EX 5.2.1: | Let vectors v,w € R? such that v = (1,2)7 and w = [

v,

Moreover, define inner product {-,-) on R? as so:
(a) Compute inner product (v, w).

2

E VpWg = V1W1 + V2W2
k=1

(v,w) =

3
1|
W) = viwy + vows = viw

(1B +(2)(-1) =3-2=[1]

(b) Are v & w orthogonal?

’ No, since inner product (v, w) # 0 ‘

(¢) Compute induced norms ||v|| and [|w]|.

2

vl = Zv +v3 =
2

[[wl|* = (w Zw +ws
=1

(d) Compute induced metric d(v, w).

HE

(e) Compute orthogonal projections proj,v and proj,w

[d(v,w)]* = |lv —wl||* = ’

12+ (@2 =5 = ||Ivl| =5

=3+ (-1)* =10 = |||w]| = V10

-]

R

|} — [m=va)

, (v, w) 1 1 r 3 1\" , (w,v) T 1 2\"
_ P Y AC N L S = = -w=2(1,2 =,
PrOIWwY = It w) " 10 T 100 10) ¢ POVYT LYY (1,2) 55
, o 1 -2 -5 -3
EX 5.2.2:| Let matrices A, B € R such that A = 4 A and B = 0 1

Moreover, define inner product (-,

(a) Compute inner product (4, B).

-y on R?*? as so:

(A, B) := a11b11 + a12b12 + a21b21 + azabas

= ZZ aijbi; = a11bi1 + a12b12 + a21b21 + az22bae = (1)(=5) + (=2)(=3) + (—4)(0) + (4)(-1)

i=1 j=1

(b) Are A & B orthogonal?

’No7 since inner product (A, B) # 0‘

(c) Compute induced norms ||A|| and ||B]|.
2 2

AII* = (4, 4) =

i=1 j=1
1B]I* =
i=1 j=1
(d) Compute induced metric d(A4, B).

6 1
-4 5

[d(A,B))* = ||[A—B|]* =

([

(e) Compute orthogonal projections projgA

o AB ., (=3, 3[-5 -3]_
pojsAd =B =5 )P o L1 | T
. BA, (=3), 3] 1 -2]_
pojaB =7 mA=\g ) AT Ly 4|7
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and proj,B.

Z Z a?j =a}, +aiy + a3 +a3 = (1)2 + (-2

)? + (—4)?

6 1
L[ ])-n = fn=]
3/7 9/35
0 3/35
—3/37  6/37
12/37 —12/37

+(4)? =37 = |||A]| = V3T

ZZ% = b1 + s + 031 + b3 = (=5)" + (=3)* + (0)* + (=1)* = 35 = | ||B|| = V35




EX 5.2.3:| Let polynomials p,q € P> such that p(t) = t> — 3t and q(t) =4 —t — >

(a)

Moreover, define inner product (-,-) on Py as so:  (p,q) := p(0)g(0) + p(1)q(1) + p(3)q(3)

Compute inner product (p, q).

First, evaluate polynomials p & ¢ at the prescribed points 0, 1,3 as these values will be used several times:

p(0)= (02 -3(0) = 0 a(0)=4-(0)~ (02 = 4
p)= (72 -301) = -2 d=4-()- (7 = 2
p3)=(B2-33) = 0 4B =1-(@)-@? = -8
(p,9) = P(0)a(0) + p(1)a(1) + p(3)a(3) = (O)(4) + (~2)(2) + (0)(~8) =

Are p(t) & ¢(t) orthogonal?

’ No, since inner product (p,q) # 0 ‘

Compute induced norms ||p|| and ||ql].

It’s easier & less messy to find the square norm first, then take the square root:

[Ipl* = (p, p) = p(0)p(0) + p(1)p(1) + p(3)p(3) = (0)(0) + (=2)(=2) + (0)(0) =4 = ||p|| = 2
llgll* = (g,9) = a(0)g(0) + a(1)g(1) + a(3)a(3) = (4)(4) + (2)(2) + (~8)(~8) = 84 = |||ql| = V84
Compute induced metric d(p, q).

It’s far easier & less work to find the square metric first using properties of inner product, then take the square root:

A, D = o~ all> = (0 — 4.0~ a) = (p.0) — 2p. @) + (4.0) = 4~ 2(~4) +84 =96 = |d(p.q) = V55 |

(e) Compute orthogonal projections proj,p and proj,q.

: (p,g) _ —4 1 ) 4 1 1,
= = g=—— (4=t -t = —— + —t+ —t
PR = g gy~ 84 ? 21 ) 21 "ot T o
. q,p —4
proja= 20— by (30 -
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EX 5.2.4: | Let functions f,g € C[0, 7] such that f(z) =sin(2z) and g(z) = cosz.

Moreover, define inner product (-, ) on C[0, 7] as so: / f(z)g(z) dz

(a) Compute inner product (f, g).

(f,9) = / sin(2z) cosx dx e / (2sinz cosz) cosz dx = 2/ cos® zsinx dx
0 0 0
-1 1 u=1
cv *2] 2 13 rre o |1,.3 1 3 2 4
Yo du) 2o du=2|= L9 -ay -2 (-1 =2(2) =| =
Joa e [ aselg] e o g =2 (5) <[
[¥1] : sin(20) = 2sin 6 cos o (Double-Angle Identity for Sine)
CV: Let u=cosz = du= —sinz dr = sinz de = —du and u(w) = cos(m) = —1, u(0) = cos(0) =1
(2] : / f(z) de = / flz (Flip Interval Rule for Definite Integrals)

(b) Are f(z) & g(z) orthogonal?

’ No, since inner product (f, g) # 0 ‘

(¢) Compute induced norms ||f|| and ||g]|.

It’s easier & less messy to find the square norm first, then take the square root:

NFI2 = (f, /) = / sin®(2z) dx =2 / 1= cos(dz) dx = l/ [1 — cos(4z)] dx = 1 z— 1sin(4av)
0 o 2 2 Jo 2 4 =0
rrc 1 1 . 1 . o _ 7
= 5 |:<7’l’ 1 s1n(47r)) (0 1 sm(O))} =3 = |[Ifll = \/ 9
lgll* =(9,9) = / cos® z dz & / L+ cos(2z) / [1+4cos(2z)] doz == |z + 1 sin(2z)
0 0 2 2 2 .
rre 1 T+ 1 sin(27) 0+ = sln(O) =- = ||lgll= z
-2 2 =3 =1z
[¥3] : sin?0 = 1_#5(20) (Half-Angle Identity for Sine)
[¥4] : cos®0 = H#S(w) (Half-Angle Identity for Cosine)

(d) Compute induced metric d(f, g).

It’s far easier & less work to find the square metric first using properties of inner product, then take the square root:

.0 =1l = ol = (=0 f =) = £ =200) + s = 5 ~2(5) + 5 == 5 = o) =[x §

Notice that this was far less work than directly computing the integral [d(f,¢)]* = ||f—gl|* = / [sin(2z) — cos z]® da
0

Here’s why 7foiling” the inner product (f — g, f — ¢g) works (using axioms & properties of inner product spaces):
(f=9.1=9) "= (=9, N =(F=9.9) "E° (£, N~ 1)~ (F.9)~(9.9) "Z° (. ) ={F.9) = (£,9) +lg.9) = (1, 1) =2/, 9)+{9.9)

(e) Compute orthogonal projections proj,f and proj;g.

_ {9 4/3

8
———COST =| -— COST

projy/ = (9.9~ w2 3

projsg = é;}c: ;;f = % sin(2z) = 3% sin(2z)
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