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Continuity & Differentiability of a Function (Notation)

Definition
Given function f(x) and set S C R. Then:

f € C(S) < fis continuous on set S

fecis) < f.f € C(S) = fis differentiable on set S

feCs) < f.f,f"€cC(S) = fistwice-differentiable on set S

REMARK:
In general, f being differentiable on set S may not imply that f € C'(S).
Zsin(1) L ifx#0

0 ,ifx=0
Such "pathological functions” will not be considered in this course.
NOTATION:
R = Interval (—o0, 00) = "The set of real numbers” = "The real line”

One such example is f(x) = {
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Definite Integrals (Definition & Interpretation)

Definition
(Riemann Sum Definition of an Integral)
Let f € Cla, b] where [a,b] is a closed interval s.t. —co < a < b < co. Then:

b N
| de= gim. D7 ) s

Il
| \

Proposition

(The Integral as an Area)
Letf € Cla,b] s.t. f(x) > 0 Vx € [a,b]. Then

/abf(x) dx

represents the area of the region bounded by the curve y = f(x), the x-axis,
and the vertical lines x = a & x = b.

v
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Riemann Sums (Non-Uniform, Arbitrary Tags)

f(x)
N
I'A'T'l'|_A'T? : Awy :
PN y= 1)
v
| ] ] >
(I=,T7[)| Ty |T2 | Igzbr

Width of " Rectangle = Ax;

@ # Rectangles: N =3
Tags : T = {x},x5,x5}

@ Partition : P = {xo,x1,x2, %3}
N

@ Riemann Sum : Zf(x,f)Axk = f(x])Ax; + f(x3) Axy + f(x5) Axz

k=1
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Riemann Sums (Uniform, Left-Endpoint Tags)

x2+1
5
ak
3
2:/4
x
-2 -1 0 1 2

On the k™ subinterval [x;_, x], let k" tag x; := x;_1.
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Riemann Sums (Uniform, Right-Endpoint Tags)

x
=2 -1 0 1 2

On the k™ subinterval [x;_1, xi], let k" tag x} := x;.
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Riemann Sums (Uniform, Midpoint Tags)

x
-2 -1 0 1 2

On the k™ subinterval [x,_,x], let k¥ tag x; := %[xk,l —i—xk}.
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Riemann Sum Definition of an Integral (Demo)

(DEMO) RIEMANN SUM DEFINITION OF AN INTEGRAL (Click below):

Josh Engwer (TTU)

subdivisions of a unit interval 2

integral of sin(3x)+1 from 1 0 5

3.92323

—0.0149645

Riemann sum

3.9382

Area Between Curves
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http://www.myweb.ttu.edu/jengwer/TEACHING/demos/RiemannSums1Var.cdf

Boundary Curves (BC’s) & Boundary Points (BP’s)

BP
BC BC

BF, Bp

BC BC
BP

A region in R? has boundary points (BP’s) & boundary curves (BC’s).
A boundary point (BP) is the intersection of two boundary curves (BC’s).

NOTATION: R? = xy-plane.
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Boundary Curves (BC’s) & Boundary Points (BP’s)

y=4

(—1,4) (1,4)
i —
I u
(_13_\/5) y = _\/5 (17_\/5)
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Vertically-Simple (V-Simple) Regions

y = go(x)

(a, g2(a)) (b, g2(D))
| oo I
(a,g1(a)) (b, g1(b))
y=gi(z)

Vertically simple region

Definition

A region D C R? is vertically-simple (V-Simple) if
the region has only one top BC & only one bottom BC.
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Vertically Simple (V-Simple) Regions (Definition)

y = g(x)
(a, 92(@)) g ___JTTTY (B 92(0))
gifiitAe
(a, gr(@) & LY~ Y (0,910))

y=g1(x)
Vertically simple region

i.e., V-Simple regions can be swept vertically (with vertical lines [in blue])
where each vertical line intersects the same top BC & same bottom BC.
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Vertically-Simple (V-Simple) Regions

(a,g2(a)) .Y~ 92()

