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Finite Sum Rules (M,N € N)

N
Constant Rule > e=Ne
k=1
N N
Constant Multiple Rule ank = cZak
k=1 k=1
N N N
Sum/Diff Rule dlatb)=> a+) b
k=1 k=1 k=1
M N N
Lump-Sum Rule I<M<N = > a+ > a=)» a
k=1 k=M+1 k=1
Y NN+
Sum of Integers k= ———2
9 % 5
N(N + 1)(2N + 1)
Sum of Squares K=
q %} .
2 2
Sum of Cubes K= NN+ 1)
2 3
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Infinite Series (Definition)

Definition

Let {a,} be a sequence. Then the n™ partial sum is defined by S, := Zak
k=1

Definition
An infinite series

[eS)
Zak =a1+a+a3+as+as+--- (kistheindex)
,k: 1 p expansion

closed form

n
is a sequence of partial sums {S,}>°, where S, := Z ar
k=1

REMARK: Going forward, "Series” means "Infinite Series”.
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Infinite Series (Convergence)

Going forward, if the starting point of a series does not matter,

the series Zak will be denoted as 3~ .
k=N

Definition

Series ) a, converges < Sequence of Partial Sums {S,} converges.
Series ) a, diverges <= Sequence of Partial Sums {S,} diverges.

Using this definition to test a series for convergence is often too tedious.
Many useful convergence tests will be developed throughout this chapter.

Definition
Let series ) a; converge with partial sum sequence {S,}.
Then its sumis > a; = lim S,
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Infinite Series (Linearity)

(Series Linearity Theorem)

(i) Series Y  a, and ) by both converge —> > (ay + by) converges.
(ii) Seriesy_ a, and ) by both converge — > (ax — by) converges.
(iii) Series y a, converges = > cay converges, wherec € R.
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Infinite Series (Linearity)

(i) Series > a; and > b, both converge — > (ax + bi) converges.
(it) Series > ax and > by both converge — > (ax — bx) converges.
(iii) Series > a; converges —> > ca; converges, where c € R.

PROOF:

Let series > ax, > by both converge.
Let {A,}, {B,} be the sequences of partial sums for > ay, > by respectively.
Then {A,}, {B.} converge to finite values L4, Lp respectively.

— lim A, = La, lim B, = Lp
n— 00 n— o0

= lim (A, +B,) =Ls+Lp, lim(A,—B,)=Ls—Lg, lim cA, =cLy
n—o0 n—oo n—oo

= Ly+Lp, Ly—Lg, cLyare allfinite values.

= {A, +B,},{A, — B,}, {cA,} are all convergent sequences.

= > (ar + by), > (ar — by), > cay are all convergent series.

QED
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Infinite Series (Linearity & Divergence)

(Divergent Sum Theorem)

> ay converges and y_ b, diverges — > (ax + by) diverges.
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Infinite Series (Linearity & Divergence)

(Divergent Sum Theorem)

> a; converges and Y b diverges — > _(ax + by) diverges.

PROOF:
Let > a, converge and > b, diverge.
BWOC, assume > (a; + b;) converges.

Then, by the Series Linearity Theorem, Y [(ax + bx) — ax] converges.
= > b, converges < CONTRADICTION!

Therefore, " (ax + bx) must diverge.
QED

BWOC = "By Way Of Contradiction”
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Infinite Series (Linearity & Divergence)

(Divergent Difference Theorem)

> ay converges and Y b, diverges — > _(ax — by) diverges.
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Infinite Series (Linearity & Divergence)

(Divergent Difference Theorem)

> ay converges and Y’ b, diverges — > _(ax — by) diverges.

PROOF:
Let > a, converge and > b, diverge.
BWOC, assume > (ax — by) converges.

Then, by the Series Linearity Theorem, Y [ax — (ax — by)] converges.
= > b, converges < CONTRADICTION!

Therefore, > (ay — by) must diverge.
QED

BWOC = "By Way Of Contradiction”
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Infinite Series (Linearity & Divergence)

(Divergent Multiple Theorem)

> ay diverges —> > cay diverges, where ¢ # 0
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Infinite Series (Linearity & Divergence)

(Divergent Multiple Theorem)

> ay diverges = > ca, diverges, where ¢ # 0

PROOF:

Let > a; diverge and ¢ # 0.

