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x* Distribution (Motivation)

Motivation:
@ Typical errors are distributed as Normal(y, o?).
© Standardized errors are distributed as N(0, 1).

Qlz, .27 N(0,1), then their sum of squares ", Z? is of interest...
...but how is this sum of squares of standard normal rv’s distributed?
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x7 Distribution from Standard Normal cdf

(x3 Theorem — CHISQ1THM)

Z~N(0,1) = Y:=2%>~x? where fr(y) = Ly_lﬂe_y/z = M < Iy, pdf
! Var 21/2.T(1/2) ’

This distribution of Z* is called the chi-square distribution with one degree of freedom.

PROOF:

ZNN(()?l) — 1 7z2/2 — 1 < 7[2/2
Qz = (—00,00) = f2la) = \/27re = 2@ = V2w —ooe a@

Apply change of random variables (CRV): Let ¥ := Z?

Fr() =Py <y] P[22 <)] =P[\F<Z< 5] =P[Z< 5] —P[Z< —f5]

ﬁ 1 2 7ﬂ 1 2 \ﬁ 1 )
—®(—y) = —*'/Zdzf/ —*’/Zdt—_/ e 2 gy
(V) (=v5) /700 \/2778 — o \/27re -9 \/27re
2| > LS| 1 S|
SYMI _ cv — _ —
=2. — '/Zdt—_2-/— X/z-—d—_/ 1/26=%/2 gy
/; \/Ee 0 \/27re 2./x * 0 \/27rx ¢

(Vo)
(0

(CV): Letx:=1 = dx=2tdt = dt = %ﬁdx = { x)(czg)

I
=
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x7 Distribution from Standard Normal cdf

(x3 Theorem — CHISQ1THM)

y1/2—l e—V/2
21/2.17°(1/2)
This distribution of Z* is called the chi-square distribution with one degree of freedom.

1
Z~N(0,1) = Y:=2%~x} where fy(y) = \/—z?y_lﬂe_y/z = T2, pdf

Z ~N(0,1)
Qz = (—00, 0)

1 1 Z
= @)= e = 2@ = / e dy
—0o0

Change of random variables (CRV): Let ¥ := 72

Yy 1 'y 1
— cdfofYis F :/ —x_l/ze_xﬂdx:/ — 2l gy
Y () 0 V2n o 21/2. r(1/2)

Limits of integration and integrand for cdf of Y — Qy = (0, o0)

= pdfof Yis fy(y) y!/2=1¢=¥/2 which is the pdf of Gamma(a = 1/2, 8 = 2)

1
- 21/2.17(1/2)
Z~N(0,1) Y =27 ~xj
Qz = (—o0, 0) Qy = (0,00)

R.V. Hogg, A.T. Craig, Introduction to Mathematical Statistics, 5" Ed, Prentice Hall, 1995. (§6.6)
R.J. Larsen, M.L. Marx, An Intro to Mathematical Statistics..., 2! Ed, Prentice Hall, 1986. (§7.5)
A. Hald, Statistical Theory with Engineering Applications, Wiley, 1952. (§10.4)

O
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Degrees of Freedom (General Motivation)

“Suppose you are asked to write 3 numbers with no restrictions upon them.
You have complete freedom of choice in regard to all 3. There are 3 degrees
of freedom.”

“Now suppose you are asked to write 3 numbers with the restriction that their
sum is to be some particular value, say 20. You cannot now choose all 3
freely, but as soon as 2 have been chosen the third is determined. Your
choices are governed by the necessary relation X; + X; + X3 = 20. In this
situation there are only 2 degrees of freedom. The number of variables is 3,
but the number of restrictions upon them is 1, and the number of free’
variables, or independent choices, is 3 — 1 = 21

TH.M. Walker, J. Lev, Statistical Inference, Henry Holt and Company, 1953. (Ch 4)
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Degrees of Freedom (General Motivation)

“Now suppose you are asked to write 5 numbers such that their sum is 30 and also such that the
sum of the first two is 18. There are 5 variables but you do not have freedom of choice with
respect to all 5. You cannot write 5 numbers arbitrarily and have them conform to the 2
restrictions that:

X1+ X, =18 and X1 +Xo+ X3+ X4+ X5 =30

As soon as you select X, then X, = 18 — X; and is completely determined. Since

X3 + X4 + X5 = 30 — 18 = 12, only two of the numbers, X3, X4, and Xs, can be freely chosen. As
one of the numbers X; and X, can be freely chosen there are 3 free choices. The number of
degrees of freedomisn =5 —2 = 3.1

“In every statistical problem in which degrees of freedom are involved it is necessary to determine
the number of free variables by first noting the total number of variables and reducing that
number by the number of independent restrictions upon them. In the preceding paragraph, for
instance, one might think there are 3 restrictions, namely:

Xi+X =18 X3+X4+X5=12 X +Xo + X3+ X4+ X5 =30

However only two of these are independent, since any one of them can be deduced from the
other two."t

TH.M. Walker, J. Lev, Statistical Inference, Henry Holt and Company, 1953. (Ch 4)
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x? Distribution (Degrees of Freedom)

Motivation:
@ Typical errors are distributed as Normal(y, o2).
© Standardized errors are distributed as N(0, 1).