=~
<
~

-

(@, 91(2) == =g (2)

Vertically simple region

Definition

A region D C R? is vertically-simple (V-Simple) if
the region has only one top BC & only one bottom BC.
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Vertically-Simple (V-Simple) Regions

y = go(x)

(a, g1(a)) (b.g1(b))

y = g1(z)
Vertically simple region

Definition

A region D C R? is vertically-simple (V-Simple) if
the region has only one top BC & only one bottom BC.
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Horizontally-Simple (H-Simple) Regions

(hi(d),d) y=d (hy(d),d)

r=hiy % z = hs(y)
, )

y=c  (hafc),0)

Horizontally simple region

Definition

A region D C R? is horizontally-simple (H-Simple) if
the region has only one left BC & only one right BC.
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Horizontally Simple (H-Simple) Regions (Definition)

(hi(e), o) g=c " (ha(0), )

Horizontally simple region

i.e., H-Simple regions can be swept horizontally (w/ horizontal lines [in blue])

where each horizontal line intersects the same left BC & same right BC.
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Horizontally-Simple (H-Simple) Regions

(h1(d), d)

y=c

Horizontally simple region

Definition

A region D C R? is horizontally-simple (H-Simple) if
the region has only one left BC & only one right BC.
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Horizontally-Simple (H-Simple) Regions

(h1(d), d)

(h1(c), ¢)

Horizontally simple region

Definition

A region D C R? is horizontally-simple (H-Simple) if
the region has only one left BC & only one right BC.
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A Region that’s both V-Simple & H-Simple

(a,0)
Both V-Simple & H-Simple Region
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Area of a Region that’s neither V-Simple nor H-Simple

Neither V-Simple Nor H-Simple Region
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Area of a Region that’s neither V-Simple nor H-Simple

Do

Subdivide Region into V-Simple and H-Simple Regions
D=DyUDsy
Area(D) = Area(D;) + Area(D,)

REMARK: Subdivide along a BP using a horizontal or vertical line.
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Area of a V-Simple Region (Procedure)

(a, g1(a)) (b, 91(b))
y=gi(z)
Vertically simple region

Proposition
(Area of a V-Simple Region)

Area(D) = / Froestaemn® [(Top BC)— (Bottom BC)} dx = / ' [gz (X)—gi (x)]dx

mallest x-value in D
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Area of a V-Simple Region (Procedure)

(a, g2(a)) .Y = g2()
(avgl(a)) ! y = QI(.I)

Vertically simple region

Proposition
(Area of a V-Simple Region)

Area(D) = / Frosstaemn? [( Top BC) — (Bottom BC)} dx = / ’ [gz (X)—g1 (x)] dx

mallest x-value in D
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Area of a V-Simple Region (Procedure)
y = go(x)
(a, g1(a)) (b, g1(b))

y = gi(x)
Vertically simple region

Proposition
(Area of a V-Simple Region)

Area(D) = / Frosstaemn? [( Top BC)— (Bottom BC)} dx = / ’ [gz (x)—g1 (x)] dx

mallest x-value in D
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Area of a H-Simple Region (Procedure)

(hi(d),d) — y=d  (ha(d),d)
r = hi(y) z = ho(y)

(hl(c)vc) y=c (hQ(C)ac)

Horizontally simple region

Proposition
(Area of a H-Simple Region)

largest y-value in D d
Area(D) = / |(Right BC) — (Left BC)|dy = / [2(5) = I (3) |y
Si @

mallest y-value in D
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Area of a H-Simple Region (Procedure)

(hi(d), d)

x=hiy) x = hy(y)

y=c

Horizontally simple region

Proposition
(Area of a H-Simple Region)

largest y-value in D d
Area(D) = / [(Right BC) — (Left BC)}dy: / [hz(y) —mG)|dy
S c

mallest y-value in D
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Area of a H-Simple Region (Procedure)

(hi(d), d)

v =h(y) z = ho(y)

(h1(e), ¢)

Horizontally simple region

Proposition
(Area of a H-Simple Region)

largest y-value in D d
Area(D) = [ [(Right BC) ~ (Left BO)|dy = [ [2(3) ~ )]
S c

mallest y-value in D
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Area Between Two Curves (Using V-Rects)

EXAMPLE: Let region R be bounded by curves y = 2x, y = 4 — 2x?, x = 2.
Setup integral(s) to compute Area(R) using Vertical Rectangles (V-Rects).
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Area Between Two Curves (Using V-Rects)

EXAMPLE: Let region R be bounded by curves y = 2x, y = 4 — 2x?, x = 2.

