DERIVATIVES

DEFINITION OF THE DERIVATIVE: f/(z) = lim >+ = /(@)

h—0 h
e Geometric interpretation of f'(z) : Slope of the tangent line to the curve f at z.
e Application interpretation of f’(z) : (Instantaneous) rate of change of f with respect to z.

VARIOUS NOTATIONS FOR DERIVATIVES: Assume y = f(z). Then:
e 1°% (order) derivative of f with respect to x : f'(z),y’ dy Df

e 2" (order) derivative of f with respect to = : f”(x),y"”, =—=, D*f

e 37 (order) derivative of f with respect to = : f"/(z),y", ==, D*f
th S : (4) (4) d4y 4

e 4*" (order) derivative of f with respect to = : f'*(x),y'", —, D*f

o . dar
e n'" (order) derivative of f with respect to z : f<")(m),y(")7 d—y, D" f
xn

DERIVATIVE RULES: Here, k € R and a € Ry \ {1}

e (D.0) (Constant Rule) % k] =0
e (D.1) (Multiple Rule) d% (kf(2)] = kf'(2)

(D.2) (Sum/Diff Rule) /() % g(x)] = f'(x) % ¢/(x)

e (D.3) (Product Rule) % [f(@)g(z)] = f'(x)g(z) + f(z)d (z)

!/ !
e (D.4) (Quotient Rule) a {f(x)] = 9@)f () fZ(l’)g (z) ”Lo-D-Hi minus Hi-D-Lo all over Lo-squared.”
dz | g(z) [9(=)]
e (D.5) (Power Rule) g [CEk] = ka1 (Applies to roots & reciprocal powers upon rewriting them as powers)
e (D.6) (Sine Rule) di [sinz] = cosz (D.7) (Cosine Rule) di [cosz] = —sinx
x T
e (D.8) (Tangent Rule) di [tan 2] = sec’ x (D.9) (Cotangent Rule) di [cotx] = —csc x
x x
e (D.10) (Secant Rule) . [secz] = secx tanx (D.11) (Cosecant Rule) % [cscz] = — cscx cot
e (D.12) (Natural Exp) . [e]=e (D.13) (Natural Log) . [nz] = -
o (D.14) (General Exp) - [a”] = (Ina)a® (D.15) (General Log) - [log, 2] = —— . 1
. eneral Exp) — [a®] = (Ina)a . eneral Log) — [log, z] = na) =
D.16) (Inv Si i = L D.17) (Inv Cosi d = !
e (D.16) (Inv Sine) e [arcsin z] = Nivr (D.17) (Inv Cosine) g [arccos z] = Vi
d 1 d 1
e (D.18) (Inv Tangent) e [arctan z] = 522 (D.19) (Inv Cotangent) T [arccot z] = T
e (D.20) (Inv Secant) 4 [arcsec x| = 1 (D.21) (Inv Cosecant) 4 [arcese z] = S
. dx |z]Va? -1 ’ dx |z|Vz? — 1
. d d
 (D.22) (Chain Rule - usual form) - [(f 0 g)(a)] = = [f (9(x))] = '(9(x))9/(x)
e (D.23) (Chain Rule - Leibniz form) v = f(u),u = g(z) = % = Z—Z . Z—Z

(I-DIFF) (Implicit Differentiation) Use to differentiate implicit functions and derive the inverse trig rules.

e (L-DIFF) (Logarithmic Differentiation) Use to differentiate overly complicated products, quotients, and exponentials.
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EXAMPLE: Let f(z) = 10 — 2z + 21:4 —4Yx + % Find f/(z).

