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Truth Tables for the AND, OR, NOT Connectives

PAQ

Truth Table for Conjunction (AND):

M
M=
mmmA

Q

Truth Table for Disjunction (OR):

il B
i e (o)
M- <

Pl ~P
Truth Table for Negation (NOT): T | F
FI| T

(Truth tables for the Conditional & Biconditional are seen in next section.)
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Inclusive OR (V) versus Exclusive OR (XOR)

Disjunction is implicitly inclusive OR.

POl PVQ
TIT T
The truth table for inclusive OR: T | F T
FIT T
F|F F
P| Q| PXORQ
T|T F
The truth table for exclusive OR,is: T | F T
FIT T
F|F F

The difference in their truth tables is in blue.

Examples in English:
@ Inclusive OR: "The car is compact or red” (or both compact and red)
@ Exclusive OR: "l (either) drove to Austin or drove to Dallas” (but not both)
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Logic Connectives (Order of Operations)

It's important to know the “order of operations” of logic connectives.
Otherwise, statements would require too many parentheses & brackets.

DOMINANCE: CONNECTIVES:
MOST DOMINANT | Biconditional <+—
2" DOMINANT Conditional —
Conjunction A
rd
3" DOMINANT Disjunction Vv
LEAST DOMINANT | Negation ~

REMARK: Since conjunction & disjunction has equal dominance, statements
involving several of them require parentheses & square brackets!

For example:
@ P AQ VRisambiguous! It needs to change to one of the following:
* (P ANQ) VR

* P A(Q VR)
+ WARNING: The above two statements have different truth tables!

@ (~PV~Q)A~R isequivalentto [(~P) V(~Q)]A(~R)
@ (ON~P)— ~R isequivalentto [(Q A(~P))] — (~R)
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

PlO|~Q|PAN~Q | ~(PA~Q)
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

Q| ~Q|PAN~Q ||~ (PN~Q)

m -~
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

~Q|PA~Q ||~ (PA~Q)

m M- -~
el
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

PA~Q| ~(PA~Q)

A~

el

B
Q
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

PA~Q| ~(PA~Q)

A
el
—|‘I'I—|'I'|2
Q
M4
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement:

Josh Engwer (TTU)

Logic: Truth Tables, DeMorgan’s Laws

PlO||~Q|PAN~Q|~(PA~Q)
TIT| F F T
TIF| T T F
FIT| F F T
FIF| T F T

~(PA~Q)

20 July 2015

11/59



Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

PlO||~Q|PAN~Q|~(PA~Q)
T[T| F F T
TIF| T T F
FIT| F F T
FIF| T F T
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

PlO||~Q|PA~Q|~(PA~Q)
T[T| F F T]
TIF| T T F|
FIT| F F T
FIF| T F T

While not required, let’s do a quick a posteriori analysis of the truth table:
@ If Pis true and Q is true, then ~ (P A ~ Q) is true.
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

PlO|~Q|PA~Q| ~(PAN~Q)
TIT] F F T
TIF| T T F|
FIT] F F T
FIF| T F T

While not required, let’s do a quick a posteriori analysis of the truth table:
@ If Pis true and Q is false, then ~ (P A ~ Q) is false.

Josh Engwer (TTU) Logic: Truth Tables, DeMorgan’s Laws 20 July 2015 14/59



Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement: ~ (P A ~ Q)

PlO|~Q|PA~Q|~(PA~Q)
TIT| F F 7]
TIF| T T F|
FIT] F F T
FIF| T F T

While not required, let’s do a quick a posteriori analysis of the truth table:
@ If Pis false and Q is true, then ~ (P A ~ Q) is true.
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Truth Tables (Example)

WEX 3-2-1: Construct a truth table for the logic statement:

P ~Q|PA~Q| ~(PA~Q)
T F F [T
T T T F|
F F F T
F T F T

~(PA~Q)

While not required, let’s do a quick a posteriori analysis of the truth table:

o If Pis false and Q is false, then ~ (P A ~ Q) is true.