(0, 4) (2,4)

Sketch & characterize region R (label BP’s & BC’s in terms of x)
Notice subregions R;, R, are each V-simple.

Josh Engwer (TTU) Area Between Curves 22 January 2014 29/66



Area Between Two Curves (Using V-Rects)

EXAMPLE: Let region R be bounded by curves y = 2x, y = 4 — 2x?, x = 2.

(0, 4) (2,4)

R=RiURy

Sketch & characterize region R. (remove unnecessary clutter)
Notice subregions Ry, R, are each V-simple.
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Area Between Two Curves (Using V-Rects)

(0,4) (2,4)

R=RIURy

Key Element: V-Rectangle (V-Rect)
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Area Between Two Curves (Using V-Rects)

(0,4) (2,4)

R=RiURy
Width = Ax
k™ V-Rect in R;: Height = (Top BC) — (Bottom BC)
Area = (Height) x (Width)
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Area Between Two Curves (Using V-Rects)

R=RIURy
Width = Ax
k™ V-Rect in R,: Height = [4 -2 (x}fﬂ —2x;
Area = [4—2 —2(x)°] Ax,
N
Riemann Sum: Area(R)) ~ A} = > [4 o2 (x;)z} Ax,
k=1
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Area Between Two Curves (Using V-Rects)

(0,4) (2.4)

R=RIURy
N
Riemann Sum: Area(R,) =~ A}, = Z [4 —2x; —2 (x;:)z} Axy
k=1
largest x-coord. in R;
Integral: Area(R;) = lim Ay = / (4 —2x—2x%) dx
N—o0 smallest x-coord. in R,
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Area Between Two Curves (Using V-Rects)

R=RUR,

N

Riemann Sum: Area(R) ~ A} = > [4 —2x; —2 (XZ)Z} Axy
k=1
1

Integral: Area(Ri) = lim A} = / (4 —2x — 24%) dx
—00 )
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Area Between Two Curves (Using V-Rects)

(0,4) (2,4)

R=RiURy
Width = Ax
k™ V-Rect in R,: Height = (Top BC) — (Bottom BC)
Area = (Height) x (Width)
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Area Between Two Curves (Using V-Rects)

R=RIURy
Width = Ax;
K V-Rectin R,: Height = 2 — [4—2(x)’]
Area = [2(x) +2v — 4| Axe
N
Riemann Sum: Area(R) ~ A}, = Z [2 (x,’;)2 + 2x; — 4} Axy
k=1
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Area Between Two Curves (Using V-Rects)

(0,4) (2.4)

R=RIURy
N
Riemann Sum: Area(R;) =~ A}, = Z [2 (xf) + 2xf — 4} Axy
k=1
largest x-coord. in R,
Integral: Area(R,) = lim Ay = / (2x* +2x—4) dx
N—roo smallest x-coord. in R,
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Area Between Two Curves (Using V-Rects)

R=RIURy

N
Riemann Sum: Area(Ry) ~ A} = > [2 () 4 2 — 4} Ax;
k=1

2
Integral: Area(R,) = Jim Ay = / (2 +2x — 4) dx
— 00 1
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Area Between Two Curves (Using V-Rects)

(0, 4) (2,4)

Area(R) = Area(R,) + Area(R;)

1 2
= / (4—2x—2x2) dx+/ (2x2+2x74) dx|=94+ — = —
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Area Between Two Curves (Using H-Rects)

EXAMPLE: Let region R be bounded by curves y = 2x, y = 4 — 2x?, x = 2.
Setup integral(s) to compute Area(R) using H-Rects.

