INTEGRATION: TRIGOMETRIC INTEGRALS [SST 7.3]
. /sinmxcos"m dz (Here, m,n € N:= {O,l,2,3,~--}>

— (CASEI) m is odd = m=2k+1, where k € N :
x RELEVANT TRIG IDENTITY: sin?xz +cos’z =1
+ RELEVANT INTEGRAL RULE: / u” du = %u"“ +C (Power Rule)
n

* /sin%+1 xcos" z dr = / (sin2 a:)k cos" zsinx dx = / (1- cos” x)k cos" zsinx dx
% Change of variables (CV): Let u = cosz = du = —sinz do = sinz dz = —du
* = /sin%+1 zcos" x dx = / (1 - cos® m)k cos" wsinz dz E / (1- u2)k u" (—du)

* Use the Binomial Theorem, Pascal’s Triangle, and Power Rule as needed.

— (CASE II) n is odd = n=2k+1, where k e N :
x+ RELEVANT TRIG IDENTITY: sin®z + cos’z =1
+ RELEVANT INTEGRAL RULE: / A %u""’l e, (Power Rule)
n

* /smm zeos? Ty do = /smm x (cos2 z) cosw dv = /smm z(1- sin’ z)" cosz dw
x Change of variables (CV): Let u = sinx = du = cosz dv = cosz dx = du

. . . k cv k
* = /smmﬂccos%'“'1 zdr = /smmx (1 — sin® x) cosx dr = /um (1— u2) du

% Use the Binomial Theorem, Pascal’s Triangle, and Power Rule as needed.

— (CASE III) m is even AND n =0 = m =2k, where k ¢ N:={1,2,3,---} :
* RELEVANT TRIG IDENTITIES: sin®z = 1 (1 — cos(2x)), cos® z = 3 (1 + cos(2z))

x+ RELEVANT INTEGRAL RULE: /cos(a:c) dz = ésin(ax) +C

/sin%x dr = / (sin2 a:)k dx = / {% (1- cos(ZJS))}IC dx

% Use the Binomial Theorem, Pascal’s Triangle, and the identity for cos? z as needed.

*

— (CASE IV) m =0 AND n is even =—> n = 2k, where k € N :
* RELEVANT TRIG IDENTITIES: sin®z = 3 (1 — cos(2z)), cos®z = 1 (1 + cos(2z))

*+ RELEVANT INTEGRAL RULE: /cos(am) dz = ésin(am) +C

* /cos%x clac:/(cos2 x)k dx:/[% (1—i—cos(2:1c))yC dx

% Use the Binomial Theorem, Pascal’s Triangle, and the identity for cos? z as needed.

— (CASE X) m,n are both even such that m >4 and n > 4. IGNORE THIS CASE

x This case requires the use of half-angle & product-to-sum identities, making this case extremely tedious!

* Thus, this case will NOT be considered in this course.

|
— Binomial Theorem: NOTE: (Z) = m and n!:= (n)(n —1)(n —2)--- (3)(2)(1)
n __ - n n—k_n __ n n, 0 n n—1 1 n n—2_ 2 n 1 n—1 n 0, n
1
1 1
1 2 1
— Pascal’s Triangle:
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
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EX 7.3.1:| Evaluate I = /sinGmcos5x dr.

EX 7.3.2:| Evaluate [ = /sin5(30) do.

EX 7.3.3: | Evaluate [ = /cos4(2w) dw.

EX 7.3.4:| Evaluate I = /sin6t dt.
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INTEGRATION: TRIGOMETRIC INTEGRALS [SST 7.3]
. /tanm xsec" x dx (Here7 m,n € N:={0,1,2,3,--- })

— (CASEI) n is even = n =2k, where k e N:={1,2,3,---}
x RELEVANT TRIG IDENTITY: 1+ tan®z = sec?z

+ RELEVANT INTEGRAL RULE: /u" du = ilu
n

o (Power Rule)

* /tanm zsec?® & do = /tanm x (sec2 m)k_l sec’ z dz = /tanm T (1 + tan? x)k_l sec’ z dz
* Change of variables (CV): Let u = tanz = du = sec’ z doz = sec’z dx = du
x = /tanm zsec’t  do = /tanm z(1+ tan® az:)kf1 sec?z de & /um (1+ u2)k71 du
* Use the Binomial Theorem, Pascal’s Triangle, and Power Rule as needed.
— (CASE II) m is odd AND n # 0 = m=2k+1, where k € N

x RELEVANT TRIG IDENTITY: 1+ tan®z = sec?z
+ RELEVANT INTEGRAL RULE: / u” du = %u"“ e (Power Rule)
n

k _ k _
* /tanm€+1 rsec" x dx = / (tan2 x) sec" P zsecxtanx dx = / (8602 T — 1) sec” P zsecxtanx dx
* Change of variables (CV): Let u = secx = du =secztanz do = secztanz dr = du
k _ ke
I /tanw€+1 rsec" x dr = / (sech - 1) sec” ' xsecxtanz dr & / (u2 - 1) w1 du

