 (errors are all centered at zero)
VIE]] = o? (errors all have the same finite variance)
C[Ei,Ex] = 0 (errors are uncorrelated wheni # i)

Then, the OLS estimators (LSE’s) /3, 3 are both BLUE's.

PROOEF: Omitted due to time.

tC.F. Gauss, “Theoria Combinationis Observationum Erroribus Minimis Obnoxiae”, (1823), 1-58.
tA.A. Markov, Calculus of Probabilities, 15 Edition, 1900.
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Simple Linear Regression (Deviation Lemma)

(Deviation Lemma — DL)
Given a simple linear regression model:

Y; = 6o + pixi + E; where E;,--- ,E, = Normal(0, o%)

and the corresponding realized model:

yi = Bo + Bixi + e; Vi=1,...,n

Then: (a) 32;(xi —%) =0 (b) 3;(xi —X)x; = SCxx  (c) 3o;(x —X)yi = SCy
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Simple Linear Regression (Deviation Lemma)

(Deviation Lemma — DL)
Given a simple linear regression model:

Y = Bo + Bixi + E; where Ey,--- E, "> Normal(0,5?)

and the corresponding realized model:
)’i:BO‘FBIX,‘-{-ei Vi=1,...,n
Then: (a) 32;(xi —%) =0 (b) 3;(xi —X)x; = SCxx  (c) 3o;(xi —X)yi = SCy

o

PROOF:
(@) Y, —X)=>xi—>,X=8S—nx=8—n- <5:> =85-5=0
(b) Zi(xi - x)xi = Zixixi - jZ,'xi = Sxx - %stx CEL SCxx

_ _ 1 csL
(€) Do =X)yi=D ;i xyi— Xy ;yi =Sy — ;SxSy = SCy O
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Simple Linear Regression (Residual Lemma)

(Residual Lemma — RL)
Given a simple linear regression model:

Y; = Bo + Bixi + E; where Ey,--- E, > Normal(0,5?)
and the corresponding realized model:
yi = Bo + Bixi + e; Vi=1,...,n

Then: (a) > ;(yi=3:)=0 (b) >;(0i—=3)xi=0 (c) > ;(yi =)y =0

o

Josh Engwer (TTU)
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Simple Linear Regression (Residual Lemma)

(Residual Lemma — RL)
Given a simple linear regression model:
Y; = fo + Bix; + E; where Ey,--- ,E,  Normal(0,0?)
and the corresponding realized model:
Yz250+31x,-+ei Vi=1,...,n

Then: (a) >5;(yi—=3)=0 (b) > ;(0i=3)x=0 (c) > ;i —9:)3i =0

v

PROOF: (a)

S bl 5 b -2 - (24
xy — N _ Xy —

=Z,-yi—z,-y+scxx - zixi=z.yi—ny—%z,-<x,-—x>

s o o (1o} _SCy o SCy pr(a) o SCy
=S, —n <nSy) SC. (i —%) =0 SCxx (i —=%) =70 SC..
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Simple Linear Regression (Residual Lemma)

(Residual Lemma — RL)
Given a simple linear regression model:

Y; = By + PBix; + E; where Ey,--- E, @ Normal(0, o%)

and the corresponding realized model:
)’i:BO‘FBIX,‘-{-ei Vi=1,...,n
Then: (a) 3 ,(yi—3) =0 (b) 22,0 =9)xi =0 (c) 2;(yi —3:)9i =0
PROOF: (b)
5y (A ] B (- SCy\  (SCy\ |
Zi(yl yz)xl - Zi Yi (60 + 61)C,)i| Xi = Zi |:y1 ( SCxxx> (SCxx Xi| Xi

o

) SCy s 1 SC, )
=D Xiyi =V DX — SC; 2oi(xi = X)x = (Sxy - nSxSy> - SC:C 22 = X)xi
SCyy SC,
50y - o il —x PO g, - e SCu = 5Cy = 5Cy =0
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Simple Linear Regression (Residual Lemma)

(Residual Lemma — RL)
Given a simple linear regression model:

Y, = By + Bix; + E; where Ey,--- E, = Normal(0, o%)

and the corresponding realized model:
vi=Po+PBixi+e  Vi=1,....n
Then: (a) S0 —5) =0 (b) S,(i =3 =0 (¢) T, —30)3i =0
PROOF: (c)

v

i =)y r >i0i = 30 (Bo + Bixi) = Bo 3oy — $1) + Br o, — )i
RL—(a)ﬁo 0+ B 30 )A’i)xiRLZ(b)BO'O+BI‘0:O+0:0 =
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Simple Linear Regression (Sums of Squares)