First, rewrite all roots & reciprocal powers as powers : f(z) = 10 — 2z + %:c4 — 423 4+ 5273, Then:

)
/ o d _ 3 4 1/3 -3 D2 d d d 3 4 d 1/3 d _3
@)= — 10— 22+ 2o —42'/* + 50 =10 - (2] + — |32t - & [41» } = [5a™]

J’_
2! % [10] - 2—[ ]+ de [2*] —4% [21/7] +5% (28] 27 d(i [10] — 2(1) + ( ‘2/3> )

29 (0) — 2 + 323 gx_2/3 —15z=*  Thus, | f'(z) = =24 32° — %x*m —15z~*

EXAMPLE: Let w=sintcost —e‘. Find ofTw
% = % [sintcost — €' 2 % [sintcost] — % [e] b2 % [sintcost] — (e) 1.3 (cost% [sint] + sint% [cost]) —ef
2% cost(cost) + sint% [cost] — et =7 cos? t + sint(—sint) — €' = cos> t — sin® ¢ — e

dw .
Thus, | — = cos’t —sin’t — e’

dt

EXAMPLE: Let h(y) = 3y +2)'°°.  Find A/(y).
In anticipation of use of the Chain Rule (usual form), decompose h : h(y) = f(g(y)), where g(y) = 3y +2 and f(y) = y**®°

% [y +2)'7] 100(3y + 2)99% 3y + 2] = (3)(100)(3y + 2)*° = 300(3y + 2)*°

Thus, | (y) = 300(3y +2)* |

Then: h'(y) = b.22

EXAMPLE: Let r =1In (92 + 60+ 1). Find %
dr D.22 1 d D5 204+14+0 dr 20+ 1
— = — [In (6* 1)] = —— 2 1] = Thus, | — = ————
a6 = ag (" +0+1)] ot a0t = e e T et
EXAMPLE: Let z =2y +y? — 1 and y = 1 + 5¢°. Fmdj—z
dz d dy d D.2 d o1 D.12
oy dy[y + 42 ] 6y + 2y e dac[ + 5e”] 0+dx[5e] 5e
dz p.23 dz dy
it . ) @
do — dy do = (6y"+ y) (5¢7)

. . d s .
The answer lies in reading d—z out loud: 'The derivative of z with respect to x’
x

In other words, the derivative must be completely in terms of z:

d ,

d; (6y° +2y) (5¢*) = [6(1 + 5e”)* +2(1 + 5e”)] (5e”) = 30e” (1+10e” +25¢**) +10e” (1+5¢e*) = 750e>* 4 350e>” +40e”
dZ 3z 2x x

Thus, i 750e™" + 350e”” + 40e

EXAMPLE: Let y =z Y*. Find y.

Since function is an exponential with a variable base and variable power, use logarithmic differentiation:

= Iny= Yana "L i [l yl = . [\S/Eln z]. Let’s now differentiate each side individually:

d .. D.6 d i1 3 d 1 _ d Da3 1 1
3/r1 1 /3 1 1 2/3 1/3 1 2/31 1/3 -
RHsfix[\/Enm] nr— [ ]4-3; I[nm] nx(gm +z/°—lnz] = 731: nr+x -

p221 d I-DIFF Y
porl ] B
Yy x Yy

’
Hence, %[lny]:%[%lnx} = %:%x_z/3lnx+m_2/3

. =z
Thus, 3y =y éx’z/s Inz +m72/3] = [az ‘3/5] Ex’z/‘% 1nx+m72/3] = |y = ;2/3 [3 +lnx]
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EXAMPLE: Let f(z) =2z°. Find: (a) f'(z) (b) f"(z) (c) f"(z) (d) slope of tangent line to curve f at z = —2
5

) f
Iy L e e
(b) f"(x) = L [f'(@)] = di [3%] 2° 62 Hence,
(c) £"(x) = %[ 7'(@)] = 2160 2 6 Hence,

(d) ’Slope of tangent line to curve f at v = =2’ < f
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EXAMPLE: Given implicit function 2% — y® = 99, find : (a) % (b) slope of tangent line to curve at point (10,1) (c) %
i T
d o 5 d D5 1+ dy dy 2z
L1z~ = 2[99 20— 59" =0 L A
(2) dx [+* ~v’] d:v[ | = 2%y dz — | 5yt
2(1
(b) ’Slope of tangent line to curve at point (10,1)" <~ j—i o) (100) = % =
4 3 ( 21
@y _ d [dy] _ d 2] b 5y*(2) — 22(20y%) 4 10y — 40zy (W) _50y° —802% | d’y _ 50y° — 8027
dz? ~ dr |dz|  dz 5yt| (5y4)? o (5y4)? o 12599 dz? 12599
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