* Use the Binomial Theorem, Pascal’s Triangle, and Power Rule as needed.
— (CASE X) All other cases. (CV = ”Change of Variables”, IBP = ”Integration By Parts”)

* Requires clever use of trig identities, CV, IBP, /tanx dz, and/or /secx dr =In|secz + tanz| 4+ C.

n—2 o
x For large powers (n > 5), use reduction formula: /secn(au) du = £ ((au) tla)n(au) +2 i /secn_2(au) du
a(n — n—

. /cotm zesc” x dx (Here, m,n € N:={0,1,2,3,--- })

— (CASEI) n is even = n =2k, where k € N
* RELEVANT TRIG IDENTITY: 1+ cot?z = csc?z
x+ RELEVANT INTEGRAL RULE: / u" du =

- 1u”+1 +C (Power Rule)

* /cotm zesc® g de = /cotm x (csc2 x)ki1 csc’ x de = /cotm T (1 + cot? :c)ki1 csc’ x da
* Change of variables (CV): Let u = cotz = du = —csc’z dv = csc’z dz = —du
x = /cotm zesc® o de = /cotm z (14 cot” :c)ki1 esclx de E /um (1+ u2)k71 (—du)

— (CASE II) m is odd and n # 0 = m=2k+1, where k € N
x RELEVANT TRIG IDENTITY: 1+ cot?z = csc?z

*+ RELEVANT INTEGRAL RULE: /u” du = %
n

Wt o (Power Rule)

n k n— k n—
* /co‘cmﬂ'1 zese x do = / (cot?z)" esc™ 'z escxcota do = / (esc®x —1)" esc™ 'z escacota do
x Change of variables (CV): Let u = cscx = du = —cscxcotx dv = cscxcotz do = —du

x = /co‘c%+1 zesc' x dr = / (esc®z — 1)]C csc” Yzesczcotr de E / (u® - 1)ku"_1 (—du)

— (CASE X) All other cases. (CV = ”Change of Variables”, IBP = ”Integration By Parts”)

* Requires clever use of trig identities, CV, IBP, /cotx dz, and/or /cscx dx = —1In|cscx + cotz| + C.

n—2 _
* For large powers (n > 5), use reduction formula: /cscn(om) du = —=¢ ((au) cl(;t(au) +o ? /CSC”iQ(CMU) du
a(n — n—
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EX 7.3.5:| Evaluate I = /tan4msec6x dr.

EX 7.3.6: | Evaluate [ = /tan3(50) sec®(56) df.

EX 7.3.7:| Evaluate I = /tangt dt.

EX 7.3.8:| Evaluate I = /secsw dw.
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INTEGRATION: TRIGOMETRIC INTEGRALS [SST 7.3]

<He1re7 m,n €7Z\ {0})

. /sin(m;c) cos(nz) dx

in(A+ B) = sin A cos B Asin B
— RELEVANT TRIG IDENTITIES: {Sm( + B) = sin Acos B + cos Asin }

sin(A — B) = sin A cos B — cos Asin B
= 2sin Acos B = sin(4 + B) + sin(A — B) = sin Acos B = 1 [sin(A + B) + sin(4 — B)]

— RELEVANT INTEGRAL RULE: /sin(ax) dx = —é cos(az) + C

- = /sin(mx) cos(nx) dr = %/sin[(m—kn)x} dzr + %/sin[(m —n)z] dz

. /cos(mz) cos(nz) dz

— RELEVANT TRIG IDENTITIES: { cos(A + B) = cos Acos B —sin Asin B }

cos(A — B) = cos Acos B + sin Asin B
= 2cos Acos B = cos(A+ B) + cos(A — B) = cos Acos B = 3 [cos(A+ B) + cos(A — B)]

— RELEVANT INTEGRAL RULE: /cos(aw) de = 1 sin(az) + C
a

- = /cos(mm) cos(nz) do = %/cos[(m+n)m] dr + % /cos[(m —n)x] dz

. /sin(mx) sin(nz) dz

A+ B) = cos Acos B — sin Asin B
— RELEVANT TRIG IDENTITIES: {COS( + B) = cos Acos B —sin Asin }

cos(A — B) = cos Acos B + sin Asin B
= —2sin Asin B = cos(A + B) — cos(A — B) = sin Asin B = —3} [cos(A + B) — cos(A — B)]

— RELEVANT INTEGRAL RULE: /cos(ax) dx = ésin(am) +C

- = /sin(mm) sin(nz) dr = —% /cos[(m +n)z] dr + %/cos[(m —n)z| dzx

e Negative Angle Identities:

* sin(—z) = —sinzx

* cos(—z) = cos(z)

(©2013 Josh Engwer — Revised February 16, 2014



EX 7.3.9: | Evaluate [ = /sin(l?)z) cos(7x) du.

EX 7.3.10: | Evaluate I = /cos(—139) cos(76) db.