Definition
(Sums of Squares for Simple Linear Regression)
Given a simple linear regression model:
Y; = By + Bix; + E; where Ey,--- ,E, o Normal(0, o2)
and the corresponding realized model:
yi = Bo + Bixi +e; Vi=1,...,n

Then, there are three key sums of squares:

(Total Variation) SSioat ==Y _;(yi — )2
(Unexplained Variation) SSres 1= >;(yi — 91)?
(Explained Variation) SSreg 1= 3,9 — 3)?
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Simple Linear Regression (Partitioning Variation)

(Sums of Squares Partitioning Variation Theorem — SSPVT)
Given a simple linear regression model:

Y; = Bo + Bix; + E; where Ey,--- ,E, = Normal(0, %)

and the corresponding realized model:
yi = Bo + Bixi + e; Vi=1,...,n
Then, the three key sums of squares are partitioned as follows:

i =¥ =30 — 3+ i —3)?

SS, total SS, res SS, reg
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Simple Linear Regression (Partitioning Variation)

(Sums of Squares Partitioning Variation Theorem — SSPVT)
Given a simple linear regression model:
Y; = Bo + Bixi + E; where Ey,--- E, = Normal(0, o2)
and the corresponding realized model:
yi = Bo + Bixi + e Vi=1,...,n
Then, the three key sums of squares are partitioned as follows:

S0 =9 =i = 3)2+ 30,060 — )2
—_— —— —
Ssxalal SSres SS"EH

PROOF: (CIZ = Clever Insertion of Zero)

SSiomal = i = V2 F X i — 3+ Gi — 300 = S [0 — 50) + Gi — VP
=3 [0 =307 + 200 = 3) G = 3) + (i — )]

=2 =342 20— 33 — 2y i = 3) + 2.5 = 3)?

RL N _ ~ — N N —
=i =32 +2-0=25- 0+ 3,050 — 9% = 200 — 3)* 4 61 — 3)? 1= SSpes + SSig
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Simple Linear Regression (Sums of Squares Lemm

(Sums of Squares Lemma — SSL)
Given a simple linear regression model:

Y; = Bo + Bixi + E; where Ej,--- ,E, * Normal(0,02)
and the corresponding realized model:
yi = Bo + Bixi + e Vi=1,...,n
...where parameters 3y, 31 are estimated by OLS point estimators Bo, Bi.
Then:

(@) SSyora1 = SCyy (b) SSpes = SCyy — B2 - SCix (¢) 8Sg = % - SCx
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Simple Linear Regression (SS;,.)

PROOF:
(a) SSlolal

ke

|1

> — y)z

>y = 2yyi +Y)

Vv = 2 2+ 2
DY — 25 yi ;]
Syy — 2¥Sy + nyy

e (3) e (2)-(2)

2 1
Sy — =838y + —S$ySy
n n
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Simple Linear Regression (SS,.)
PROOF:
(b) SSes

= Zi(yf”)z = Zi(yi - 5’:‘)2 = Ei [Yi - (/30 + lei)]2 = Zi [y,z - Zyi(BO + lei) + (/30 + 31%‘)2]

=300 = 2B0 X vi — 281 Sy xwvi + 28081 Sy xi + B R 4+ Y 33
s, ~ . N ; .
= Syy - 2BOS,V - 2/31Sxy + 2,30515x + ﬁlzsxx + ﬁgn

3 A R 2
’ Sy = AiS 3 o (S =Bise) | Sy — B1S
& Sy — 28y <Vnﬁlx> — 2818y + 2815, <yﬁ1x> + B3 +n (yﬁlx>

n n

2 2. . 2. 2. ., 1 2. 1.
=Sy — ;sysy +zﬁlsx5, — 2818y + ;Blsxsy - BES:Sx + BiSx + ;Sys,,. - B1S:Sy + - B3S.Sx

1 . 1 . 1
= (Syy - 7Sysy) + p? (SXX - 7S,,sx) — 26 (sxy - —sty)
n n ) n
A A 5 SCyy sc
S §Cyy + B2 SCu — 281 - SCo 2 5C,y + (SC)O - SCy —2 ( 2l ) - SCyy

XX
_ (SCX)’)Z cIo (Sny)z _ SCyy ’
- SC.W - SCor - Sny - (SCM)Z - SCrx = Sny - SC - SCxx

XX
SCyy — B2 - SCx
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Simple Linear Regression (SS,,)

PROOF:
(C) SSreg =SSy — SSres

= SCy—(SCy — B% - SCux)

= B% - S§Cxx O
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Simple Linear Regression (Degrees of Freedom)

“... we can think of degrees of freedom as a form of currency.”f

“In a broad sense, statistics deals with the marketplace of knowledge. Labor,
in this framework, corresponds to the task of gathering information. More
precisely, our job is to draw a random sample from a population. Each
observation we obtain results in a degree of freedom, much like every few
minutes of work at a job results in a dollar earned. In statistics, we spend our
degrees of freedom to estimate parameters, to increase the probability of
reaching correct decisions, or to form models of the way the world behaves..."!

