LIMITS OF FUNCTIONS (I)

ELEMENTARY FUNCTIONS: (Elementary functions are NOT piecewise functions)

e Constant Functions: f(z) =k, where k € R

e Polynomials: f(z) = ao 4+ a1z + asz? + asxz® + -+ + ana™, where ao,a1,...,an €R
e Rational Functions: f(x) = %, where P, @ are polynomials.

e Exponentials: f € {e”,b"}, where b € R
e Logarithms: f € {Ilnz,logx,log, x}, where b € R
e Trig Functions: f € {sinz,cosz,tanz,cscz,secz, cot '}

e Inverse Trig: f € {arcsinz, arccos z, arctan x, arccsc x, arcsec x,arccot x}

e Any finite sum, difference, product, quotient, power, root, or composition of any of the above elementary functions.

PIECEWISE FUNCTIONS:

e A piecewise function has more than one function (piece) in its definition, spanned by a single large left brace.

) 2z-1 ifz<2 | 2x-1 ifze(-00,2) | 2z-1 |ifzx<?2
.e'g'f(x)_{ur\/i Jife>2 _{1+\/5 ,if @ € [2,00) _{1+\/5 , otherwise
= f(25)=1+25=6, f(2)=1+v2, f(=3)=2(-3)—1=—7
_J oz yifz>0 | = ,if z € ]0,00) _J oz yifz e Ry U{0} | z ,ifx >0
* o8 |x|{—m ,ifx <0 {—a: ,if z € (—00,0) {—x ,Jifz e R_ {—x , otherwise
= |10| = 10, 0] =0, |—7=—(-7)=7
1+t Jift < —m/2 1+t ift € (—o0,—7/2) 1+t Jift<—m/2
sint if —w/2<t<m sint ift € [-m/2,m) sint if —w/2<t<m
* og 9(t)= 20 Jift=m 3 2 Jif t € {n} ) 20 Jift=m
logt ift > logt ift € (m,00) logt otherwise
= g(—8) =1+ (—8)% = 65, g(—%):sin(—%):—%, g(m) =20, ¢(1000) = log 1000 = log 10* = 3

INTERESTING PROPERTIES OF INFINITY:

e Remember, co is not a real number, but rather a symbol indicating growth without bound.

Similarly, —oo indicates decay without bound.

e However, even though oo are symbols, they satisfy some arithmetic properties that agree with intuition:

o (E.1) co+ 00 =00 —00 — 00 = —00

e (E2)VzeR, co+rz=x+00=00 and —oo4+z=2—00=—00

e (B3) (0)(00) =00,  (-o0)(—o0) =00,  (=00)(00) = (50)(—00) = —00

o (E4)z>0 = z-00=o00and z-(—o0) = —o0, <0 = z-00=—00and z-(—00) =00
e (E5)neN = oo" =00 and {/oo= o0

INDETERMINANT FORMS: o —,0- 00,00 — 00,0, 007, 1%°
(0.0

At this point (i.e. early in the course), only the indeterminant forms o and = will be encountered.
C)
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LIMIT DEFINITIONS/NOTATION:

e 'The value of f(z) at z =cisy <= f(c)=y

e (2-sided limit) "The limit of f(x) as  approaches cis L' <= chl_)mc fz)=L < f(z) > Lasxz—c

o (1-sided limit) *The limit of f(z) as = approaches c from the left (negative) side is L’ <= zlir?f flz)=1L

e (1-sided limit) *The limit of f(z) as z approaches c from the right (positive) side is I’ <= mllfﬁi flz)=1L

e (infinite limit) ’f increases w/o bound as x approaches ¢’ <= ’f blows up as x approaches ¢’ <= il_>me flx) =40
e (infinite limit) ’f decreases w/o bound as = approaches ¢’ <= ’f nose-dives as © approaches ¢’ <= ilﬁmc flx) = -0

e REMARK: When z approaches c, it only makes sense that x be sufficiently close to c.