QIfz, -,z @N(O, 1), then their sum of squares 3, Z? is of interest...
...but how is this sum of squares of standard normal rv’s distributed?

Since Z,, - - - , Z, are all independent,
there are no constraints imposed,
so they are n degrees of freedom.

S Zi ™~ Xa
(chi-square with n degrees of freedom)
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PART Il

PART II:

Shearing Sum Mapping

x5 from x? & 3 pdf's
x;3 from x3 & x3 pdf's
x; from 3 & 3 pdf’s
X2 from x3 & x3 pdf’s
Xz from x2 & x7 pdf’s
x5 from x2 & 3 pdf's

X3 pattern

X3 Pattern
i from x5, & i
Xapr from x5 & xi

pdf’s
pdf’'s
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Adding Two RV’s: Shearing Sum Mapping
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Adding Two RV’s: Shearing Sum Mapping

. Y = X\+X; 1. X, = Y—-W
T : { = T : X, = W

, ox, ox, _
~ Jacobian of he=i=| o @ |- L =1 _ =1
inverse mapping Y ow 0 1

Jacobian equals one meaning the image of this shearing sum mapping of the
unit square (with unit area) is the parallelogram also with the same unit area.
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Adding Two RV’s: Shearing Sum Mapping

T Yy = Xi+X;
’ W = X2
Jacobian of _
. . JT—] = J ==
inverse mapping
L]
..
eee
Xl
x,=0 w=0
Joint Support Joint Support
QXI X2 QY,W

Qy,w is V-simple = Q =Qyw
Top BC 99 = {(y,w): w=y}
Btm BC 99} = {(y,w): w =0}
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(x3 Theorem — CHISQ2THM)

b 1 2/2=1g-y/2
X, X, ~ x3 = Y:=X|+X, ~ x5 where fy(y) = 2¢ 7 = m

This distribution of Y is called the chi-square distribution with two degrees of freedom.

<« I'y» pdf

PROOF:
. X—I/ZBf.rl/z x—l/zefxz/Z
pdf’s fx, (x1) = IT’ S, (x) = T = Supports Qyx, = Qx, = (0,00)

x;l/Ze—xl /2 x;I/ze*)‘Z/z (xlxz)*l/ze*("l +x2)/2

Joint paf fi, x, (x1,x2) "2 fi, (x1) - fi, (x2) = = -

Joint SUppOf’t QX] X, HLD QX] X QXZ = {(X],xz) X € QX] ,X) € QXZ} = {(xl,xz) txp > 0,x0 > 0}
Change of random variables (CRV):

1 -1
:[0 | ]=>|J\=1

(y _ w)fl/zwfl/zefy/z
27

oX oX
Y =X+ X Xi=Y-W S S

= Jointpdf fr,w (5, w) F fir, i, (v = wyw) - 1J] =
= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}
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(x2 Theorem — CHISQ2THM)

y2/2=1g=3/2
27 T2 TG2/2) < I’y pdf

1
X1,% 2 = Y:i=X, +X; ~ 2 where fy(y) = 3¢ =
This distribution of Y is called the chi-square distribution with two degrees of freedom.

. )= 1/2,=1/2,=/2
PROOF: = Joint pdf fir,w(y, w) T fie, x, (v — wyw) - |J] = =) v e 0
= Joint Support Qy,w = {(y,w): 0<y < oo, 0 <w<y}

QY Y (v — w) /2= 1/2p=y/2
= Marginal pdf fy(y) = / ] frw(y,w) dw = / O =) " ¢ dw
20V 0 27
/2 y—w = ycos? 6
e Y dw o, dw = 2ysin 6 cos 0 df
fry) = o /(; WGy — w12 (CV)w :=ysin" 0 <= w=y > 6—r/2
w=0 <= 0=0
cy e /2 7/2 2ysinfcos 6 df e/? /2 /2 O=m
) @ [T e [ AU
2 0 y1/2sin 6 - y1/2 cos 6 s 0 s
L Frc e m . X 1 Y2 lemy/
Ll 20| =ze2 =ce V= ———
fr(v) - [2 ] e fr(y) = ze 2/2.T(2)2)

H.W. Alexander, Elements of Mathematical Statistics, Wiley, 1961. (Ch5, §37)
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(x3 Theorem — CHISQ3THM)

1/2 ,—y/2 3/2—1,—y/2
IND y1/2e y e
X1, X, ~ X%: X% — Y =X1+X; ~ X% where fy(y) = T = 377 TG/2) — 1—‘3/2’2 pdf

This distribution of Y is called the chi-square distribution with three degrees of freedom.