R=R3URyUR;U Rg

Sketch & characterize region R (label BP’s & BC’s in terms of y)
Subdivide region (via dashed line) into four H-simple subregions Rs, R4, Rs, Rs.
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Area Between Two Curves (Using H-Rects)

R=R3UR4U R;U Rg

Key Element: H-Rectangle (H-Rect)
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Rg

Width = Ay
k™ H-Rectin R;: Length = (Right BC) — (Left BC)
Area = (Length) x (Width)
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Area Between Two Curves (Using H-Rects)

R=R3UR{UR;URg

Width = Ay,

k™ H-Rect in R;: Length = i - (—M)

Area (%y,’g + \/2 — %y,j) Ay

N
_ 1 1
Riemann Sum: Area(R;) =~ A}, = Z <2yZ + H) A

k=1
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Ry

N
. 1 / 1
Riemann Sum: Area(R3) ~ A}, = E <2y,’§ +14/2 - 2y,’;> Ayy

k=1
largest y-coord. in R3 1 1
Integral: Area(R;) = lim Ay = —y+ \/: dy
N—roo smallest y-coord. in R; 2 2
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Area Between Two Curves (Using H-Rects)
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Rg

Width = Ay
k™ H-Rectin R;: Length = (Right BC) — (Left BC)
Area = (Length) x (Width)
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U R

Width = Ay
k™ H-Rectin R,: Length = /2 — Al (_\/ 2- %y,’:)
Area = 2\/ 2 — 3yi Ay
N

] 1
Riemann Sum: Area(R,) ~ A% = Z ZHAW
k=1
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Area Between Two Curves (Using H-Rects)

R=R3URIUR;U Ry

Riemann Sum: Area(R;) ~ A% = 22\/2 — ~yrAy
Iargest) -coord. in Ry 1
Integral: Area(Rs) = lim Ay = / 24/2— =ydy
N—oo0 smallest y-coord. in Ry 2
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Area Between Two Curves (Using H-Rects)

N
Riemann Sum: Area(R4) ~ Ay = E 24/2 — EykAyk
ol
Integral: Area(Rs) = lim Ay = / 24/2— —ydy
N—o0 2 2
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Rg

Width = Ay
k™ H-Rectin Rs: Length = (Right BC) — (Left BC)
Area = (Length) x (Width)
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U R

Width = Ay
k" H-Rectin Rs: Length = 2-— m
Area = (2 - \/2 - %y,j) Ay
Riemann Sum: Area(Rs) ~ A} = zN: (2 - m> Ayi
k=1
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Ry

N
_ 1
Riemann Sum: Area(Rs) ~ A}, = E (2 —4/2— 2Y}§> Ay

k=1
largest y-coord. in Rs 1
Integral: Area(Rs) = lim Ay = 2—4/2—zy| dy
N—roo smallest y-coord. in Rs 2
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Ry

N
_ 1
Riemann Sum: Area(Rs) ~ A}, = E (2 —4/2— 2Y}§> Ay

k=1

2
1
Integral: Area(Rs) = Nlim Ay = / (2 —1/2 - 2y> dy
—00 4
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Rg

Width = Ay
k™ H-Rectin R¢: Length = (Right BC) — (Left BC)
Area = (Length) x (Width)
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Ry

Width = Ay,
k" H-Rectin Rg: Length = 2— 1y
Area = (2—1y;) Ay

N
) 1
Riemann Sum: Area(R) ~ A} = » (2 - 2y;§> Ayk
k=1
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Area Between Two Curves (Using H-Rects)

R=R3URyUR;U Ry

N
Riemann Sum: Area(Rs) ~ A} = Z (2 — y*> Ay

k=1

largest y-coord. in R 1
Integral: Area(Re¢) = Nlim Ay = / (2 - y) dy
—00

smallest y-coord. in Re¢ 2
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Area Between Two Curves (Using H-Rects)