RELATIONSHIP BETWEEN 2-SIDED & 1-SIDED LIMITS: lim f(z) = L <= lim f(z)= lim f(z)=1L

T—cC T—c™ z—ct

LIMIT RULES: DNE means 'Does Not Exist’

e (L.0) (Constant Rule) lim k = k, where k € R

T—cC

e (L.1) (Multiple Rule) liin kf(z)] =k liin f(z), where k € R
(L.2) (Sum/Diff Rule) liin [f(z) £g(z)] = liin flz) £ liin g(z)

e (L.3) (Product Rule) lL}HlC [f(z)g(z)] = LlclﬁmL f(x)] [l;rrig(x)]

(L.4) (Quotient Rule) lim 112} e /(1)

, provided lim g(z) # 0
T—c

e (L.5) (Power Rule) lim [f(z)]" = [lim f(ac)]n, where n € Q and lim f(z) exists
T—c T—c T—c
e (L.6) (DNE Rule) After simplification, limit of part of a function is DNE = limit of entire function is DNE.

SPECIAL LIMITS:

1 1 1 400 , if n € N is even 1
e (S1) lim — = lim — =400, VneN lim — = v lim = —o00, YVoddn €N
=0t T a0t YT 20— T —00 , ifneNisodd z—0- VT
1 1 1
e (S2) lim — =+o00 Vevenn €N lim — = lim — = DNE Voddn €N
z—0 ™ z—0 ™ x—0 {’/5
i —1
e (S.3) lim MM lim <272 — 9 lim Inz = lim logz = lim log,x = —oo
z—0 T z—0 x z—0t z—0t z—0t
° LetAE{---,—5—“,—3—”,—3,3,3—",5—”,---}. Then: lim tanz = +o00 lim tanx = —oo0 lim secx = DNE
2 2072120 27 2 g oA+ e A
e Let Be{...,—3m —2m,—m,0,7,2m,3m,...}. Then: lim cotx = —o0 lim cotx = +oo lim cscx = DNE
z—B~ z—B+ z—B

ALGEBRAIC PROCEDURE FOR LIMITS OF ELEMENTARY FUNCTIONS:

e First, compute the 2-sided limit: lim f(z)

Tr—c

If lim f(z) = L, then lim f(x)= lim+ f(z) = L. Else, lim f(z) = DNE = 1-sided limits must be formally computed.
T—c T—c T—cC T—c

e (NS) (naive substitution) If f(c) is defined, that is, f(c) = L € R, then im f(z) = lim f(z) = lim+ flz)=1L

T—Cc— r—rc

(indeterminant) If f(c) = g or f, rewrite and/or simplify f(z) first, then apply naive substitution to get the answer.
00

Simplifications: Rationalize numerator/denominator, combine fractions, factor polynomial(s), mold into special limit, ...

(CV) (transformation) Sometimes to mold a limit into one of the special limits, a change of variables is necessary.
1

Y

1
If f(c) = %, a # 0, then use limit rules, simplification, and/or transformation to reduce to a limit of — or
xn

(trig limits) For limits of trig, sometimes it’s best to rewrite trig expression in terms of sin(-) and cos(-) first.

ALGEBRAIC PROCEDURE FOR LIMITS OF PIECEWISE FUNCTIONS:

e First, compute the 1-sided limits: lim f(z) and lim+ (z)
r—c— r—c
e If lim f(z)= lim f(z) = L, then the 2-sided limit lim f(xz) = L. Else, lim f(z) = DNE
Tr—c r—c

r—cT z—ct
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EXAMPLE: Evaluate: lim (3z° — 2 — 1), lim (32° —2—1), and lim (32° —z—1)

r——2 z—(—2)~ z—(=2)+

Since the function is elementary, find the 2-sided limit first.

Try naive substitution: lim2(3ﬂzz3 —x— 1) 3( 2)® —(=2) —1=—-23
z——

Thus, lim2(3x3 —z—-1)=-23| = | lim B2°—z—-1)= lim (3z°—2—-1)=-23
T——

z—(—2)" z—(—2)*
EXAMPLE: Evaluate lim — —
w3 W2 — 1
Try naive substitution: lim 2w s (v3) = —3 Thus, | lim — @
w—/3 W — 1 (\/5)2—1 2 w—/3 W — 1 2
sin? 6
EXAMPLE: Evaluate lim
0—7m/6 0
.2 2 (T 1 .2
.. e . sin? @ ys sin® () 1 1 7 1 6 sin” 6 3
T > > : 1 - 5 :i:7+7:77:7 Th‘ = —
ry naive substitution 9_)17117}/6 0 (%r) %r 1 6 17 e us, 9_)1712/6 0 e

. 21Y3 —7Y? 43y —1
EXAMPLE: Evaluate YIE{I/3 B5Y? 116y —7

21Y* — 7?43V —1xs 21(3)° -7(3)*+3(3) -1 0

= rewrite/simplify function!!