BWOC, assume _ ca; converges.

Then, by the Series Linearity Theorem, 3~ [1(cax)] converges.
= > converges < CONTRADICTION!

Therefore, > ca; must diverge.
QED

BWOC = "By Way Of Contradiction”
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Arithmetic Series

Definition
An arithmetic series has the form > (ak + b)

Examples of arithmetic series:

D hk=1+2+43+4+45+--
k=1

> 2%k=2+4+6+8+10+--

k=1
e

U=k =2+140-1-2—"-.
k=—1

(Arithmetic Series Theorem)

oo

The arithmetic series » "(ak + b) converges <= a=b=0
k=1
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Arithmetic Series

o0
The arithmetic series Z(ak + b) converges <— a=b=0
k=1

PROOF:

(<) Supposea—b 0. Then,
> (ak+b) 72070+0+0+0+,,, = > (ak + b) converges.
k=1 k=1 =1

(=) Suppose » (ak + b) converges.
k=1
Then, the partial sum sequence {S.} converges where

Sn_ZalH—b —aZk+Zb ann+ +nb (Finite Sum Rules)
k=1

But lim n = lim
n—oo n—oo

QED

1
# = 00, 50 {S,,} converges only if a = b = 0.

Josh Engwer (TTU) Geometric Series & Telescoping Series 26 March 2014 14/20



Geometric Series

Definition
A geometric series has the form Y ar*, where a # 0 and r € R.

Examples of geometric series:

o0
2 =1424448416+-

k=0
[eS)

(-2 =1-2+4-8+16—--
k=0

/11 1 11
Y 5) =5+5+g+=+5+
< \2 2747816 " 32

(Geometric Series Theorem)

[ee] oo
r| <1 = geometric series > " ar* converges and > " ar* =
k=0 k=0

—r
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Geometric Series

(Geometric Series Theorem)

oo o0
. 5 a
r| <1 = geometric series  _ ar* converges and ar* = T (a #0)
k=0 k=0

PROOF:
Sp=a+ar+ar*+---+ar"! = 1S, =ar+ar*+ar+--- +ar"

= S, —rS, = (a+ar—|—ar2—|—---—|—ar”_l) — (ar+ar2+ar3—|—-~-—|—ar")

a(l—r")

= (l-nS,=a—ar" = §, = =

, Where r#1

1-r 1-0
|r|<1:>l1mr_O:>th—11m a( ):a( ): a
n— oo n—oo 1 —r 1—r 1—7r

[r| >1 = lim || =00 = lim |S,| =00 = Zark diverges.
n— o0 n— o0 =0

r=-1 =Y a* =" a(-1)" which diverges QED
= k=0
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Reindexing a Series

Recall the sum of a convergent geometric series:

> a
E art =

1—r
k=0

QUESTION:
What if the index of a convergent geometric series does not start at zero??

ANSWER: Reindex the series:
SE-@7T 000650
CEROROR OO

REMARK: Reindexing is used in solving certain differential equations.
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Telescoping Series

Definition

A telescoping series has internal cancellation of terms in its partial sums.

Basic Forms of Telescoping Series (f is a function):
° Y [f(k+1) —f(k)]
© > [f(k) —f(k+1)]
© > [f(k) —f(k—1)]
© > [flk=1) —f(k)]
Telescoping Series Toolkit:
@ Partial Fraction Decomposition (PFD)
@ Properties of Logarithms
@ Rationalizing Numerator
@ Trig ldentities
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Telescoping Series

Given telescoping series Z [ } then its n partial sum is

S0 = F2) —F(1) +£3) —F2) +F4)—FB) 4+ £ () —f (1) f (- 1) ()
= S, =f(n+1)—f(1)
— lim S, = lim [(n—i—l) 7 )} = lim [f(n+1)] —f(1)

n—o0
Now, if sequence {S,} converges, then series Z [f(k +1) —f(k)} converges
k=1

— >[4 D) = f®)] = tim $, = lim [f(n+1)] = (1)

n— o0
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