PROOF:
, 12172 /2
pdf’s fx, (x1) = ‘T, fx, (x2) = &5— == Supports Qy, = Qx, = (0,00)

=12 —x/2  —x)2 =1/2 —(x1+4x)/2
. X e X e
Joint pdf fi, x, (x1,%2) = fir, (x1) - fi, (2) = = V2r - 2 l 2v2m

Joint Support Qx, x, 2 Qx, x Q, = {(x1,12) 1 x1 € Q,, 10 € Uy} = {(x1,%2) 1 31 > 0,x, > 0}
Change of random variables (CRV):

={1 711]:|J\:l

Y =X +X X, =Y-W 2% ‘”‘1]
0

= = J= y w
WZ:XZ XZZW |:§‘;"\;2 %

) CRV (y— w)—l/2g—y/2
= Joint pdf fr,w(y,w) = fx; %, —w,w) - [J| = T~

= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}
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x; from x3 & xi pdf’s

(x3 Theorem — CHISQ3THM)
1/2,—y/2 3/2—1,—y/2
IND 5 2 — 2 _Je _ 7 ¢
X, X0 ~ x1h,xs = Y =X1+X ~ X3 where fy(y) = o = 337, TG/2) — F3/2Y2 padf

This distribution of Y is called the chi-square distribution with three degrees of freedom.

PROOF:

) CRV (y— w)—l/2e—y/2
= Jointpdf frw(y,w) = fx, x,(» —w,w) - |J| = BT~

= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}

oaf Y (y — w)—1/2=3/2
= Marginal pdf fy(y):/ (o, w) dW:/ G=w)T e
elH 0

w
2V 27
p y—w = ycos?
e y dw . dw = 2ysin 0 cos 6 dO
WOV =375 Jy Gowir (W wisysintd = oy 0 =m/2
w=0 <= 0=0
cv e/? 7/2 2ysinfcosfdi  y'/2e /2 /2 yl/2e=y/2 O=m/2
v(y) 2 . = . sm9d9:7~[—c050]
242w 0 yl/2 cos 8 V2T 0 \/277-( =0
1/2,—y/2 3/2—1,—y/2
v0) T o (i = e ) = e 2 2
V21 V2w V27 23/2.17(3/2)
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(x2 Theorem — CHISQ4THM)

yA/2=1g=y/2

T 22 T(4)2)
This distribution of Y is called the chi-square distribution with four degrees of freedom.

IND |
X1, X ~ x}x3 = Y: =X, +X, ~x} where fy(y) = e e Iy p pdf

—1/2,—x /2 12—y /2

PROOF:
pdfs fi, (x) = i, fi,(x2) = 25— = Supports Qx, =, = (0,0)

xl—l/Ze—xl/z x;/ze—x2/2 x1—1/2x;/26—(x1+x2)/2

Joint paf fi, x, (v1,2) " fi, (1) iy (1) = e BT = —

Joint Support QXth IND QX] X sz = {(xhxz) tX] € Qx] , X € sz} = {(xl,xz) x> 0,x0 > 0}
Change of random variables (CRV):

ox X
Y: =X + X X =Y-W LS 1 -1
1 2 1 :>J:|:é'3}’2 g}‘; =1 o 1 = |J|=1
oy ow

WZ:XZ X2:W

(y _ w)fl/zwl/Zefy/Z
27

= Jointpdf fr,w (v, w) F i, (v = wyw) - 1J] =
= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}
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(x2 Theorem — CHISQ4THM)

yA/2=1g=y/2

T 22 T(4)2)
This distribution of Y is called the chi-square distribution with four degrees of freedom.

IND |
X1, X '~ x4 3 = Yi=X| + X, ~x} where fy(y) = s v/2 « Ty » pdf

PROOF:
(y _ w)fl/ZWI/Zefy/Z

= Joint paf fy w(y,w) E fi o (v = wow) - ] = -

= Joint Support Qy,w = {(y,w): 0<y < oo, 0 <w<y}

aaY Y (v — w)—1/2p1/20—/2
= Marginal pdf fy(y) = / ] Sfrow(y,w) dw = / G=w) Ll aw
QQ\I/ 0 21
/2 /2 y—w = ycos® 6
o= Y wl/2 aw L dw = 2ysin O cos 0 df
fr(y) = oy /0 O w2 (CV)w:=ysin“ 0 <= Wey e 0=n/2
w=0 <= 0=0

v e—/2 7/2 (y1/2 sin 0) (2y sin 6 cos 0 dB)
fry) = : 172
21 0 y1/2 cos O

™

—y/2 /2
) =2—. / sin? 0 do
0
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x; from x3 & x7 pdf’s

(x3 Theorem — CHISQ4THM)

IND 1 4/2—1,=y/2
X1,Xy '~ X%,X% — Y =X +Xp ~ X% where fy(y) = Zye W2 = ;4/271_‘(4/2) Iy pdf

This distribution of Y is called the chi-square distribution with four degrees of freedom.

PROOF:

N=1/2,,1/2,—y/2
= Jointpat () B i 3 — o) -y = U

= Joint Support Qyw = {(y,w): 0 <y < oo, 0 <w<y}

rleld Y (v — ) —1/2401/2,—¥/2
— Marginal pdf fy(y) :/ ]fy,w(y, w) dw:/ b =w) wee dw
aay 0 27

s

AO) = ye~¥/2 /’T/z sin? 0 4o TRIC ye~¥/2 /7"/2 1 cos26 4o — ye~¥/2 |:0 sin29:| o=n/2
v(y) = . =2z . i .
0 0

s 2 2 T 2 4 =0
rrc ye ¥/? T 0 ):| | . 1 yi/2=1ey/2
= (==0)=(==0)|=ye/2 - = —ye V=2 —

Tr() - {<4 ) (2 yidd fr(y) = ye YT T ()
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(x2 Theorem — CHISQ5THM)

3/2,—y/2 5/2—1,—y/2
IND y/ce y e
X, X '~ x3,x2 = Y:=X,+X, ~ x} where = = «~Tr df
LX2 ~ X, X5 1+X2 ~ Xz fr(») N 77 T(5/2) 5/2,2 P
This distribution of Y is called the chi-square distribution with five degrees of freedom.