Try naive substitution: lim = =
y>1/3  15Y24+16Y — 7 15 (%)2—&—16 (1) -7 0
212 —7v2 43y -1 7Y2BY -1)+@BY -1) (7Y +1)(3Y - 1)
H fact tor & d inator: = =
ere, factor numerator enominator 5Y2 416y —7 BY 7)Y - 1) GBY 73y = 1)
Now, simplify & try naive substitution again:
by 2YP-TYPa3Yy o1 L (YP4D@Y 1) L TYP 41y T(3)°+1_ ¥ 16 3 _ 8
voiss 1BY2+16Y —7  voiys BY + )Y —1)  voirs 5Y +7 5(35)+7 2 9 26 39
Thus, | lim 21V° —7v? 43y -1 _ 8
v—i/3  15Y2416Y —7 39
1+ l
EXAMPLE: Evaluate lim
am (-1t a2 — 1
Since the function is elementary, find the 2-sided limit first.
141 45 1+ 2y
Try naive substitution: hrg1 a2+— T s (_1); _1)1 = g = rewrite/simplify function!!
14+ L o« 1 atl
Here, combine terms of numerator into one fraction & factor denominator: @ =& a — -
a?2-1 o?2-1 (a+1)(a—-1)
Now, simplify & try naive substitution again:
lim é = lim 7(%1 = lim atl L = lim ! s ! _ 1
an-102—1 as-1(a+1)(a=1) ev-1 a (a+)(a—-1) a--1a(a—1) (=D[(-1)-1 2
I+5 1 1+ I+ 1
Th li L == li = 1 ==
e e B N pa il D . I B
EXAMPLE: Evaluate lim ;[ 71(?
t—4 16) — 4
Try naive substitution: tlinll6 \t[— 16 s (1(6) )_ T g —> rewrite/simplify function!!
Vi—4 A+ VE —4-VE (4P - (VD 16 —t

Here, rationalize numerator: = = =
t—16 t—16 —4—t (t—16)(—=4—+1) (t—16)(—4 — V1)
Now, simplify & try naive substitution again:
L V-4 m 16 — ¢ , 1 ns 1 1 oVt—4 1
lim = lim = == Thus, | lim
t—16 ¢ — 16 st (t—16)(—4 — /1) t=164 4/t 4+ +/(16) 8 516 +—16 8
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EXAMPLE: Evaluate: lir%cscﬁ lim cscf, and lim csc@

60— 6—0— 6—0
Since the function is elementary, find the 2-sided limit first.
1
First, write function in terms of sinf,cosf: cscl = e
sin
1 ns 1 1 . . . 1 1
Try naive substitution: lim cscé = lim = — = — = reduce limit to one involving — or —, where n € N
0—0 6—0 sin 0 sin0 0 o Vo
in6 1 1 6 0 1 1 1
Mold function into one involving %: cscl = Snf 500 8 snf 87 3

~

— hmcsc0—11m 10 lL: lim% (h 1) 4 % (hm l) 8 { ! :| (h 1) 711111152 DNE
—0 512 6 0—0 s‘% 6—0 0 hr% Slz 6—0 0 (1) 6—0 0 6—0 0

Now, since the 2-sided limit DNE, find the 1-sided limits formally (recycling work already performed):

. 1 .1\ ss| 1 .1 . 1lsa
e 1 0= =7 1 — = - 1 - = 1 - =
Jim eseo = | oty | (im 5) % [ qy] (Jim 5) = im
. 1 . 1\ s3] 1 .1 1 S.1
1 0= ———— lim =) & | — lim =) = lim =
= fim sl = | e (tm 5) 2 @) (im 5) = .
0—0t
EXAMPLE: Evaluate: lim L lim L and lim v
* " 23222 + 4o — 307 23— 222 + 4z — 30’ e—3+ 222 + 4z — 30
Since the function is elementary, find the 2-sided limit first.
1 1 1 1
Try nailve substitution: hm N Ry p—Ty s 2037 + 4(3) — 30 =9 —> reduce limit to ili[}) e where n € N

Factor function: 1 = 1 = ! = <1> < ! > ( 1 )
222+ 42 —-30 2(22+42zx-15) 2(z—3)(z+5) 2)\z—-3) \z+5
— lim ; = lim (1) < ! ) ( 1 ) L3 (lm 1) (hm ! ) (lim 1 ) 0 (1) (lim ! ) (lim ! )
z—3 222 + 4z — 30 z—3 \ 2 r—3 x+5 z—3 2 =31 — 3 z—=3 1+ 5 2 z—=3 1+ 5 =31 — 3

1 1 1 1 1 1
= (5) <W) (il_% ﬁ) =16 il_rg Pt which is very close in form to ilg}) - but not quite!

