
EX 4.6.4: Let A =

 1 3 3

3 2 3

−3 3 2

. (a) Find a basis for NulSp(A).

(b) Find NulSp(A).

(c) Find rank(A) and nullity(A).

(To conserve space, the Gauss-Jordan elimination steps are omitted – see solution to EX 4.6.1 to see the omitted steps.)

[A | ~0] =

 1 3 3 0

3 2 3 0

−3 3 2 0

 Gauss−Jordan−−−−−−−−−−→

 1 0 0 0

0 1 0 0

0 0 1 0

 = [RREF(A) | ~0]

(a) Since every column of RREF(A) has a pivot, a basis for NulSp(A) = {~0} (b) NulSp(A) = span{~0} = {~0}

REMARK: span{~0} = {All linear combinations of ~0} = {All scalar multiples of ~0} = {~0}

(c) rank(A) = [# pivot columns in RREF(A)] = 3 nullity(A) = [# non-pivot columns of RREF(A)] = 0

EX 4.6.5: Let A =

 3 2 −1
1 −2 2

11 2 1

. (a) Find a basis for NulSp(A).

(b) Find NulSp(A).

(c) Find rank(A) and nullity(A).

[A | ~0] =

 3 2 −1 0

1 −2 2 0

11 2 1 0

 R1↔R2−−−−−→

 1 −2 2 0

3 2 −1 0

11 2 1 0

 (−3)R1+R2→R2−−−−−−−−−−−−→
(−11)R1+R3→R3

 1 −2 2 0

0 8 −7 0

0 24 −21 0


(−3)R2+R3→R3−−−−−−−−−−−→

 1 −2 2 0

0 8 −7 0

0 0 0 0

 ( 1
8 )R2→R2
−−−−−−−→

 1 −2 2 0

0 1 −7/8 0

0 0 0 0

 2R2+R1→R1−−−−−−−−−→

 1 0 1/4 0

0 1 −7/8 0

0 0 0 0


︸ ︷︷ ︸

[RREF(A) | ~0]

There’s no pivot in 3rd Column of RREF(A), so pick convenient parameterization for 3rd unknown: Let x3 = 8t

[RREF(A) | ~0] ⇐⇒

{
x1 + 1

4
x3 = 0

x2 − 7
8
x3 = 0

=⇒
x1 = − 1

4
(8t) = −2t

x2 = 7
8
(8t) = 7t

x3 = 8t

=⇒

 x1

x2

x3

 = t

 −27
8



(a) A basis for NulSp(A) =


 −27

8


 (b) NulSp(A) = span


 −27

8




(c) rank(A) = [# pivot columns in RREF(A)] = 2 nullity(A) = [# non-pivot columns of RREF(A)] = 1

EX 4.6.6: Let A =

 1 3 −2
3 9 −6
−2 −6 4

. (a) Find a basis for NulSp(A).

(b) Find NulSp(A).

(c) Find rank(A) and nullity(A).

[A | ~0] =

 1 3 −2 0

3 9 −6 0

−2 −6 4 0

 (−3)R1+R2→R2−−−−−−−−−−−→
2R1+R3→R3

 1 3 −2 0

0 0 0 0

0 0 0 0

 = [RREF(A) | ~0]

Columns 2 & 3 of RREF(A) have no pivots, so pick parameterizations for 2nd & 3rd unknowns: Let x2 = s, x3 = t

[RREF(A) | ~0] ⇐⇒
{

x1 + 3x2 − 2x3 = 0 =⇒
x1 = −3s+ 2t

x2 = s

x3 = t

=⇒

 x1

x2

x3

 = s

 −31
0

+ t

 2

0

1



(a) A basis for NulSp(A) =


 −31

0

 ,

 2

0

1


 (b) NulSp(A) = span


 −31

0

 ,

 2

0

1




(c) rank(A) = [# pivot columns in RREF(A)] = 1 nullity(A) = [# non-pivot columns of RREF(A)] = 2
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EX 4.6.7: Find the homogeneous (xh) & particular (xp) solutions to the linear system


x1 + 3x2 + 3x3 = 1

3x1 + 2x2 + 3x3 = 2

−3x1 + 3x2 + 2x3 = 3

(To conserve space, the Gauss-Jordan elimination steps are omitted – see solution to EX 4.6.1 to see the omitted steps.)

[A | b] =

 1 3 3 1

3 2 3 2

−3 3 2 3

 Gauss−Jordan−−−−−−−−−−→

 1 0 0 −2
0 1 0 −5
0 0 1 6

 = [RREF(A) | b̃]

[RREF(A) | b̃] ⇐⇒


x1 = −2
x2 = −5
x3 = 6

=⇒

 x1

x2

x3

 =

 −2−5
6

 =

 −2−5
6


︸ ︷︷ ︸

xp

+t

 0

0

0


︸ ︷︷ ︸

xh

, where t ∈ R

EX 4.6.8: Find the homogeneous (xh) & particular (xp) solutions to the linear system


3x1 + 2x2 − x3 = 4

x1 − 2x2 + 2x3 = 1

11x1 + 2x2 + x3 = 14

(To conserve space, the Gauss-Jordan elimination steps are omitted – see solution to EX 4.6.5 to see the omitted steps.)

[A | b] =

 3 2 −1 4

1 −2 2 1

11 2 1 14

 Gauss−Jordan−−−−−−−−−−→

 1 0 1/4 5/4

0 1 −7/8 1/8

0 0 0 0

 = [RREF(A) | b̃]

There’s no pivot in 3rd Column of RREF(A), so pick convenient parameterization for 3rd unknown: Let x3 = 8t

[RREF(A) | b̃] ⇐⇒


x1 +

1
4
(8t) = 5

4

x2 − 7
8
(8t) = 1

8

x3 = 8t

=⇒


x1 = 5

4
− 2t

x2 = 1
8
+ 7t

x3 = 8t

=⇒

 x1

x2

x3

 =

 5/4

1/8

0


︸ ︷︷ ︸

xp

+t

 −27
8


︸ ︷︷ ︸

xh

EX 4.6.9: Find the homogeneous (xh) & particular (xp) solutions to the linear system


x1 + 3x2 − 2x3 = 2

3x1 + 9x2 − 6x3 = 6

−2x1 − 6x2 + 4x3 = −4

[A | b] =

 1 3 −2 2

3 9 −6 6

−2 −6 4 −4

 Gauss−Jordan−−−−−−−−−−→

 1 3 −2 2

0 0 0 0

0 0 0 0

 = [RREF(A) | b̃]

Columns 2 & 3 of RREF(A) have no pivots, so pick parameterizations for 2nd & 3rd unknowns: Let x2 = s, x3 = t

[RREF(A) | b̃] ⇐⇒ x1 + 3x2 − 2x3 = 2 =⇒


x1 = 2− 3s+ 2t

x2 = s

x3 = t

=⇒

 x1

x2

x3

 =

 2

0

0


︸ ︷︷ ︸

xp

+s

 −31
0


︸ ︷︷ ︸

xh

+t

 2

0

1


︸ ︷︷ ︸

xh

SANITY CHECK: Axh =

 1 3 −2
3 9 −6
−2 −6 4


 −31

0

 =

 0

0

0

 = ~0 =⇒ Axh = ~0 as expected

SANITY CHECK: Axh =

 1 3 −2
3 9 −6
−2 −6 4


 2

0

1

 =

 0

0

0

 = ~0 =⇒ Axh = ~0 as expected

SANITY CHECK: Axp =

 1 3 −2
3 9 −6
−2 −6 4


 2

0

0

 =

 2

6

−4

 = b =⇒ Axp = b as expected
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