PROOF:
, /2,32 1 2
pdf's fi, (v1) = *—5—> fo(n) = szeﬂw = Supports Qx, = Qx, = (0,00)

—1/2 ) —1/2 —(x14x)/2
. IND X e | X xpe~ 1T
Joint pdf fy, x, (x1, 1) "2 fx, (x1) - fi, (1) = = /2= = e

Joint Support Qx, x, m Qx, x Qx, = {(x1, 1) :x1 € Qx,, 0 € O, } = {(x1, %) 11 > 0,x, >0}
Change of random variables (CRV):

—1
:[0 | ]:>|J\:1

) CRV (y — w) =1/ 2we=y/2
= Jointpdf fy,w(y,w) = fi, 6, (0 —w,w) - ]| = Y

= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}

ax,  ox,
Y =X +X> Xi=Y—-W _ Y ow
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x2 from x3 & x3 pdf’s

(x2 Theorem — CHISQ5THM)
3/2,—y/2 5/2—1,—y/2
IND 5 o 2 yre Y ¢
X1,X2 ~ xi, = Y =X1+Xo ~ where = = «~T df
1,X2 ~ X1) X3 1+Xo ~ X5 fr(y) Wi 257 T(5/2) 5/2,2 P

This distribution of Y is called the chi-square distribution with five degrees of freedom.

PROOF:

(= W)~ 2we /2
4/ 27

= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}

QY Y (v — ) —1/2000—/2
— Marginal pdt ) = [ G dw= [ EE I g,
20! 0

= Joint pdf fy,w(y,w) Cg/fx1 X —w,w) - |J| =

W2
p y—w = ycos?
e Y wdw . dw = 2ysin 0 cos 6 dO
fY(y)fm/E N S—r (CV)wi=ysin®0 = ¢ T T 0=/
w=0 <= 6=0
0) cv e¥/? 7/2 (ysin® §)(2ysin 6 cos 6 df)
WV, = A y!/2 cos 6
3/2,—y/2 /2
yrre s 3
= . sin” 6 df
O 22 Jo
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x2 from x3 & x3 pdf’s

(x2 Theorem — CHISQ5THM)
V/2=3/2 Y3 /2-143/2

= T df
e 57T T(/2) —Lspop
This distribution of Y is called the chi-square distribution with five degrees of freedom.

IND
X1,Xo ~ x3,x3 = Y:=Xi+X ~ x2 where fy(y) =

PROOF:
) CRV (y— w)*l/zwe*y/2
= Jointpdf fr,w(y,w) = fx, 5,0 —w,w)-|J| = T A
= Joint Support Qyw = {(y,w) : 0 <y < oo, 0 <w <y}
Elele Y (y — w) "1/ 2pe—y/2
. y—w) we
— Marginal pdf :/ sw) d :/ —— dw
ginal pdf fr(y) -~ frow(y, w) dw | Wiz
3/2,—y/2  pm/2 3/2,-y/2  pn)2
fr(y) = % . sin’ 0 do ™2° % : (1 —cos®0)sinfdf (CV)u:=cosf
™ 0 ™ 0
3/2e=/2 1 3/2,—y/2 3qu=1
e A L
242w 0 242w 3 lu—o

20/2r 3

r1C ya/ze—y/z . {(1 13) B (0 03)} _ y3/2e—y/2 ' 2 _ y3/2e—y/2 _ y5/2—le—y/2
22m 3 3V2r 25/2.17(5/2)
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(x2 Theorem — CHISQ6THM)

X1, Xo 2D 32 2 Y =X, +X 2 whi = L Y1 le? T df
~ == Y .= ~ where = —ye V= ——F———
1,X2 X715 X5 1 2~ Xg fr(») 160 272 T(6/2) 3,2 P

This distribution of Y is called the chi-square distribution with six degrees of freedom.

PROOF:
] —1/2,—x /2 B30 /2
pdf's fi, (v1) = *—75—— fo(n) = Z55— == Supports Qy, = Qy, = (0,00)

=12,—x/2 32,-x/2  (TU2,3/2 ,—(x14x)/2
Joint pdf £; x) M . B -2 =1 22
paf fx, x, (x1,%2) "= fx, (x1) - fx, (x2) Ner e o

Joint SUppOI’t QXI’XZ ”LD QX] X QXZ = {(Xl,xz) tX] € QX] , X € QXZ} = {(xl,xz) txp > 0,x0 > O}
Change of random variables (CRV):

1 -1
= [ 0 1 ] = |J|=1
(y_w)—I/ZWS/Ze—y/Z
67

22 oX
Yi=X +X Xi=Y-W | S B

= Joint paf fyw(y,w) E fi, x, (v — w,w) - | =
= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}
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(x2 Theorem — CHISQ6THM)

y8/2-1,=3/2

26/2.T7°(6/2)
This distribution of Y is called the chi-square distribution with six degrees of freedom.