“In short, degrees of freedom buy knowledge.”!

tR.S. Schulman, Statistics in Plain English with Computer Applications, 1992. (§2.7)
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Simple Linear Regression (Degrees of Freedom)

“This number indicates how many independent pieces of information involving the » independent
numbers are needed to compile the sum of squares.”!

Sstotal = SSreg + SSres
S~—— ~—~—
Total Variation Variation due to Regression Unexplained Variation
. # total responses .
# dof’s in pon: # parameter estimates
SSexpr )~ or parameter estimates in right difference term
in left difference term

TN.R. Draper, H. Smith, Applied Regression Analysis, 3 Ed., Wiley, 1998. (§1.3)
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Simple Linear Regression (Degrees of Freedom)

SStotal = SSreg + SSres
Total Variation Variation due to Regression Unexplained Variation
Yili—p)? = i — f1)? + >0
Y=y = >3 =) + i =3i)?

Svi—)? = B+ Ba) — A2+ il — (Bo + i)

YV = Vreg + Vryes
Total dof’s Regression dof’s Residual dof’s
v=n-—1 Vg =2—1=1 Vpes =1 — 2
Vs I'r n .
# dof’s in # total respo Ses # parameter estimates
= | or parameter estimates L .
SS expr ; . in right difference term
in left difference term
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Simple Linear Regression (Degrees of Freedom)

Seriously, why does SS,., have only one degree of freedom???

n

SSreg = Z()A]t _y)Z

i=

“Although there are n deviations (3; — y), all fitted values j; are calculated from the same
estimated regression line. Two degrees of freedom are associated with a regression line, ..”<

SS,¢ “has 1 degree of freedom associated with it. There are two parameters in the regression
equation, but the deviations (3; — ¥) are subject to the constraint 3°,(5; — y) = 0.f

©J. Neter, Applied Linear Regression Models, 3 Ed., McGraw-Hill, 1996. (§2.7)
tJ. Neter, W. Wasserman, Applied Linear Statistical Models, lrwin Inc., 1974. (§3.8)
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PART Il

PART 1l

Simple Linear Regression Analysis

Estimation of 5, & o2

B, as Linear Combo of y;’s
Expectation of 3,
Variance of 3,

EE Lemma
Expectation of SS,.,
Mean Squared Residual, MS,.,
Estimation of o2

Variation Explanation (R?)

Josh Engwer (TTU)
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Simple Linear Regression (3, as Linear Combo of y,’s)

Prior to determination of the Expectation & Variance of B,
it is convenient to first rewrite /5, as a linear combination of the responses (y;):

(B as Linear Combination of Responses — BH1LCR)

Given a simple linear regression model.:
Y: = Bo + Bixi + E; where Ey,--- ,E, ~ Normal(0,5?)
and the corresponding realized model:
yi = Bo + Bixi +e; Vi=1,...,n

...where parameters (3, 5, are estimated by OLS point estimators Bo, B1.

Then, () can be written as so: [ = .. &y where & := (x;,g %)
XX
A SCyy DL(c) Y. (xi — X)y; Xi —X
PROOF: f, % 2= P19 i =3 =&y O
QOF: 4 SC SCy 2 SCo ) 2w
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Simple Linear Regression (Expectation of ;)

The expectation & variance of B:] are needed in the estimation of o2.
The expectation & variance of 3 are also used in inference later.

(Expectation & Variance of 3, Theorem — EVB1HT)
Given a simple linear regression model:

Yi = Bo + Bixi + E: where Ey,--- ,En 2 Normal(0, o?)

and the corresponding realized model:
yi = Bo+ Bixi +ei Vi=1,...,n
...where parameters o, 1 are estimated by OLS point estimators Gy, 5.

0.2
Then:  (@E[B]=p () VA=~

PROOF:
(a) E[B1] BHLR g &Y =X ElY] =3,& BV =3:& - (Bo + Bix)

=B &+ B i = &Z,'(x[ —X) + S’% (i —X)x = Gl Gl

-0
SCrx SCrx * SCyx

“SCyx = ﬁl
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Simple Linear Regression (Variance of 3)

The expectation & variance of 5:1 are needed in the estimation of 2.
The expectation & variance of 3; are also used in inference later.

(Expectation & Variance of 3, Theorem — EVB1HT)
Given a simple linear regression model:

Y; = By + Bix; + E; where E;,--- ,E, “ Normal(0, o2)

and the corresponding realized model:
yi = Bo + Bixi + e Vi=1,...,n

...where parameters 3y, 31 are estimated by OLS point estimators Bo, Bi.

