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Arc Length of a Curve

Let I" be the portion of curve f(x) for z € [a, ]
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Arc Length of a Curve

TASK: Find ArcLength(T")
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Arc Length of a Curve

Tr=a

Partition curve I' into IV subarcs & line segments
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Arc Length of a Curve

Key Element: Line Segment
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Arc Length of a Curve

Width — Ax
k™ Line Segment on T: _Height = Ay
Length = /(Width)? + (Height)’
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Arc Length of a Curve

Width = Ax
k™ Line Segment on T: _Height = Ay
Length = \/(Axk)2 + (Ay)?
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Arc Length of a Curve

k™ Line Segmenton I': Length = J (Ax)?
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Arc Length of a Curve

2
k™ Line SegmentonI': Length = /1 + () Ax,
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Arc Length of a Curve

k™ Line Segment on I

A 2
Length = 1+ <A§k) Axy MVT /4 + [ (XZ)]ZAxk
k
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Arc Length of a Curve

k™ Line Segment on I': Length = +/1+ [f’ (XZ)]ZAxk
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Arc Length of a Curve

Riemann Sum: ArcLength(I') ~ L}, := Z VI () Axe
Integral: ArcLength(T") = l1m LNf/ V1I+[f(x)
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Arc Length of a Curve

Proposition

Let function f € C'[a, b).
Let T be the portion of the curvey = f(x) for x € [a,b]. Then:

ArcLength(T / 1+ (x)

Proposition

Let function g € C'[c,d].
Let T' be the portion of the curve x = g(y) fory € [c,d]. Then:

ArcLength(T / \/1
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Arc Length of a Curve

Proposition

Let function f € C'[a, b].
Let T' be the portion of the curve y = f(x) forx € [a,b]. Then:

ArcLength(T / 1+ [f(x)

Proposition

Let function g € C'[c,d).
Let T' be the portion of the curve x = g(y) fory € [c,d]. Then:

ArcLength(l’ / V1

GOOD NEWS: Don't bother with characterizing the k' line segment.
Just go straight to the integral. (i.e. memorize the above integral forms)
You can do this because no region is involved (only a curve).
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Arc Length of a Polar Curve

Since the Arc Length of a Curve in Rectangular Coordinates has already been
established, there’s no need to start from “first principles”:

Let I" be the polar curve r = f(6) bounded by the rays 6§ = « & 6 = 3.

Width = Ax
k™ Line Segment on I': _Height = Ay
Length = /(A + (A

Josh Engwer (TTU) Arc Length & Surface Area 10 February 2014 15/40



Arc Length of a Polar Curve

Since the Arc Length of a Curve in Rectangular Coordinates has already been
established, there’s no need to start from “first principles”:

Let T be the polar curve r = f(6) bounded by the rays 6§ = « & 6 = §.

k™ Line Segmenton T': Length = (Ae > (Ax)” + (Ay)’
k
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Arc Length of a Polar Curve

Since the Arc Length of a Curve in Rectangular Coordinates has already been
established, there’s no need to start from “first principles”:

Let I" be the polar curve r = f(#) bounded by the rays § = « & § = .

A 2 A 2
k™ Line SegmentonT: Length = \/<A;k) Jr< yk) Af,
k
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Arc Length of a Polar Curve

Since the Arc Length of a Curve in Rectangular Coordinates has already been
established, there’s no need to start from “first principles”:

Let I" be the polar curve r = f(0) bounded by the rays 6§ = « & 6 = 3.

. Axp\ 2 A
k™ Line Segment on I'; - =k Yk
g Length \/(AHk) +<A9k) Aby

Riemann Sum: ArcLength(T’ Z (izk> (i?) Ab,
k

. . A dx\? dy :
Integral: ArcLength(I') = th Ly = 0 + 0 do
— 00 a
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Arc Length of a Polar Curve

Since the Arc Length of a Curve in Rectangular Coordinates has already been
established, there’s no need to start from “first principles”:

Let I" be the polar curve r = f(6) bounded by the rays 6§ = « & 6 = .

. X d dx\’ dy\’
Integral: ArcLength(I') = th Ly = 70 + i do
—00 o

x=rcosf =f(0)cosb
y=rsinf =f(6)sind
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Arc Length of a Polar Curve

Since the Arc Length of a Curve in Rectangular Coordinates has already been
established, there’s no need to start from “first principles”:

Let T" be the polar curve r = f(6) bounded by the rays 6§ = « & 6 = .

Integral: ArcLength(I') = hm LN = / \/ — d6
x =rcosf = f(0)cos b N d9 =f"(0) cos6 —f(6) sin®
y =rsinf = f(6) sin0 dy

—f’( )sin@ + f(6) cos 0
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Arc Length of a Polar Curve

Since the Arc Length of a Curve in Rectangular Coordinates has already been
established, there’s no need to start from “first principles”:

Let T" be the polar curve r = f(6) bounded by the rays 6§ = « & 6 = .