PROOF:

2

1
X1,Xo £ X%,XS — Y =X1+Xo~ X% where fy( ) EyZefy/Z — F372 pdf

(y _ w)—1/2W3/26—y/2

= Joint pdf fy,w(y,w) Cg/fx1 X —w,w) - |J| = P

= Joint Support Qy,w = {(y,w): 0<y < oo, 0 <w<y}

Eleld (v —w) —1/2 3/2,—/2
— Marginal pdf fy(y) :/ ) frow(y,w de/ dw
29}

67
y/2 y 3/2d yow = yC0820
e Yow w . dw = 2ysin 6 cos 6 db
() = P /(; 5w (CV) w:=ysin" 0 <= Wy e 0= 2
w=0 <= 0=
AO) cv /2 /"/2 (y3/2 sin? 0) (2y sin 0 cos 0 db)
W= e 0 y!/2 cos @
20—y/2 /2 —y/2 /2 /] 1 2

)= re / sin* 9 do " Ye / (7 — 700529) do

3m 0 37 0 2 2
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(x2 Theorem — CHISQ6THM)

y6/27lefy/2 - o
= 26/2.7(6/2) <12 P
This distribution of Y is called the chi-square distribution with six degrees of freedom.

PROOF:

IND 1 _
X1, X ~ x3 3 = Y:=X| +X, ~x2 where fy(y) = Ryze v/2

. ) = 1/23/20=3/2
= Joint pdf fy,w(y,w) Cévfxl X —w,w) - |J| = =)

67
= Joint Support Qyw = {(y,w): 0 <y < o0, 0 < w < y}
o9/ Y (y — w)—1/23/2g=¥/2
— Marginal pdf fy(y) :/ lfy’w(% W) dw:/ (y—w)~ 12w/ %e e
29y 0 6

2,—y/2 T2 11 2 20—y/2 /21 1
. y'e y'e 2
— . i 20) do = . - — = 20 + — 20 ) do
#r0) 37 /0 (2 2 cos ) 37 A (4 2 cos 260+ 4 cos )
2e7Y/2 rm/2T1 1 1/1 1
TRIG Y~ €
et . i 204+ - ( =+ = 40 )| 46
r(») o /o {4 5 cos 260 + y (2 + 5 cos ):|

2,—y/2 /2 3 1 1
() = % ./o (g —3 cos 20 + §00s49) do

Josh Engwer (TTU)
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(x2 Theorem — CHISQ6THM)

6/2—1,—y/2
IND 5 o . 5 I S SO | e
X1, Xy ~ X7, = Y =X +X; ~ where = — Ve == —— <« T af
LX2 ~ XT5 X5 1+ X2 ~ Xg fr() = ger'e 2577 T(6)2) 3,2 P
This distribution of Y is called the chi-square distribution with six degrees of freedom.

PROOF:
(y _ w)fl/ZWS/Zefy/Z

= Joint pdf fw(y,w) F fi 0, (v = ww) - 1] = -

= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}

QY y W) 1/2,3/2,—y/2
— Marginal et fy0) = [ ") d = [P OZH T g,
QQ] 0

6
2,—y/2 /2 1 1
fr(») re / (§ — —cos20 + gcos40) do
0

3 8 2
20-/2 (3 1 1 o=n/2
ye . .
= |26 — —sin20 + — sin46
() o [8 ) sin 260 + % sin ]g:o
2,—y/2 6/2—1,—y/2
Frlo) T 3T Ly L YT
3 16 16 26/2.17(6/2)
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(x2 Theorem — CHISQ7THM)

5/2,—y/2 7/2—1 ,—y/2
IND 5 o L 2 L =2 -
XX N XX = Vi=XikXy g where fr(0) = —oome = i 1)

This distribution of Y is called the chi-square distribution with seven degrees of freedom.

= F7/2,2 pdf

PROOF:
b xV2en/? 1 ) 5
pdf's fi, (x1) = L—=—, fr,(x) = sze—ﬁ/ = Supports Qx, = Qx, = (0,00)
=172 _x /2 1 x_1/2x2e7(x1+x2)/2
Joint pdf X1, X IND xi) - X)) = ho¢ . —xdem/2 =12
pdf fx, x,(x1,x2) = fx, (x1) - fx, (x2) Wer: T Y Ver

Joint Support Qxhx2 b Qxl X sz = {(xl,xz) tX] € QX] , X2 € sz} = {(xl,xz) txp > 0,x0 > 0}
Change of random variables (CRV):

X, ox
Y2:X1+X2 XIZY—W _ a3y W _ 1 —1 _
VIR = B = [ B R[ ] e
) CRV (y _ W)—l/2wze—y/2
= Joint pdf fr,w(y,w) = fx; %, —w,w)-[J| = T e

= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}
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(x2 Theorem — CHISQ7THM)

WD 5 o 2 wh ys/ze—y/z y7/2—le—y/2 o o
X ’X ~ s — Y := X, X5 ~ wnere = = <~

1, X2 ~ XTs Xe 1+Xo ~ x5 fr(») 5vor 27 T(12) 7/2,2 P
This distribution of Y is called the chi-square distribution with seven degrees of freedom.

