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Dot Product (Definition)

Dot Product in R?:
The dot product of vectors v = (v;,v,) and w = (w;, w,) is defined by:

V-W: = ViW + Wy

o’

Dot Product in R3:
The dot product of vectors v = (v, v,,v3) and w = (w;, w,, ws) is defined by:

VW = ViW + Wy + viws

REMARKS:
@ Notice that the dot product v - w is a scalar.

@ Going forward, the focus will be on 3-D vectors (e.g. v = (v, v, V3>)
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Dot Product (Properties)

Let vectors u, v,w € R? and scalar ¢ € R. Then:
o v-v=||}
00-v=v-0=0
@V - W=W-V
@ c(v-w)=(cv)-w=v"(cw)
ou-(v+w) =u-v+u-w
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Dot Product (Properties)

Let vectors u, v, w € R? and scalar ¢ € R. Then:
o v -v=|v|?
00-v=v-0=0
OV -W=w-V
@ c(v-w)=(cv) - w=v-(cw)
Qu-(V+w)=u-v+u-w

PROOF: Letv = (vi,v,v3). Then:

2
v-v:(vl,vz,V3>~<v1,vz7V3>:vf—i—v%—i—v%:(,/v%—i—v%—i—v%) =|lv|* QED
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Dot Product (Geometric Formula Derivation)

@ Given vectors v = (v, v, v3) and w = (wy, wp, w3).
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Dot Product (Geometric Formula Derivation)

@ Form vector v—w = (v; — wy,va — wa, vz — w3).
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Dot Product (Geometric Formula Derivation)

@ Take norms of all three vectors and consider the resulting triangle.
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Dot Product (Geometric Formula Derivation)

Trig Review: What result relates all three norms and the angle 6?7
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Dot Product (Geometric Formula Derivation)

Law of Cosines: ||v—w|]> = ||v||* + ||w|[> — 2||v]|||w]|| cos &
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Dot Product (Geometric Formula Derivation)

Solve for the cosine term:

VP WP =[]y = w]?
cosf =
2{[vl|[[wl|
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Dot Product (Geometric Formula Derivation)

Write all norms in the numerator in terms of vector components:

v+ v+ v+ wl + w4+ wi— [(vi —wi)P 4 (v — w2)? + (v3 — ws)?]

cosf =
2{[v|[[fwl|
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Dot Product (Geometric Formula Derivation)

Simplify numerator:

2viwy 4 2vows + 2v3w;
2| |vl[[wll

cosf =
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Dot Product (Geometric Formula Derivation)

Simplify fraction:

VIW] + Vaws + v3ws

cosf =
[Vl Iwl]
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Dot Product (Geometric Formula Derivation)

Realize that the numerator is a dot product:

VoW
cosf =

111wl
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Dot Product (Geometric Formula Derivation)

Solve for the dot product:

v-w=||v|]|||w|| cos
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Dot Product (Coordinate-Free Definition)

Definition
Let 0 be the smallest positive angle between vectors v,w € R3. Then:

v-w = ||v|[||w|[cos § where 0 € [0, 7]

@ Alternative notation for the angle between vectors v, w : 6,,,
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Dot Product (Orthogonality)

Vectors v,w € R3 are orthogonal <— v L w <= v-w=0 l
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Dot Product (Orthogonality)

Vectors v,w € R3 are orthogonal <— v L w <= v-w=0 \

PROOF:
v,w are orthogonal <— 0 =7/2 < v-w=|]v||||w||cos(7/2) =0 QED
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Dot Product (Geometric Interpretation)

. v
v (i 0
i 0 _~
i v u
# is acute 0 is 90° 0 is obtuse
u-v>0 u-v=»>0 u-v <0
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Dot Product (Work)

Definition

The work, W, done by a constant force F on an object displacing it by d is:
W:=F-d
PROQOF: Take Physics (Mechanics)
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Dot Product (Work)

Definition
The work, W, done by a constant force F on an object moving it from P to Q is:

—

W:=F-PQ

PROQOF: Take Physics (Mechanics)
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Projection (Example 1)

Project w onto v.

g

<l
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Projection (Example 1)

Project w onto v.

Drop perpendicular line from w to v.
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Projection (Example 1)

Project w onto v.

\%
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Projection (Example 2)

Project v onto w.

]

<\

Josh Engwer (TTU) Vectors: Dot Products & Projections 28 April 2014 25/47



Projection (Example 2)

Project v onto w.

Drop perpendicular line from v to w.
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Projection (Example 2)

Project v onto w.

ProjwVv
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Projection (Example 3)

Project w onto v.

-]
<
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Projection (Example 3)

Project w onto v.

-
-
-

g
<

Draw line extension through v.
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Projection (Example 3)

Project w onto v.

————
-
-

£
<1

Drop perpendicular line from w to line extension.
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Projection (Example 3)

Project w onto v.

/

Projyw
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Projection (Example 4)

Project u onto n.

=]
]
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Projection (Example 4)

Project u onto n.

Draw line extension through n.
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Projection (Example 4)

Project u onto n.

Drop perpendicular line from u to line extension.
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Projection (Example 4)

Project u onto n.

proj,u

=1
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Projection (Formula Derivation)

Determine a formula for proj,,v, the projection of vector v onto vector w.

T

<\

s
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Projection (Formula Derivation)

Determine a formula for proj,, v, the projection of vector v onto vector w.

PIojwV

Notice that (proj,,v) || w = proj,,v = kw, where k € R.
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Projection (Formula Derivation)

Determine value of scalar k in terms of given vectors v & w.

<\

ProjwV = kW

Form vector v — kw.
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Projection (Formula Derivation)

Determine value of scalar & in terms of given vectors v & w.

<\

ProjwV = kw

Notice that (v — kw) L w.
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Projection (Formula Derivation)

Determine value of scalar & in terms of given vectors v & w.

<\

ProjwV = kw

= (v—kw)-w=0
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Projection (Formula Derivation)

Determine value of scalar & in terms of given vectors v & w.

<\

ProjwV = kw

= v-w— (kw) - w=0
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Projection (Formula Derivation)

Determine value of scalar & in terms of given vectors v & w.

<\

ProjwV = kw

= v-w—k(w-w)=0
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Projection (Formula Derivation)

Determine value of scalar & in terms of given vectors v & w.

<\

ProjwV = kw

= v-w=k(w-w)
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Projection (Formula Derivation)

Determine value of scalar k in terms of given vectors v & w.

<\

ProjwVv = kw
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Projection (Formula Derivation)

Determine value of scalar k in terms of given vectors v & w.

<l

ProjwVv = kw

V-W
:}k:

WwW-Ww V-w
= proj,v=rkiw= (w.w>w
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Projection (Formula)

The (vector) projection of vector v onto vector w is defined by:

proj,,v := (VVV—W) w

w V.

Definition
The scalar projection of vector v onto vector w is defined by:

comp,,v := +|proj, v|

The sign is positive if v-w > 0 and negative if v-w < 0

REMARKS:
@ "Projection” means "vector projection.”
@ I'll never say “"scalar projection.” Instead, I'll say "norm of the projection.”
@ I'll never write comp,,v. Instead, I'll write £||proj,,v||.
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