Josh Engwer (TTU)
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement:

Josh Engwer (TTU)

P

Q

R

(PNQ)

~ R

(PANQ)A~R

(PANQ)AN~R
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

O|R| (PAQ)|~R| (PAQ)A~R

MM A
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

R| (PAQ)|~R||(PAQ)A~R

MmTTTAA A
MTAHAT ™A
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

(PAQ) | ~R| (PAQ)A~R

i T T I I
B e B R e
MATn—HTHTH>
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

(PAQ) | ~R| (PAQ)A~R

il B R I IR
AT TAAQ
M7 77>

b e R B |
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

(PA Q) (PAQ)A~R

i T T I I
B e B R e
MATn—HTAT >
ﬁﬂﬁﬂﬁﬂﬂﬂ;

mmmmmm -
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

(PAQ) (PANQ)AN~R

~

i T T I I
B e B R e
MATn—HTHTH>
Amqmqmqm;

mMmmmmmm - -

b (B 0
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

Pl|O|R|[(PAQ)|~R| (PAQ)A~R
TIT|T| T F F]
TIT|F| T T T
TI|F|T| F F F|
TIF|F| F T F]
FIT|T] F F F]|
FIT|F| F T F|
FIF|T| F F F|
FIF|F| F T [F]
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

P|O|R|(PAQ)|~R| (PAQ)A~R
T[T|[T| T F [F]
TITIF| T T T
T|F|T| F F F|
T|FIF| F T F
FIT[T] F F F]
FIT|F| F T F]
FIF|T| F F F]
FIF|F| F T F]

While not required, let’s do a quick a posteriori analysis of the truth table:

@ If Pis true, Q is true, and R is true, then (P A Q) A ~ R is false.

Josh Engwer (TTU)
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

P|O|R|(PAQ)|~R| (PAQ)A~R
T(T[T] T F [F]
T|T|F| T | T T
T|F|T| F F F|
T|FIF| F T F
FIT[T] F F F]
FIT|F| F T F]
FIF|T| F F F]
FIF|F| F T F]

While not required, let’s do a quick a posteriori analysis of the truth table:

@ If Pis true, Q is true, and R is false, then (P A Q) A ~ R is true.

Josh Engwer (TTU)
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Truth Tables (Example)

WEX 3-2-2: Construct a truth table for the logic statement: (PAQ) A ~R

P|O|R|(PAQ)|~R| (PAQ)A~R
T(T[T] T F [F]
T|T|F| T | T T
T|F|T| F F F|
T|FIF| F T F
FIT|T] F F F|
FIT|F| F T F]
FIF|T| F F F]
FIF|F| F T F]

While not required, let’s do a quick a posteriori analysis of the truth table:

o If Pis false, Q is true, and R is false, then (P A Q) A ~ R is false.

Josh Engwer (TTU)

Logic: Truth Tables, DeMorgan’s Laws 20 July 2015 28/59



Logical Equivalence (Definition)

Definition
(Logical Equivalence)

Two logic statements are logically equivalent, if they have the same
variables (e.g. P, O, R, ...) and the final columns in their truth tables are
identical.

NOTATION: The symbol <= means "is logically equivalent to”
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~ R) <= P A ~ (~ Q AR) or not.
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~R) <= P A~ (~ QAR) ornot.

P|OQ|R|~R|QV~R|PA(QV~R)
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~R) <= P A~ (~ QAR) or not

Q|R|~R|QOV~R|PA(QV~R)

MM A
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~R) <= P A~ (~ QAR) or not

R|~R|QV~R|PA(QV~R)

il B[R I IR
i B R [ )
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~R) <= P A~ (~ QAR) or not

~R|QV~RI|PA(QV~R)

il B[R I IR
i B R [ )
T AT AT
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~R) <= P A~ (~ QAR) or not

QV~RI|PA(QV ~R)

il B[R I IR
i B R [ )
M7=
—|'I'I—|'I'I—|'I'|—|‘I'|;
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~R) <= P A~ (~ QAR) or not

QV~RI|PA(QV ~R)

il B[R I IR
i e [ B R e [ )
e B B | B B 1 B [
Hﬂﬂﬂﬁﬂﬂﬂ;

L
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~R) <= P A~ (~ QAR) or not

OV ~R

~
>
©
<
2
=

il B R I IR
i B R [ )
e B B | B B 1 B [
Hﬂﬁﬂﬁﬂﬂﬂ;

R
b e o e i B B B |
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~ R) <= P A ~ (~ Q AR) or not.