R=R3URIUR;U Ry

N
Riemann Sum: Area(Rs) ~ A}y = Z (2 —4/2 = y;> Ayy
k=1

4
1
Integral: Area(Rs) = Nlim Ay = / (2 — 2y> dy
—> 00 2
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Area Between Two Curves (Using H-Rects)

R=R3UR4UR;U Rg

Area(R) = Area(R;) + Area(R4) + Area(Rs) + Area(Rs)

(Do [ S ) o

4
1 19 8
2- 2y) dy=— =38
/2< 2)y 3+3+3+ 3
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The Facts of Life (according to WeBWorK)

”....and then WeBWorK decreed:”

@ The Good News: Many HW problems just want the integral(s) setup.
@ The Bad News: Many HW problems want the integral(s) computed.

So let’s briefly recap computation of basic integrals from Calculus |I....
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Indefinite Integral Rules (from Calculus I)

Here, C € R is called the constant of integration.

Also, k € R.
Zero Rule: /0 dx=C
Constant Rule: /k dx =kx+C
Constant Multiple Rule: /kf(x) dx = k/f(x) dx
Sum/Diff Rule: / [f(x) £ g(x)] dx = /f(x) dx + /g(x) dx
Power Rule: /x" dx = X 4c (provided neR\ {—1})

/e dx=¢"+C
Fdx = @ C rovided a € Ry \ {1}
/a _lna+ (po a +\ )

1
/fdx:1n|x|+C
x

NOTATION: R \ {—1} means "All real numbers except —1”
NOTATION: R, \ {1} means "All positive real numbers except 1”
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Indefinite Integral Rules (from Calculus I)

Here, C € R is called the constant of integration.
° /sinxdx: —cosx+ C

o cosx dx =sinx + C

o sec’x dx = tanx + C

-] secxtanx dx = secx + C

o csc?xdx = —cotx+ C

o cscxcotxdx = —cscx + C

1

V1—x2
1

1+ x2

1
|x|vx? —1
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dx = arctanx + C

o dx =arcsecx+ C



Fundamental Theorem of Calculus (FTC)

b
Let functionf € C'[a,b]. Then / f'(x) dx =£(b) — f(a)

2
WORKED EXAMPLE: Compute I = / (x* —3) dx.
1

2 x=2
4 _ _ 15 rre |1 os Ly _|16
/1 (x* =3) dx = {5)6 C“))c]x1 = [5(2) 3(2)] {5(1) 3(1)} =3
3w /4
WORKED EXAMPLE: ComputeI:/ sin 6 dé.
w/6
3 /4 0=3m/4
/ sinfdf = [— cos 9} T~ [— cos(37/4)] — [— cos(7/6)]
/6 0=m/6
(e (8 [y
N 2 2/ 2
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Change of Variables (u-Substitution)

WORKED EXAMPLE: Evaluate I = /)ce)‘2 dx.

CV: Letu = x%, then du = 2x dx —> xdx:%du

e ev [, (] _ L cv| 1
:>/xe dx—/e <2du>—ze+C— 2e +C

3

WORKED EXAMPLE: Evaluate I = / xe* dx.
)

CV: Let u = »2, thendu:2xdx:>xdx:%du
and u(-2) = (-2)’=4andu(3) = (3)>=9

1 I
= / xe* dx-/ el =-du) =|=¢€" Ic
2 2 |,
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Nonelementary Integrals

Definition
A nonelementary integral is an integral whose antiderivative cannot be
expressed in a finite closed form.

Here’s a small list of nonelementary integrals (there are many, many more):
/e"z dx /e; dx /ﬁe‘x dx
/sin(xz) dx /cos(e") dx / ST dx

/\/l-i-x“dx /lnlnx)d /e"—ldx

/ /y dx /sm sinx) dx
Inx

X dx — dx / arctan(In x) dx
x*

@ When computing integrals, avoid nonelementary integrals!
@ If using V-Rects leads to a nonelementary integral, use H-Rects instead.
@ If using H-Rects leads to a honelementary integral, use V-Rects instead.
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