EX 5.3.3:| Let vectors u,v,w € R? such that u = (4, -3,0)7, v = (1,2,0)7, and w = (0,0,4)7.

Moreover, define inner product (-,-) on R?® as so: (v, W) := viw1 + vews + vaws = v w
Perform the classical Gram-Schmidt process to produce orthonormal basis O := {Q1,q92,q3} for span{u, v, w}.
First of all, label the given vectors with indexing to make stating Classical Gram-Schmidt straightforward:
Let vi:=u, va:=v, v3:=w

Now perform Classical Gram-Schmidt orthonormalization: (Here: Q1 :={a1}, Q2 :={ai, qg})

qi: = Vi = Vi = Vi
_ : _ : _ (va, qu)
qz2 = V2 — PrOJspan(@,)V2 = V2 = PIOJq, V2 = Va2- gqhql;ql
q3 = V3= POjypan(0,)V8 = V3 —Projg Vs —projg,vs = Viz— ACIL qi — (va, Qo)
span{<: a a2 (qi,qr) (92, q2)
4
= q1 =V1 = -3
0
I 4
(va,qi) = < .| -3 > = (1)(4) + (2)(=3) + (0)(0) = -2
i 0
[ 4 4
<q1,q1>—< -3 |, -3 >—(4)(4)+(—3)(—3)+(0)(0)—25
L o 0
I 4
(vs,qi) = < | -3 > = (0)(4) + (0)(=3) + (4)(0) =0
i 0
1 ) 4 1 8/25 33/25
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(a1, q1) 25
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33 44
(va,q2)= (| 0 |, | 44/25 | )=(0) (5 ) +(0)( 5z ) +(#)(0) =0
5 25
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33/25 33/25 .,
() = (| aa/25 || 44725 | )= (22) () 4 (2) (2) 4 o)) = L
2,92/ = /25 || 44/ ~\25) \25 25 ) \ 25 =T 252
i 0 0
0 0 0
:>C13:V3*<Vs7q1> 1*<V37q2>q2:V3* () 1 () q2:V3*676: 0
(ar,a1) (az,q2) (ar,qa1) (az,qz) .
33\% 44\ 11232 +4%) 11
= 2 —3)2 2 — = —_— —_— 2 — _— = — E = 2 2 2 —
lanll = VEF (3PP =5, [l ﬂ%) +(5) +o L) U g = VPR TR =4
. 4 4/5 5 [ 33/25 3/5 .
~ a1 ~ a2 ~ a3
Gi=—=-| 3|=|-3/5|, == |44/25 |=| 4/5 |, 3= =0 | =
Y lall T 5 / ool 11 | MY / Tasl] ~ 4
0 0 i 0 0
4/5 [ 3/5 0
Orthonormal Basis @z{ahaz,as}: =3/5 |, 4/5 |,]| 0
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EX 5.3.4:| Let functions f, g, h € C[0, 7] such that f(z) =4, g(z) ==, and h(z) =sinz.

Moreover, define inner product (-,-) on C[0,1] as so: (f,g) := / f(z)g(z) dx
0

Perform the classical Gram-Schmidt process to determine an orthonormal basis Q= {q1,q2,q3} for span{f,g,h}.

First of all, label the given vectors with indexing to make stating Classical Gram-Schmidt straightforward:

Let vi(z) := f(z), va(z) :=g(x), vs(z):= h(x)

Now perform Classical Gram-Schmidt orthonormalization: (Here: Q1 :={q:}, Q2:={q, qg})
a(zr) = vi(2) = u(w) = u(z)
. . V2,
02(@) = 2(w) = PrOjupunioyv2(z) = v2(z) — proj,, va(v) — wala)- ;qj o5 @)
. . . U3,q1§ <U37Q2>
@(z) = wvs(x) 7p1'0.]span(g2)’l)3($) = w3(x) — proj,, vs(x) — proj,,vs(z) = wvs(z)— <q17q1>q1(x) - (g2, 42) 2 ()

=T pro
=0

(va, q1) = (x,4) = /‘7r 4z dz = [2&02] 2(m)* — 2(0)* = 27°

0

(i, q) = (4,4) = / 16 do = [163:] TP 16(x) — 16(0) = 167
0 =0
(vs,q1) = (sinw,4) = / 4dsinz de = [— 4cosaarz7r LY _fcosm — (—4cos0) =4+4=38
0 =0

(vs, q2) = <sinx,x7 E> :/ (xf E) sinz dr '2° [(E fx) cosx]%:7T +/ cosxdr=0+0=0
2 0 2 2 =0 0

2 2 ) 3

T T T T\ 2 T, T 13 m™o w FTC T
T — "N e = _ de = | 223 - & L
(g2, G2) <x 2,:10 2> /0 (x 2) x /0 (w T + 4) T {33: Qx + 41: ) 1

= qi(z) =vi(z) =4

= @) =@ - 20w =a - () =2 ]
= g3(x) = vs(x) — 22?;11; 1(z) — gzzygiiqz(ﬂc) =sinx — 167(4) — <q£0()]2>q2(x) =sinx — % —0=sinz — %

3 3/2
= — — ™ ™
llgu | (1, 1) = Vibr = 4y7, g2l = V{g2. a2) = \/;_ -

T 2 . s 7
lell” = tas, 05 /0 <Smx7%> dmi/o (Sinzxigsmz :2>dx g,% 7T2778 = llgsll = TF27r8

w0 == (e) W-ve m@=a=(58) @-3) w0y = 7 (- )

= 1 V1
Orthonormal Basis Q = {q1,¢2, 3} = {\/%7 <7r3/§> (a: — g) , Wfi < (sinaz _ i)}
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