P{O|R|~R|QV~R| PA(QV ~R)
TIT|T| F T T
TIT|F| T T T
TIF|T| F F F
TIF|F| T T T
FIT|[TI| F T F
FIT|F|| T T F
FIF|T| F F F
FIF|F| T T F
P|OQ|R||~Q|~OAR|~(~QAR)|PA~(~QAR)
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~ R) <= P A ~ (~ Q AR) or not.

P{O|R|~R|QV~R| PA(QV ~R)
TIT|T| F T T
TIT|F| T T T
TIF|T| F F F
TIF|F| T T T
FIT|[TI| F T F
FIT|F|| T T F
FIF|T| F F F
FIF|F| T T F

P|OQ|R||~Q|~OAR|~(~QAR)|PA~(~QAR)

TITI|T

T|T|F

TIFI|T

T|F|F

FIT|T

FIT|F

FIF|T

FIF|F
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~ R) <= P A ~ (~ Q AR) or not.

P{O|R|~R|QV~R| PA(QV ~R)
TIT|T| F T T
TIT|F| T T T
TIF|T| F F F
TIF|F| T T T
FIT|[TI| F T F
FIT|F|| T T F
FIF|T| F F F
FIF|F| T T F

P|OQ|R||~Q|~OAR|~(~QAR)|PA~(~QAR)

TIT|T| F

TIT|F| F

TIF|T| T

TIFIF| T

FIT|T| F

FIT|F| F

FIF|T| T

FIF|F| T
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (Q V ~R) <= P A~ (~ Q AR) or not
QV~RI|PA(QV~R)

MAT AT AT >

M A A
! M HHTm T AR
e e e B e I

v mmmm 4 m A

~(~QAR) | PN~ (~QAR)

)
¢
ﬂﬁﬂﬂﬂﬁﬂﬂgﬂﬂﬁﬂﬂﬂﬁﬂ;
>

T A A
MM TTAHAQ
MATN—HT—T->
447447
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~ R) <= P A ~ (~ Q AR) or not.

P{O|R|~R|QV~R| PA(QV ~R)
TIT|T| F T T
TIT|F| T T T
TIF|T| F F F
TIF|F| T T T
FIT|[TI| F T F
FIT|F|| T T F
FIF|T| F F F
FIF|F| T T F

P|OQ|R||~Q|~OAR|~(~QAR)|PA~(~QAR)

TIT|T| F F T

TIT|F| F F T

TIF|T| T T F

TIF|F| T F T

FIT|T| F F T

FIT|F| F F T

FIF|T| T T F

FIF|F| T F T
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~ R) <= P A ~ (~ Q AR) or not.

P{O|R|~R|QV~R| PA(QV ~R)
TIT|T| F T T
TIT|F| T T T
TIF|T| F F F
TIF|F| T T T
FIT|[TI| F T F
FIT|F|| T T F
FIF|T| F F F
FIF|F| T T F
P|OQ|R||~Q|~OAR|~(~QAR)|PA~(~QAR)
TIT|T| F F T T
TIT|F| F F T T
TIF|T| T T F F
TIF|IF| T F T T
FIT|T| F F T F
FIT|F| F F T F
FIF|T| T T F F
FIF|F| T F T F
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (QV ~ R) <= P A ~ (~ Q AR) or not.

P{O|R|~R|QV~R| PA(QV ~R)
TIT|T| F T T
TIT|F| T T T
TIF|T| F F F
TIF|F| T T T
FIT|[TI| F T F
FIT|F|| T T F
FIF|T| F F F
FIF|F| T T F
P|OQ|R||~Q|~OAR|~(~QAR)|PA~(~QAR)
TIT|T| F F T T
TIT|F| F F T T
TIF|T| T T F F
TIFIF| T F T T
FIT|T| F F T F
FIT|F| F F T F
FIF|T| T T F F
FIF|F| T F T F
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Logical Equivalence (Example)

WEX 3-2-3: Determine whether PA (Q V ~R) <= P A~ (~ Q AR) or not

OQV~R|PAN(QV~R)||PAN~(~QAR)

M A A
M- TTAA
MMM AT >
qumqﬂqm;
L R I
b e B o e i B B |
b e e e e s |

Since the corresponding entries (in blue) of
PA(QV ~R) and P A~ (~ QAR) all match,