Hence, use a transformation (AKA change of variables):

Let u=x — 3. Then,x:u+3,whichmeansx—>3<:>(u+3)—>3<:>u—>0
1 1 . 1 ¢cv 1 . 1sg21
So I a3 ~ 165 164y 16(PNE) = [DNE

Now, since the 2-sided limit DNE, find the 1-sided limits formally (recycling work already performed):

1 1 .. 1 cov 1 . 1 s.1 1 E.A
T 4z =30 6. -3 6.0y 16( o)

: 1 1 . 1 cv 1 .. 1 s1 B4
= lim ———=—1 L ..
o3+ 202 + 47— 30 16403+ 2—3 16 ot u 16(+OO)
—-2V/3 : —2V/3 . —2V3
\ and

EXAMPLE: Evaluate lim , im —, lim
v to—7m St T ts(-m)- St+T t(—m*+ Jt+
Since the function is elementary, find the 2-sided limit first.

—2V3 NS —2v/3 —2v/3

Try nalve substitution: hm = —> reduce limit to lim —=, where n € N
t—0 %

o Yt Ym0

-2v/3 1 1
lim = —2v/3 lim ————, which is very close in form to hm
t——T 13/t —+ t—— 13/t —+ T y —0 \/

Hence, use a transformation (AKA change of variables):

but not quite!

Let u=t+ m. Then, t = u — m, which means t - -7 <= (u—7m) > -7 < u—0

. —2v/3 ov S.2
So, lim_ T 72\f1m 7 22 _9V3(DNE) “°|DNE

Now, since the 2-sided limit DNE, find the 1-sided limits formally (recycling work already performed):

. 2\/§ CcV 1 S.1 E.4
lim = -2 lim — = —2\/§ — =
i) S+ 7 \fu1> - Ju (—00)

. —2V/3 av 1 sa E.4
1 “2v3 lim —— % 9 £
o Firw  2V3Mm S —2Valho)
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EXAMPLE: Evaluate: hm ; ,and hm !

Since the function is elementary7 ﬁnd the 2-51ded 11m1t first.
1 1 1
Try nailve substitution: lim ———— ¥ 2 — reduce limit to hrn —, where n € N
2V (Z—=VT)2 0 VAL

The limit is very close in form to hm but not quite!

1
ﬁ:
Hence, use a transformation (AKA change of variables):

Let u = Z — /7. Then, Z = u + /7, which means Z — V7 <= (u+V7) = V7 <= u—0
1 cv .. 1 52
So, lim = lim —- = |+
i @ i
Now, since the 2-sided limit exists, the 1-sided limits share the same value as the 2-sided limit:
1 1
lim ———= lim ——— =|+4+x
Z—VTT (Z — \ﬁ)Q Z—TT (Z — \/?)2 -
1

EXAMPLE: Let f(z) ={ 2% Evaluate: (a) f(7/3) (b) lim f(z)
sinz ,ifx>n/3 eom/3

g . g f
@ 1 (5)=sm(3) =T

(b) Since f is piecewise, find the 1-sided limits first.

Jife < /3

1 1 81 ™ V3
,Jim, (@) B3 (%%) o ,m | f@) = Sln(3) 2
Thus, since lim f(z) # lm f(x), it follows that lim f(z)=|DNE
z—mw/37 z—7 /3t z—m/3
t—3  Lift<-—1
2%—1 ,if —1<t<l1
EXAMPLE: Let g(t) =4 25 Jift=1 Evaluate: (a) g(1) (b) lim g(¢)

t—1

Vvt Jifl<t<4
P+t L ift>4

(a) g(1) =

(b) Since g is piecewise, find the 1-sided limits first.

lim g(t)=2(1)—-1=1 lim g(t) =+/(1)=1

t—1— t—1+

Th i li = li it foll that li t)=|1
us,51ncet_1>r1117g() Jim, g(t), it follows tha tgr%g()
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