EX 7.3.11: | Evaluate I = /sin(13t) sin(—7t) dt.
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™

EX 7.3.12: Evaluate I, = / sin(mx) cos(nz) dx, where m,n € N. (HINT: Consider the cases m =n & m # n)

-7

EX 7.3.13: Evaluate I, = / cos(mz) cos(nz) dx, where m,n € N. (HINT: Consider the cases m =n & m # n)

-

™

EX 7.3.14: Evaluate I, = / sin(max) sin(nz) dz, where m,n € N. (HINT: Consider the cases m =n & m # n)

-
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INTEGRATION: TRIGOMETRIC SUBSTITUTION [SST 7.3]

(Here, a>0and ke N:= {0,172,"'})
L2k

1
2%41
 JVEE b [PVE—E [ [ e [ e

CV: Let [uzasin@ <= sinf = u <= 0 = arcsin (E)} = du =acosf df and Va2 —u? = acosf
a a

/m
, —— du

— Evaluate resulting integral using earlier techniques.
— Build the appropriate reference triangle in order to perform back substitution.

— REMARK: In order for arcsine to exist, § € [ = QI UQIV = RHP (Closed Right-Half Plane)

23

1 2k+1 /a2+u2
a2 2 d 2k+1 /2 2 d / / / /
o/ a‘ + u* du, U a“ + u* du, \/m N du, u%\/m w2kt

CV: Let [u:atane <= tanf = “ <= 6 = arctan (E)] — du=asec?0 df and Va2 + u2 = asect
a a

— Evaluate resulting integral using earlier techniques.

— Build the appropriate reference triangle in order to perform back substitution.

™ T

— REMARK: In order for arctangent to exist, 6 € (— 7) =QIUQIV = RHP (Open Right-Half Plane)

2k+1

1 1 u
. /\/uQ—cﬁ du, [ «*"Vu2 - a? du, /7ﬁdu7 — 5 du, /%7 s
uc —a uc — a U uc —a

CV: Let [uzasec@ <— sec0:g <= 0 = arcsec (%)] — du = asecfHtanf df and vVu? — a? = atanf

272
/‘/UQ—GQ
Y B S

— Evaluate resulting integral using earlier techniques.
— Build the appropriate reference triangle in order to perform back substitution.

— REMARK: In order for arcsecant to exist, 8 € [0, 7] \ {g} =QIUQII =THP (Closed Top-Half Plane)

* Ifu>a>0,thensec9:g=%>0 — e Q] — tanf >0 — Vu? —a? = atanb.
* Ifu<—a<0,thense09:E:%<O = € Q] = tanf <0 = +vu? —a? = —atand.
a

e Forms involving vax? + bx + ¢, where a # 0, b # 0, and c € R

— First, complete the square: (CI—O means ” Clever Insertion of Zero”)

5\ [5)\2 ) 5\2 5\2 5\ (V7\’

(G) ~G) =l rses (5) | +5-(5) =(++5) +(%)
2 2 2 2

easemssea(e 3 ) e (o[ @] [ (2

veg2-2—2"=—(®+20-2) E° [P 42+ (1-1)-2] = [+ 1)*=3] = (vVB) = (z+1)°

* e.g. m2+5x+8012_0 z? +5z+8+

Il
w

— Next, perform a change of variables:

2 5’
* e.g Vat+4+5r+8= x+§ 4

VT

2
7) :\/u2+azwhereu:x+ganda:

2 2
(xf§) (1)] f\/quaQWhereu—mfganda——l.

* eg V32 —-5x—8=,|3 6

* eg V2 —2xr—1x?= (\/3)2—(1’+1)2:\/a2—u2 where u = 2 + 1 and a = /3.

— Finally, the integral is now a form involving: vu2 — a2, Vu2 + a2, or Va2 — u2.

Apply appropriate method above, then back-substitute.

° /m dx, where a # 0, b# 0, and c € R

— First, complete the square, then perform a change of variables, finally apply appropriate method above.
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Evaluate: (a) /ﬁ dz (b) /I3\/1—1‘2 dx /\/1—1‘2 dx

First, pick appropriate trig substitution & sketch reference triangle:

3 Y
EX 7.3.16:| Evaluate: /ﬁ dz (b) ﬁ dxr (c) /% dz.

First, pick appropriate trig substitution & sketch reference triangle:
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Bualuate: [()] [ ﬁ w0 [PViEEa @ Vit

First, pick appropriate trig substitution & sketch reference triangle:

3 / 2
EX 7.3.18: | Evaluate: (a) /\/gyi_’_;y2 dy (b) /m dy /% dy.

First, pick appropriate trig substitution & sketch reference triangle:
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Braluate: () [~ a [evE=sa @ [vE=oa

First, pick appropriate trig substitution & sketch reference triangle:

3 2 _
EX 7.3.20: | Evaluate: (a) /\/% dt /752\/% dt (c) / ttz ’ dt.

First, pick appropriate trig substitution & sketch reference triangle:
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1 1 1
EX 7.3.21:| Evaluate: —d b — ———— d.
watvate: (@] [ St e [0] [ g [©] [ @

Vv5/2 1
EX 7.3.22: | Evaluate I :/ — dr.
A
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