‘PA@VNR)mdPAmwaAMambmeMmmbm
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Simplifying Logic Statements (DeMorgan’s Laws)

(DeMorgan’s Laws)

(@ ~(~P) <P

(b) ~(PAQ) < (~P)V(~Q)
(c) ~(PVQ) < (~P)A(~Q)
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Simplifying Logic Statements (DeMorgan’s Laws)

(DeMorgan’s Laws)

(@ ~(~P) <P

(b) ~(PAQ) < (~P)V(~Q)
(c) ~(PVQ) < (~P)A(~Q)
PROOF:
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Simplifying Logic Statements (DeMorgan’s Laws)

(DeMorgan’s Laws)

@ ~(~P) <P

(b) ~(PAQ) < (~P)V(~Q)
€ ~(PVQ) < (~P)A(~Q)
PROOF:

Q| ~((PAQ)

(b)

il B
i e (o)
mmm - >

2
=
— o

Q

— -
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Simplifying Logic Statements (DeMorgan’s Laws)

(DeMorgan’s Laws)

@ ~(~P) <P

(b) ~(PAQ) < (~P)V(~Q)
€ ~(PVQ) < (~P)A(~Q)
PROOF:

Q| ~((PVO)

(c)

ml
i e (o)
M- <
——mnm

~
— o

Q

= mmm
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Simplifying Logic Statements (Example)

WEX 3-2-4: Via DeMorgan’s Laws, completely simplify: ~ [P V (~ QO A ~ R)]
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Simplifying Logic Statements (Example)

WEX 3-2-4: Via DeMorgan’s Laws, completely simplify: ~ [P V (~ Q A ~ R)]

~[PV(~QAN~R)] < (~P)A~(~QA~R) [DeMorgan (c)]
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Simplifying Logic Statements (Example)

WEX 3-2-4: Via DeMorgan’s Laws, completely simplify: ~ [P V (~ Q A ~ R)]

~[PV(~QAN~R)] <= (~P)A~(~QA~R) [DeMorgan (c)]
— (~P)A~(~Q)V~(~R) [DeMorgan (b)]
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Simplifying Logic Statements (Example)

WEX 3-2-4: Via DeMorgan’s Laws, completely simplify: ~ [P V (~ Q A ~ R)]

~[PV(~QA~R)] & (~P)A~(~QA~R)  [DeMorgan (c)]
<~ (~P)A~(~Q)V ~(~R) [DeMorgan (b)]
— ‘ (~P) NQ \/R‘ [DeMorgan (a)]
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Negating English Statements (Example)

WEX 3-2-5: Via DeMorgan’s Laws, negate the English statement:

"Flowers are not red or John’s truck has anti-lock brakes.”
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Negating English Statements (Example)

WEX 3-2-5: Via DeMorgan’s Laws, negate the English statement:
"Flowers are not red or John’s truck has anti-lock brakes.”

Let P = "Flowers are notred”, Q = ”John’s truck has anti-lock brakes.”
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Negating English Statements (Example)

WEX 3-2-5: Via DeMorgan’s Laws, negate the English statement:
"Flowers are not red or John’s truck has anti-lock brakes.”

Let P = "Flowers are notred”, Q = ”John’s truck has anti-lock brakes.”

Then, "Flowers are not red or John’s truck has anti-lock brakes” =P v Q
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Negating English Statements (Example)

WEX 3-2-5: Via DeMorgan’s Laws, negate the English statement:
"Flowers are not red or John’s truck has anti-lock brakes.”

Let P = "Flowers are notred”, Q = "John’s truck has anti-lock brakes.”
Then, "Flowers are not red or John’s truck has anti-lock brakes” =P v Q

Negation: ~ (P VQ) < (~P) AN (~ Q)
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Negating English Statements (Example)

WEX 3-2-5: Via DeMorgan’s Laws, negate the English statement:
"Flowers are not red or John’s truck has anti-lock brakes.”

Let P = "Flowers are notred”, Q = ”John’s truck has anti-lock brakes.”
Then, "Flowers are not red or John’s truck has anti-lock brakes” =P v Q

Negation: ~ (P V Q) <= (~P) A(~ Q)

= ["Flowers are red and John’s truck does not have anti-lock brakes.”|
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