POWER SERIES [SST 8.7]

DEFINITION:
> b
e A power series has the form: Zak(x —)f =aotai(z—c)+tax(zr—c)’ +as(x—c)’+---
k=0
oo
e A power series with ¢ = 0 simplifies to: Z arz” = ap + a1z + azz® + asz® + - -
k=0
> ap =—4,a1 =3,a2 = —2,a3 =1
e A polynomial is a finite power series : e.g. > — 22% + 3z —4 = Zakxk with 0 o 2 e
k=0 a4:a5:a6=a7:---:0
CONVERGENCE OF A POWER SERIES:
e Given a power series Z ak(z — c)k, exactly one of the following is true:
k=0

S ax(z — ¢)F converges for all z set of convergence is R radius of conv.

> ak
> ak
> ak
> ak
> ak

— ¢)® converges only for = = ¢ set of convergence is {c} radius of conv.
— ¢)Fconverges Vz € (c — R,c+ R)
— ¢)Fconverges Vz € [c — R,c+ R)

— ¢)Fconverges V& € (c — R,c+ R]

set of convergence is (¢ — R,c+ R) radius of conv.

set of convergence is [c — R,c+ R) radius of conv.

set of convergence is (¢ — R,c+ R] radius of conv.
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— ¢)*converges Vz € [c — R,c+ R] set of convergence is [c — R,c+ R|

NOTE: For the bottom four cases above, the power series converges absolutely on the open interval (c — R,c+ R).

e To find the radius of convergence, use the Ratio Test or Root Test on ) |ak(az - c)k|:

art1(z — C)kH

<1 f
(@ = )F or x

— Ratio Test: solve the inequality klim

— 00

— Root Test: solve the inequality klim Vlak(z — )k < 1 for
—00
— If, upon simplifying, you get a true statement like 0 < 1, then the radius of convergence R = oo

— If, upon simplifying, you get a false statement like 3 < 1, then the radius of convergence R =0

e To determine convergence on the boundary of interval (¢ — R,c+ R), that is, at t =c— R and x = ¢+ R,

test the series for convergence at each endpoint.

PROPERTIES OF A POWER SERIES:

oo
e A power series Eak (z — ¢)* with radius of convergence R > 0:
k=0

Is infinitely differentiable on its interval of absolute convergence <= Y ax(z —c)* € C*(c — R,c+ R)

Can be differentiated term by term on its interval of absolute convergence (¢ — R,c+ R):

oo

'a:)—jx[iak(x—c)k]—zdi[akx—c ] Zkakm—c k=1

— Can be integrated term by term on its interval of absolute convergence (¢ — R,c+ R):

/f(w) dx:/(gak(x_c)k> dw:i(/ak(ﬂc—C)k dac) = S kai_:jl(x—c)k“—i—C

k=0 k=0

[(rerae= [ (Gote=or ) o= (5 [ wte—ot ae) = 27000

k=0

Can have its terms rearranged without changing its sum [SST 8.6]

e In a nutshell, a power series behaves like a polynomial on its interval of absolute convergence.

e Power series can represent elementary functions.

— This means we can now integrate nonelementary integrals such as / ex2 dz  [SST 8.8]
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EX 8.7.1:| On what set does the series Z i—k converge? What is the radius of convergence?

k=1

(e o)
EX 8.7.2:| On what set does the series Z W(Bk)!mk converge? What is the radius of convergence?

k=0

o0 3k
EX 8.7.3:| On what set does the series Z (3\97% converge? What is the radius of convergence?
k=1

— (1 —2)*
EX 8.7.4:| On what set does the series Z (nk’)(+) converge? What is the radius of convergence?

k=1
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ok
EX 8.7.5:| Define f by the power series: f(x) := E % =1+4+z+ %xQ + %xS + %m‘l + %mS + éxﬁ + e
= k! ! ! ! ! !

(a) | Find the set of convergence & radius of convergence of f.

(b)| Compute f'(z).

m Compute /Oz ft) dt.

(d) | Based on your answer in part (b), which elementary function must f be?

11,11
6 24 120 720

(Notice that this series is neither geometric nor telescoping....)

1
m Compute the sum of the series 2 + 3 + + .-
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e 2k+1 3 5

EX 8.7.6: | Define g by the power series: g(z Z 2k—|—1) x7%+%f?+a*%+...

k=0

(a) | Find the set of convergence & radius of convergence of g.

(b)| Compute ¢'(x).

Compute g”' ().

(d) | Based on your answer in part (c), which elementary function must g be?

71'3 7['5 7_[_7 7r9 7_[_11

(e) ComputethesumoftheseriesE — et -+ —— — —— -

4 3143 5145 7147 0 9149 111411
(Notice that this series is neither geometric nor telescoping....)
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(a) | Using the fact that arctanz = / di
0

14¢2’

find a power series representation for arctan x.

(b) | Find the set of convergence & radius of convergence of the power series for arctan z.

m Compute the sum of the series %xff 2—77\/§+ 9v/3 — %\/g+ cee

(Notice that this series is neither geometric nor telescoping....)

(d) | Find a series representation for .
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