PROOF:

. CRV (= w)~Pw2e/2
= Jointpdf frw(y,w) = fx, x, (0 —w,w) - |J| = 16271

= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}

a0 Y (v — w) =1/ 2p2e—y/2
= Marginal pdf fy(y)=/ V] Frw(y,w) dw=/ O=w” e,
20} 0

1627
y y—w = ycos® 6
e v wdw 5 dw = 2ysin 6 cos 6§ d
= CV)w:=ysin“ § <
70 = s [ ()i ysin R A
w=0 <= 0=0
( )g/ e/? 7/2 (y2 sin* 0) (2y sin 0 cos 6 d0)
o= 16vV27 Jo y1/2 cos 0
5/2—/2 /2 5/2,—y/2 /2 /1 1 2
y/%e .5 TRIG Y™/ “e .
= sin 0 df "= —— - — — —cos20 ) sin6 df
fr») 8v2m 0 8V 2m 0 ( 2 2 )

Josh Engwer (TTU) Motivation: Chi-Square Distributions



(x2 Theorem — CHISQ7THM)

IND 5 2 wh yS/Ze—y/2 y7/2—]e—y/2 r of
X1, X, '~ X3, — Y =X1+X; ~ where = = A

1, X2 ~ X715 Xe 1+Xo ~ x5 () 5V 27 T(72) 7/2,2 P
This distribution of Y is called the chi-square distribution with seven degrees of freedom.

PROOF:
(y _ w)fl/zwzefy/z

1627
= Joint Support Qy,w = {(y,w): 0<y < oo, 0 <w<y}

o9 Y (y — ) —1/2320—/2
— Marginalpet fy3) = [ vl dw= [F O,
89 0

16V 2w
5/2,—y/2 /2 1 1 2
fry) = roe . (7 - = cos29> sin 6 df
0

= Joint pdf fr,w(y,w) T fir, x, (v —w,w) - | =

8v2m 2 2

5/2,—y/2 /271 1 2
TRIG Y~/ “e 2 .
RK . —— =2 6—1 6 do
fr(») 8v2n A [2 2( cos )} sin

5/2,—y/2 /2 2

yrre 2 .

=" 1 —cos“0) sinf do

HO) 8v2r 0 < )
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(x2 Theorem — CHISQ7THM)

Y/2e=y/2 §1/2=10=y/2

= «— T df
5V 777 T(7/2) 7/2,2 P
This distribution of Y is called the chi-square distribution with seven degrees of freedom.

IND
X1, X '~ x}xi = Yi=Xi+Xy ~ x5 where fy(y) =

PROOF:
— Joint paf fy.w(r,w) B fy, x, o) = L) iwem
, W) = —w,w) - =
par frw(y X, ,%, (Y 16v2n
= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}
Q) Y (y — w) =1/ 2w2em/2
= Marginal pdf :/ , dz/—d
ginal pdf fr(y) -~ Srw(y,w) dw ; o W

5/2,—y/2 /2 2 5/2,—y/2 /2

re . (1 —C0520> sin 6 df = re . (1 —200829+COS49) sin 6 df
8V 27 0 8V2m 0

(CV) u:=cosb <= du= —sinf = u(mw/2) = cos(w/2) =0, u(0) = cos(0) =1

() =

5/20=y/2 1 5/2,—y/2 2 1 u=1
cvy'’“e 2 4 yrre 3 5
= — 1—-2u"+u)du="—r— |u——u + —u
fr (y) 8V 2w 0 ( > 8V 2w [ 3 5 :| u=0

FIC yS/Zefy/Z 3 yS/Zefy/Z y7/27lefy/2

WO = R e 5T Isvae 2 T()2)
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x5, Pattern

[ CHISQ RV [ PDF SIMPLIFIED | PDF GAMMA FORM | KEY INTEGRAL |

1 y2/2—le—y/2 /2 ] T
~ V2 - ,—y/2 R 0 —
Y ~ x5 7€ 2277 T (2)2) /0 sin” 0 df >
1 y4/27lefy/2 /2 ] T
~ Y2 Zve /2 2 2 .
Y ~ X3 e 2 T(4)2) /0 sin” 6 df y)
6/2—1,—y/2 /2 3
~ 2 L\ 2p/2 Yy -4 _ o
Y ~ Xxe 16 e 2677 T(6)2) /o sin” 0 do 16
/2 P(k+3) (MBS (k—1)
2%k m 2 m
0dd = -‘—. = —, keZ
/0 - 2 T@k+1) Q)@(6)---(2k) 2 &5
/2 VE T(=1)  ()E)S) - 2k=3) =
. 2k—2 _ VT 2) _ )
[ =G s = ey *E P

