RIEMANN SUMS

NON-UNIFORM (GENERAL) RIEMANN SUMS:

e There are to be N rectangles of varying widths spanning the closed interval [a, b] on the z-axis.

e Partition of interval [a, b] is denoted P := {xo,x1,%2,...,ZN-1,ZN}, Where a =20 < 21 < 22 < -+ < TN-1 <IN = b
e Tags of interval [a, b] are denoted T := {z],25,...,xN_1,Z N}, where each x}, € [Tr_1,xk]

e The width of the k** rectangle is denoted by Axy := xp — Trp_1.

e The norm of the partition P is the largest rectangle width : ||P|| ;== max{Azy : k=1,2,3,...,N — 1, N}

N
e The Riemann sum of the function f over interval [a, b] using N rectangles is defined by S¢p 7)(f) := Z f(zp)Axy.
k=1
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In the above illustrated example:

e # Rectangles: N =3

e Partition : P = {z0, 21, 22,23}
e Tags: T = {xLxE,ZEﬁ}
e Norm of Partition : ||P|| = Azs := x5 — 2
N
e Riemann Sum : Sqp 7)(f) = Zf(m;;)Axk = f(z7)Ax1 + f(a5) Az + f(v3)Axs

k=1

UNIFORM (REGULAR) RIEMANN SUMS:

e There are to be N rectangles of equal width spanning the closed interval [a, b] on the z-axis.
b—a

e Hence, the width of each rectangle is the same and is denoted by Ax :=
e Hence, the partition of interval [a,b] is P := {a,a + Az,a + 2Az,a + 3Az,...,a+ (N — 1)Az,a + NAz = b}

e Tags of interval [a, b] are denoted T := {z],25,...,xN_1,Z N}, Wwhere each z}, € [zk_1, k] is chosen the same way.
b—a
N

e The norm of the partition P is ||P|| := Az =

N
e The Riemann sum of the function f over interval [a, b] using N rectangles is defined by S n(f) := Z f(zr)Ax.
k=1

The five most common uniform Riemann sums are illustrated in the following two examples.
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EXAMPLE: Let f(z) = 1 + 22, Tllustrate & compute the five basic uniform Riemann sums using 8 rectangles on [—2, 2.

2

x" 41
5
: Left-Endpoint Riemann Sum:
b P ={-2.0,-1.5,-1.0,-0.5,0,0.5,1.0, 1.5,2.0}
3t Rectangles : N = 8; Width : Az =0.5
o Tags : 2}, = Tp—1
i pd T ={-2.0,-1.5,—1.0,—0.5,0,0.5,1.0, 1.5}
_-/ N
Siept,N(f) = Zf(IZ)AI =95
-2 -1 0 1 2t k=1
x2+1
r
Right-Endpoint Riemann Sum:
P ={-2.0,-1.5,-1.0,-0.5,0,0.5,1.0, 1.5,2.0}
3t Rectangles : N = 8; Width : Az =0.5
2 Tags : z} =z
T ={-1.5,-1.0,—0.5,0,0.5, 1.0, 1.5, 2.0}
N
Srignt.n (f) =Y flap)Ax = 9.5
-2 -1 0 1 2 " k=1
x2+1
5
\ Mid-point Riemann Sum:
N P ={-2.0,-1.5,-1.0,-0.5,0,0.5,1.0, 1.5,2.0}
\ 3t / Rectangles : N = 8; Width : Az =0.5
N 2 / Tags : z} = w
Ny : / T = {~1.75,—1.25,—0.75, —0.25,0.25,0.75,1.25, 1.75}
N
Smia.n(f) =Y f(xp)Az =9.25
-2 -1 0 1 2 " k=1
x:;] Min-value Riemann Sum:

P ={-2.0,-15,-1.0,-0.5,0,0.5,1.0, 1.5, 2.0}
Rectangles : N = 8; Width : Az =0.5

xp = argmin{ f(z) : © € [xx—_1,zx]}

T ={-1.5,-1.0,-0.5,0,0,0.5,1.0,1.5}

Lower Sum:

N
LSN(f) =) flap)Az =15
k=1

< Max-value Riemann Sum:
§ P ={-2.0,—1.5,-1.0,—0.5,0,0.5,1.0,1.5, 2.0}
T Rectangles : N = 8; Width : Az = 0.5
* xp = argmax{f(z) : ¢ € [xp_1, 2]}
B T ={-2.0,-15,-1.0,-0.5,0.5,1.0, 1.5, 2.0}
; Upper Sum:
N
CUSN(f) =) flap)Ar =115
_z -1 0 1 2 k=1
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EXAMPLE: Let g(t) = —5sin(4nt). Illustrate & compute the five basic uniform Riemann sums using 4 rectangles on [O,

~Ssinidnt)
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Left-Endpoint Riemann Sum:

— T m 3m W
P={0.51F.%
Rectangles : N = 4; Width : At = %

Tags : t; = tp—1

Right-Endpoint Riemann Sum:
T 3m W
P={0.5.% %%
Rectangles : N = 4; Width : At = £
Tags : t; =ty

— 3
T={&5%

}

Sright.n(9) = Y g(ti) At &~ —0.308
k=1

Zmlﬂ

Mid-point Riemann Sum:
P={05553

Rectangles : N = 4; Width : At = £
= th—1+tk

k=T 2

Tags :

—fx 3m 5m 77
T—{wv 16° 16 16

N
Smian(g) =D g(ty) At ~ —0.582
k=1

Min-value Riemann Sum:

_ T T 3w w
P={0.55% 3
Rectangles : N = 4; Width : At = £
ty = argmin{g(t) : t € [tg—1,ts]}

_ {15 9 3w
T={%%3s%}
Lower Sum:

N
LSn(g) =) g(tp)At ~ ~7.433
k=1

Max-value Riemann Sum:
P={0.2.5.%3

Rectangles : N = 4; Width : At = £
t; = argmax{g(t) : t € [tp—1,tx]}
T={15.5 8

Upper Sum:
N

USN(g) = g(ti) At ~ 7.806
k=1
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