. X d dx\’ dy\?
Integral: ArcLength(F)leim Ly, = o) 5 do

do
dx
— =f"(0)cosf — f(0) sin @ e\ 2 2
dp a\’ BV _ o
a% = f"(6) sin6 + f(6) cos 6 = <d0> (mg) F +[r'(0)
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Arc Length of a Polar Curve

Proposition

Let function f € C!|a, f3].
LetT be the polar curve r = f(0) bounded by the rays 0 = o & 6 = 3. Then:

ArcLength(T") = /j \[ 7+ <3—;)2 do = /j VIFO) + [F(6)) a6
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Arc Length of a Polar Curve

Proposition

Let function f € C'[a, ).
LetT be the polar curve r = f(0) bounded by the rays 0 = a &0 = 3. Then:

ArcLength(T') = /a ’ 2+ (j—é)zde: /a 6\/[f(9)]2+[f’(6)]2 do

GOOD NEWS: Don't bother with characterizing the k' line segment.
Just go straight to the integral. (i.e. memorize the above integral forms)
You can do this because no region is involved (only a curve).
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Surfaces of Revolution

y
1 2 X

Axis of Revolution: z-axis

Revolve

>
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Surfaces of Revolution

Revolve

Axis of Revolution: y-axis
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Surfaces of Revolution (V-Bands)

Revolve
—

Line Segment V-Band

Axis of Revolution: a-axis

Josh Engwer (TTU)
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Surfaces of Revolution (H-Bands)

Revolve

T

Josh Engwer (TTU)

Line Segment H-Band

Axis of Revolution: y-axis
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Surface Area of Surfaces Revolved about x-Axis

Let I" be the portion of the curve f(x) for x € [a, b].
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Surface Area of Surfaces Revolved about x-Axis

Let S be the surface formed by revolving I about the x-axis.
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Surface Area of Surfaces Revolved about x-Axis

TASK: Find SurfaceArea(s)
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Surface Area of Surfaces Revolved about x-Axis

Partition curve T into N subarcs & line segments.

Josh Engwer (TTU) Arc Length & Surface Area 10 February 2014 31/40



Surface Area of Surfaces Revolved about x-Axis

(,’IT;,. f (.'ztz,))

Revolve
—

(it (1))

“x

Line Segment V-Band

Axis of Revolution: z-axis

k™ V-Band on S:

Average Radius = 1 {(Smallest Radius) + (Largest Radius)}
Slant Height = (Length of generating Line Segment)
Surface Area = 2 x (Average Radius) x (Slant Height)
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Surface Area of Surfaces Revolved about x-Axis

Inflz

/ R( volve

A ./(k

Line Segment V-Band

Axis of Revolution: z-axis

k™ V-Band on S:
Average Radius = I[f (x;_,) +f (x)]
Slant Height = (Axi)? + (Ay)?
Surface Area = 27 x (Average Radius) x (Slant Height)
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Surface Area of Surfaces Revolved about x-Axis

ILf'L

/ Rt volve

Line Segment V-Band

Axis of Revolution: z-axis

k™ V-Band on S:
Average Radius = L[f (x;_,) +f (x})] ~ f(xg)

SlantHeight = /(Ax)? + (An)? T ) A

Surface Area ~ 2nf (x}) \/ L+ [ ()] A
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Surface Area of Surfaces Revolved about x-Axis

k™ V-Band on S:
Average Radius = L[f (xi_,) +f (x})] ~ ()
Slant Height = /(Axp)? + (Ay)? BT ) A

Surface Area  ~ 2nf (x}) \/ L+ [ ()] A

N
Riemann Sum: SurfaceArea(s) ~ SAy = Y 2af (x7) /1 + [f (x})]* Axi
k=1

Josh Engwer (TTU) Arc Length & Surface Area 10 February 2014 35/40



Surface Area of Surfaces Revolved about x-Axis

1 1o f (@)
/ R< volve
Line Segment V-Band
Axis of Revolution: z-axis

N
Riemann Sum: SurfaceArea(S) ~ SA} := Z 2rf () /1 + [f’(x;f)]zAxk

b
Integral: SurfaceArea(s) = lim 54} = / 2af 1+ [ ()] d
— 00 a
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Surface Area of Surfaces of Revolution

Proposition

Let function f € C'[a, b).
Let T' be the portion of the curvey = f(x) for x € [a, b].

Let S be the surface formed by revolving I" about the x-axis. Then:

SurfaceArea(S) = / ’ 2nf(0)\/ 1+ [f" (%)) dx

Proposition

Let function g € C'[c,d.
Let T be the portion of the curve x = g(y) fory € [c,d|.

Let S be the surface formed by revolving T about the y-axis. Then:

SurfaceArea(S) = / ‘ 2mg()\/ 1+ [g )] dy
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Surface Area of Surfaces of Revolution

Proposition

Let function f € C'[a, b).
Let T' be the portion of the curve y = f(x) forx € [a, b].
Let S be the surface formed by revolving I' about the x-axis. Then:

SurfaceArea(S) = / ’ 2nf()\/ 1 + [f" (%)) dx

Proposition

Let function g € C'[c,d].
Let T' be the portion of the curve x = g(y) fory € [c,d].
Let S be the surface formed by revolving T' about the y-axis. Then:

SurfaceArea(S) = / ' 2mg()\/1+ [g'()] dy

GOOD NEWS: Just go straight to the integral.
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Surface Area of Polar Surfaces of Revolution

Proposition

Let function f € C'[a, /3].
Let T be the portion of the curve r = f(0) bounded by rays 6 = a & 6 = .
Let S be the surface formed by revolving I about the x-axis. Then:

SurfaceArea(S) = /5 27 (6) sin 04/ [F(0))> + [/ (0))* d6

(e

Proposition

Let function f € C'[a, j3].
Let T be the portion of the curve r = f(0) bounded by rays 6 = a & 6 = .
Let S be the surface formed by revolving T about the y-axis. Then:

SurfaceArea(S) = /ﬁ 27 (0) cos 01/ [f ()7 + [f(8)) df

(0%

GOOD NEWS: Just go straight to the integral.
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