. o2
Then:  (a) E[B1] = B (b) VIB1] = SCo
PROOF:
B) VB TEEV [T ax) = S VIgr] = ¢ VI = X602
oo =% o o _pse o o ot
=03 & = Z SC2, SC}X [ —X)°= SC2, o
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Simple Linear Regression (EE Lemma)

(EE Lemma — EEL)
Given a simple linear regression model:

Yi = Bo + Bixi + E; where Ey,--- E, %2 Normal(0, ?)

Then: (a)E[>;(E;—E)] =0 (b) E[EE] = 072 () E[>;(Ei —E)?] = (n— 1)o?

PROOF:
(1) Ey, -+, E, 2 Normal(0,0%) = E[E] =0 and E ~ Normal(0,02/n) => E[E] =0
(2) Er,- -, E, 0 Normal(0,0%) = E[EE] L E[E]-E[E] =6

(@ E[S/(E -B)] =X, [E[E] - EE)] £ Y,0-0=n-0=0

b (VIE)+EIEP) = - (2 07) = &

() BlEE) =E 5 Ly, 5] @ L B[R] =
(c) E[Su(E — B)?) = $E (B - B)?] = X, [E [E}] — 2 E[EE] + E[E]]

= 0 [(VIE] + EEP) + (VB + BEP) — 2 B[5E)] "2 5, [(02 +02) + (2 +07) - 2]
:Zi[aer%zfﬁ]:n0'2+0'272a'2:(n71)02 O

n
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Simple Linear Regression (Expectation of SS,.)

(Estimation of SS,.; Lemma — ESSRESL)
Given a simple linear regression model:

Y, = Bo + Bix; + E; where Ey,--- E, o Normal(0, o?)
Then:

E[SS,,] = (n— 2)0?
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Simple Linear Regression (Expectation of SS,.;)

PROOF:
Yi = Bo + Bixi + Ei where E; Ifle NOI’maI(O7 0'2)
= Y=B+Bx+E where E ~  Normal(0,02/n)
- N SCyy _ .
E[SSe] = E [E,-(Yi - yi)Z] St g [scyy - B Scxx] 2E [zi(y,- V)2 - B2 scxx]

= E |3 [(Bo + Bixi + Ei) — (Bo + Bix + E)]z] —E [/3? . SCM]
= E[S[B&-9+E-D| -E[F-sCu
= E[8SCa+ 281 S0~ DB —B) + 56 — E] £ [3} - 5Cu]
E (8} SCu] 4281 -E[Si(v ~ 9)(E ~ B)] + E [T(E ~ E)Y) ~E [3} - 5Cu]
= 2. §Cu +281 - X, — DE [(Ei — E)] + S, E [(E —E)?] —E [Bf . SCH]

B B SCu+28 -0+ (1 - 1)o? — SCu - E [ B3]

= 2 SCu 4 (n—1)0% — SCyy - [V [/3’1] +1E[/3’1]2}

2
PRI G2 SCa+ (1= )0 = SCuc- [ + B

= B} SCux + (n — 1)0? — 0% — 57 - SCs

= (n—2)02> 0O
D. Wackerly et al, Mathematical Statistics with Applications, 5" Ed, Duxbury Press, 1996. (§11.4)
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Simple Linear Regression (Mean Squared Residual)

Definition
(Mean Squared Residual)
Given a simple linear regression model:

Y: = By + Bixi + E; where Ey,--- E, "0 Normal(0, o2)
and the corresponding realized model:
vi=Bo+Bixite  Yi=1,....n
...where parameters f, 3, are estimated by OLS estimators Bo, Bi.

Then:
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Simple Linear Regression (Point Estimator of o2)

Proposition

Given a simple linear regression model:

Y, = By + Bix; + E; where Eq,--- E, = Normal(0, o%)

and the corresponding realized model:
yi=,5’o+31x,-+e,- Vi=1,...,n
...where parameters (3, 3, are estimated by OLS point estimators Bo, Bi.
Then:
E[MS,y] = 0> = 6% = MS,

i.e. MS,. is always an unbiased estimator of .

PROOEF:

2 [SSks] 1 ESSRESL | 2 2
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Simple Linear Regression (Variation Explanation, R?)

Definition
(Coefficient of Determination, R?)
Given a simple linear regression model:

Y; = Bo + fixi + E; where E,---,E, * Normal(0,0?)
and the corresponding realized model:
Yi = Bo+ Bixi + e; Vi=1,...,n

...where parameters f, 5, are estimated by OLS point estimators Bo, Bi.

. . . . - SC,, - SC
Then the coefficient of determination is: R? := SSreg == 9
SStotal SCxx -§ ny
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Fin.
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