H.B. Dwight, Tables and Integrals and Other Math. Data, 4" Ed, 1961. (Ch12, entry 858.44)
B.O. Peirce, R.M. Foster, A Short Table of Integrals, 4" Ed, 1956. (Part Il, entry 498)
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X3, Pattern

| CHISQ RV | PDF SIMPLIFIED | PDF GAMMA FORM [ KEY INTEGRAL |

2 U 12,2 yle oo =1
Y ~ —y1/2e~ R i =
X3 ﬁ27ry e 23 F(3/2) /0 2 sin
1 y5/27lefy/2 T 2
Y ~ 2 - 3/2,-y)/2 A / - 30 o ==
S 3 ¢ 272 .1(5/2) o sin 3
1 y7/2—le—y/2 ™ 8
Y ~ 2 5/2,—y/2 A / : 59d9 _ 2
Yo v ¢ 272.1(1/2) , 0 15
/2 VT L(k+1) (2)(4)(6) - - - (2k)
« 2k+1
sin 0dd = —- = , ke
/0 2 T((k+1)+1) 3)5)(7)--- 2k + 1) +
/2 v T(k) (2)(4)(6) - - (2k — 2)
< 2k—1
sin*19do = LAUPNLA L . = kel
/o 2 T (k+3) (3)G)(7) - (2k—1) "

H.B. Dwight, Tables and Integrals and Other Math. Data, 4" Ed, 1961. (Ch12, entry 858.44)
B.O. Peirce, R.M. Foster, A Short Table of Integrals, 4" Ed, 1956. (Part Il, entry 498)
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(x* Even Theorem — CHISQETHM)

Y@)/2=1,-3/2

2020/2 . T((2k) /2)
This distribution of Y is called the chi-square distribution with (2k) degrees of freedom.

IND
X1, Xp ~ X%:X%k_l = Y:=X1+X~ X%k where fY(Y) =

PROOF:
_]/ e—%1/2 X’;_3/26_X2/2
pde fX| (xl) 21/271_‘(1/2)7 sz (xz) = m — SUppOFtS QX] = sz = (0, oo)

;1/2 k=372 — (x14x2) /2

2k=1/2.21/2 . D(k — 1/2) - T(1/2)

Joint pdf fie, x, (x1,%) "2 fir, (x1) - fiey (12) =

Joint Support Qx, x, IND Qx, X Qx, = {(x1,%2) 121 € Qx;,x0 € Qx, } = {(x1,x) : 11 > 0,x, > 0}
Change of random variables (CRV):
X,  ax,
Y =X1+X; Xi=Y-—-W _ 921 o4 B 1 1 7
R = ARt & IO

1/2,k=3/2,=y/2

)] = —w)"~
2k=1/2 2172 . (k- 1/2) - T'(1/2)
= Joint Support Qy,w = {(y,w): 0<y < oo, 0 <w<y}

= Joint pdf fy w(y,w) Cgval X —w,w
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(x*> Even Theorem — CHISQETHM)

y(@)/2=1,-y/2

2020/2 . ((2k)/2)
This distribution of Y is called the chi-square distribution with (2k) degrees of freedom.

PROOF:

IND
X1,X '~ x4 X5, = Y =X +Xo~ x} where fy(y) =

Joint paf CRY )] = xy VAET3 2 = it /2
= pdf frw(,w) = S0 —wow) -V = 5= 5 Tk—1/2) T(1/2)
— Joint Support Qy.w = {(y,w) : 0 <y < oo, 0 < w <y}

M inal odf BQ 4 'y (y_w)—l/Zwk—B/Ze—y/Z p
= Marginal p fy(y)f/QQ frw(y,w) wf/o 1 2T Tk = 1/2) - T(1)2) ™

/ 329312 y—w=ycos*#

Y w2k ey 2 dw = 2ysin 0 cos 0 do
= CV)w:= 0 <

#rO) /0 2-1/2.21/2. T (k- 1/2) - T(1/2) dw (CV)w:=ysin w=y < 0=1/2

w=0 <= 0=0

A0 cv 1 /’T/2 yK=3/26=3/25in%=3 9 . (2ysin 6 cos 6 db)
YW S ST 2 (- 1/2) - T(1)2) V172 cos 0
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(x*> Even Theorem — CHISQETHM)

Y (2)/2=1,-3/2

20072 T((2k)/2)
This distribution of Y is called the chi-square distribution with (2k) degrees of freedom.

PROOF:

IND
X1, X '~ x4 X5, = Y =X +Xo~ x} where fy(y) =

12 K7302 (0 ) /2
= Joint paf fy,w(y,w) = fi x, (v — w,w) - Y| = L2

’ ne 2k=1/2.21/2 . (k- 1/2) - T(1/2)
= Joint Support Qy,w = {(y,w): 0<y < oo, 0 <w<y}

BQ 'y (y—w) 1/2 k— 3/2 —y/2
Marginal pdf = =
= argina pd fY(Y) /QQ fY W(y7 )dW A ok— /2. 21/2 F(k* 1/2) F(l/2)

7O cv 1 /’T/Z yK=3/2=3/2 5in%*=3 9 . (2ysin O cos 0 db)
o= 2k=1/2.21/2 . T(k—1/2) - T(1/2) Jo y!/2cos 6
k—1,—y/2
y e s 2k—2
= : 0 do
FO) = 55m am ra—12) T ()2) /0 .
Y lem/2 vr T(k—1/2) YR /2=1e=y/2
RO = 5= o T(k—1/2)-1(1/2) [T (k) } T 200727 ((2k))2)
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o from x3, & X3 pdf’s

(x* Odd Theorem — CHISQOTHM)
y@H1)/2-1,y/2

202k+1)/2 . T ((2k + 1) /2)
This distribution of Y is called the chi-square distribution with (2k + 1) degrees of freedom.

