Positive Series: Ratio Test & Root Test

Calculus Il

Josh Engwer
TTU

02 April 2014

Josh Engwer (TTU) Positive Series: Ratio Test & Root Test 02 April 2014



Ratio Test

(Ratio Test)

klim “‘a—t‘ <1 = positive series Y a; converges
—00

klim “h >1 = positive series y_ a; diverges
—00

lim %t = o0 = positive series - a; diverges

k— 00

lim “2—:‘ =1 or DNE = Ratio Test fails

k— 00

Works nicely with:
o factorials (e.g. k!)
@ simple powers (e.g. £°)
e simple exponentials (e.g. 2¢)
@ product chains (e.g. 1-3-5---(2k—1)).
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Ratio Test

(Ratio Test)

k+1
lim o < 1 = positive series Y a; converges

k—o00

Ak+1
lim o > 1 = positive series Y a; diverges

k— 00

lim %5 = o0 = positive series 3 a; diverges

k— 00

lim %= =1 or DNE = Ratio Test fails

k— 00

@ Useless with most trig fcns b/c: klim sink = DNE klim cosk = DNE
— 00 — 00

@ Tedious to use with most rational functions of polynomials.
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Ratio Test

(Ratio Test)

klim “;—J;‘ <1 = positive series Y a; converges
—00

PROOF:
See the textbook for the case when lim <L
—00

Josh Engwer (TTU) Positive Series: Ratio Test & Root Test 02 April 2014 4/15



Ratio Test

(Ratio Test)

klim “H > 1 = positive series 3 a; diverges
— 00

PROOF:

Suppose klirgo “H > 1. Then

Sequence {a,} is positive, unbounded, and eventually increasing

= Partial Sum Sequence {S,} is positive, unbounded, and increasing
= lim 5, = o0

— Positive Series > a; diverges.
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Ratio Test

(Ratio Test)

lim “H = oo = positive series 3 a; diverges

k— 00

PROOF:

Suppose klirgo % =oco. Then

Sequence {a,} is positive, unbounded, and eventually increasing

= Partial Sum Sequence {S,} is positive, unbounded, and increasing
= lim 5, = o0

— Positive Series > a; diverges.
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Ratio Test

(Ratio Test)

lim % =1 or DNE — Ratio Test fails

k—oo

PROOF:
For the case that lim %+l — 1 it suffices to observe that

Ak

k
E dlverges yet lim & — jim &L = fim =1
i k—oo  ayg k—r o0 k—)ook—|—1

M_\

o 1
1 41 R (=S} K2
— conver Iim — =1 —_—
2 j comverges yet lim =% = lim T = lim Gy

Therefore, the Ratio Test is inconclusive when klim “% =1
—00 ¢
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Ratio Test

(Ratio Test)

lim %t =1 or DNE = Ratio Test fails

k— 00

PROOF:
For the case that Jim “t. = DNE, it suffices to observe that
—00

— 2 +sin(k+ 1
> (2 +sink) diverges yet Jim B4l im M = DNE
pa k—oo  ay k—oo 24 sink
oo s k| | sin(k+1)| | sin(k + 1)]
2
o converges yet lim Bt iy D gy BRI N DNE
P k—oo Ay k— o0 |b;£k| k—o00 |smk|

Therefore, the Ratio Test is inconclusive when klim "‘a—t‘ = DNE
—00

QED
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Ratio Test (Examples)

WORKED EXAMPLE: Test the series Z% for convergence.
k=1 "

k!

1
T k! 1
lim 24— DL _ — —0<1

oo @ koo I koo (k+ 1) koo (k4 DKl kboo k1

, : o 1
Therefore, by the Ratio Test, series E il converges
k=1"

WORKED EXAMPLE: Test the series Z k! for convergence.
k=—9

1)! 1)k!
lim S gy KEDE e R DR i) =0
k—oo ay k— 00 k! k—o00 k! k— 00
Therefore, by the Ratio Test, series Z k!
k=—9
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Root Test

klim Va, <1 = positive series > a; converges
—00

klim Va, >1 = positive series > a; diverges
— 00

klim Va, = oo = positive series Y a; diverges
— 00

klim Var =1or DNE — Root Test fails
— 00

Works nicely with:
@ heavy powers of k (e.g. [f(k)]*, where f is a continuous fcn)
@ heavy exponentials (e.g. gk 7ink gsink )

Useless with:
@ factorials (e.g. k!).
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Root Test

klim Va, <1 = positive series > a; converges
— 00

klim Va, >1 = positive series > a; diverges
—> 00

klim Var = co = positive series > a; diverges
— 00

klim Way =1 or DNE = Root Test fails
—00

PROOF:
Take Advanced Calculus.
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Root Test (Examples)

WORKED EXAMPLE: Test the series Z for convergence.

(k+2)k
1 1V 1

lim g = lim im |— | = 1lim — =0<1

O (k+2) k—>oo|:(k—|—2):| Wl kr2 ° S

1
Therefore, by the Root Test, series Z T

WORKED EXAMPLE: Test the series Zw*"/zk“ for convergence.

k=6
lim /a; = lim [ﬂ'*k/zksql/k = lim 72’ = lim —= =00 > 1
k— o0 k— o0 k— 00 k— o0 f
Therefore, by the Root Test, series Zw"‘/sz"

k=6
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Relationship between the Ratio Test & Root Test

Typically, the Ratio Test & Root Test either both succeed or both fail.

However, there are series where Ratio Test fails but Root Test succeeds:

for convergence.

WORKED EXAMPLE: Test the series Z
k:

pTawE
=0 2 =1
1 1 1 1 1 1 1 1
E h ri = - 41 [ T T
xpand the series: sz+ I R TR UT I R
Qi1 2, ifkiseven @ | 11 1
Then a { 1/8 ,IkaSOdd — {ak }k 0(278727872383
— {ak“} oscillates —> lim %! — DNE — Ratio Test fails
ay k=0 k—o0 ay
However,
1 1 1 1 1
k = e = —
JAon, Ve = i S = U gmene = 3 A e =7 <!

*. by the Root Test, | Series Converges
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Be Careful with Factorial Expressions

Definition
k= k(k— 1) (k —2)--- (3)(2)(1) 0:=1
CAUTION:
o (k+3) #Kk+3, (k+3)! £ k! + 3!
o Rather, (k+3)! = (k4 3)(k + 2)(k + 1)k!
o (3k)! # 3Kk, (3k)! # 3!
e Rather, (3k)! = (3k)(3k — 1)(3k — 2)(3k — 3) - - - (k + 2) (k + 1)k!
o klk! # (k2)!

e Rather, klk! = (k!)?
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