IND
X1, Xp ~ X%:X%k = Vr:=X+X; NX%;H_] where fY(y) =

PROOF:
—1/2 _x /2 xlgfle—xz/2

w7 0 =

pafs f,(n) = Ji 73

= Supports Qx, = Qx, = (0,0)

=12 k=1 —(n1+%2) /2
. IND ) _h N €
Joint pdf fi x, (x1x2) = (1) fia(02) = 531 105 T /2)

Joint SUppOf’t QX] X, HLD QX] X QXZ = {()C],xz) tX] € QX] ,X) € QX2} = {(xl,xz) txp > 0,x0 > 0}
Change of random variables (CRV):

ox,  9X
YZ:X1+X2 XIZY—W _ By W _ 1 —1 _
W= X, = x,=w :>J[§>;z % =lo 1 | = V=1
(y_w)—]/zwk—le—y/z

2k.21/2. (k) - T(1/2)
= Joint Support Qy,w = {(y,w): 0<y < oo, 0 <w<y}

— Joint pdf fy,w (v, w) T fi, o (0 — wyw) - 7] =
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o from x3, & X3 pdf’s

(x* Odd Theorem — CHISQOTHM)
Y@k /2=1,-y/2

20+ /2 . T((2k + 1)/2)
This distribution of Y is called the chi-square distribution with (2k + 1) degrees of freedom.

PROOF:

IND
X, X '~ xhxg, = Y=X1+X; NX%k_H where fy(y) =

) CRV xlfl/zx/;*lef(Xerz)/Z
= Jomted frarly,w) = e b =wow) Wl = o vy )
= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}
Eleid Y (y— —1/2,k—1,—y/2
. ) y—w) w'le
M | pdf = ,w) dw = d
= Marginal pdf fy(y) /QQY Jrw(y,w) dw /0 2k.21/2 . T(k) - T'(1/2) w

— — 29
[ (yfw)_l/zwk_le_y/zd CV) w = ysin 0 ydww :é;(s)iSHGCOSGdG
fY(y)_/o 262172 T(k) - T(1/2) WAV wi=ysintl <= =
w=0 <= 0=0
il )c_v 1 /7"/2 y*=1sin?*=2 9 . (2ysin @ cos 6 d6)
YW k2 Ty - 1(1/2) o V172 cos 0
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o from x3, & X3 pdf’s

(x* Odd Theorem — CHISQOTHM)
y@H1)/2-1,y/2

202k+1)/2 . T ((2k + 1) /2)
This distribution of Y is called the chi-square distribution with (2k + 1) degrees of freedom.

PROOF:

IND
X1, Xp ~ X%:X%k = Vr:=X+X; NX%;H_] where fY(y) =

B x|—|/2)/£716—(x1+x2)/2
T2k 21/2.T(k) - T(1/2)
= Joint Support Qy,w = {(y,w): 0 <y < oo, 0 <w<y}
Q) Y (y— W)—l/zwk—le—y/Z
Marginal pdf - dw = d
= Marginal pdf fy(y) /QQ‘( Trow(y, w) dw /0 262172 . T(k) - T(1/2)
cv 1 7/2 k=1 sin%*=2¢ . (2ysin @ cos O db)
fY(y):zk 212, /
212 T(k) - I(1/2)  Jo

— Joint pdf fy,w(y,w) T fx, x5 (v — w,w) - 1J]

y!1/2 cos 0
k—1/2,—y/2 /2
y e . 2k—1
_ . 0 do
() 2k=1.21/2. (k) - T(1/2) /o -
Y=1/20-3/2 va o T(k)
() = %=1 212.T(k)-T(1/2) | 2 T+ 1)
G
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o from x3, & X3 pdf’s

(x> Odd Theorem — CHISQOTHM)
y@1)/2-1,-y/2

20k+1)/2 . T ((2k + 1) /2)
This distribution of Y is called the chi-square distribution with (2k + 1) degrees of freedom.

PROOF:

IND
X1, X ~ X%yX%k = V=X +X~ X%’H—l where fy(y) =

= Joint pdf ( )CEV (- )] = Xl_l/le;_lg_(xl"'xz)/z
Pal fravlys) = fuia b= v W= i v 0 11 /2)
= Joint Support Qyw = {(y,w) :0<y<oo, 0 <w<y}
9 Y (y— —1/2, k—1,—y/2
[ y—w) wt e
= M | pdf = dw — J
Fromalpdt 1) /QQY Friwl,w) dw /o 2212 Tk -1(1/2)

PO P e [ﬁ X0 ]

=122 T(k)-T(1/2) | 2 T <k+ %)

P=1/26=3/2 YA /21 4=y/2
2 21/2.7 (k+1) - 20D/2.T (2% +1)/2)
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