
EX 5.3.3: Let vectors u,v,w ∈ R3 such that u = (4,−3, 0)T , v = (1, 2, 0)T , and w = (0, 0, 4)T .

Moreover, define inner product ⟨·, ·⟩ on R3 as so: ⟨v,w⟩ := v1w1 + v2w2 + v3w3 = vTw

Perform the classical Gram-Schmidt process to produce orthonormal basis Q̂ := {q̂1, q̂2, q̂3} for span{u,v,w}.

First of all, label the given vectors with indexing to make stating Classical Gram-Schmidt straightforward:

Let v1 := u, v2 := v, v3 := w

Now perform Classical Gram-Schmidt orthonormalization:
(
Here: Q1 := {q1}, Q2 := {q1,q2}

)
q1 = v1 = v1 = v1

q2 = v2 − projspan(Q1)
v2 = v2 − projq1

v2 = v2 −
⟨v2,q1⟩
⟨q1,q1⟩

q1

q3 = v3 − projspan(Q2)
v3 = v3 − projq1

v3 − projq2
v3 = v3 −

⟨v3,q1⟩
⟨q1,q1⟩

q1 −
⟨v3,q2⟩
⟨q2,q2⟩

q2

=⇒ q1 = v1 =

 4

−3

0



⟨v2,q1⟩ =

〈 1

2

0

 ,

 4

−3

0

〉 = (1)(4) + (2)(−3) + (0)(0) = −2

⟨q1,q1⟩ =

〈 4

−3

0

 ,

 4

−3

0

〉 = (4)(4) + (−3)(−3) + (0)(0) = 25

⟨v3,q1⟩ =

〈 0

0

4

 ,

 4

−3

0

〉 = (0)(4) + (0)(−3) + (4)(0) = 0

=⇒ q2 = v2 −
⟨v2,q1⟩
⟨q1,q1⟩

q1 =

 1

2

0

− (−2)

25

 4

−3

0

 =

 1

2

0

+

 8/25

−6/25

0

 =

 33/25

44/25

0



⟨v3,q2⟩ =

〈 0

0

4

 ,

 33/25

44/25

0

〉 = (0)

(
33

25

)
+ (0)

(
44

25

)
+ (4)(0) = 0

⟨q2,q2⟩ =

〈 33/25

44/25

0

 ,

 33/25

44/25

0

〉 =

(
33

25

)(
33

25

)
+

(
44

25

)(
44

25

)
+ (0)(0) =

332 + 442

252

=⇒ q3 = v3 −
⟨v3,q1⟩
⟨q1,q1⟩

q1 −
⟨v3,q2⟩
⟨q2,q2⟩

q2 = v3 −
(0)

⟨q1,q1⟩
q1 −

(0)

⟨q2,q2⟩
q2 = v3 − 0⃗− 0⃗ =

 0

0

4


||q1|| =

√
42 + (−3)2 + 02 = 5, ||q2|| =

√(
33

25

)2

+

(
44

25

)2

+ 02 =

√
112(32 + 42)

252
=

11

5
, ||q3|| =

√
02 + 02 + 42 = 4

q̂1 =
q1

||q1||
=

1

5

 4

−3

0

 =

 4/5

−3/5

0

, q̂2 =
q2

||q2||
=

5

11

 33/25

44/25

0

 =

 3/5

4/5

0

, q̂3 =
q3

||q3||
=

1

4

 0

0

4

 =

 0

0

1



∴ Orthonormal Basis Q̂ = {q̂1, q̂2, q̂3} =


 4/5

−3/5

0

 ,

 3/5

4/5

0

 ,

 0

0

1
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EX 5.3.4: Let functions f, g, h ∈ C[0, π] such that f(x) = 4, g(x) = x, and h(x) = sinx.

Moreover, define inner product ⟨·, ·⟩ on C[0, 1] as so: ⟨f, g⟩ :=
ˆ π

0

f(x)g(x) dx

Perform the classical Gram-Schmidt process to determine an orthonormal basis Q̂ := {q̂1, q̂2, q̂3} for span{f, g, h}.

First of all, label the given vectors with indexing to make stating Classical Gram-Schmidt straightforward:

Let v1(x) := f(x), v2(x) := g(x), v3(x) := h(x)

Now perform Classical Gram-Schmidt orthonormalization:
(
Here: Q1 := {q1}, Q2 := {q1, q2}

)
q1(x) = v1(x) = v1(x) = v1(x)

q2(x) = v2(x)− projspan(Q1)
v2(x) = v2(x)− projq1v2(x) = v2(x)−

⟨v2, q1⟩
⟨q1, q1⟩

q1(x)

q3(x) = v3(x)− projspan(Q2)
v3(x) = v3(x)− projq1v3(x)− projq2v3(x) = v3(x)−

⟨v3, q1⟩
⟨q1, q1⟩

q1(x)−
⟨v3, q2⟩
⟨q2, q2⟩

q2(x)

⟨v2, q1⟩ = ⟨x, 4⟩ =
ˆ π

0

4x dx =
[
2x2

]x=π

x=0

FTC
= 2(π)2 − 2(0)2 = 2π2

⟨q1, q1⟩ = ⟨4, 4⟩ =
ˆ π

0

16 dx =
[
16x

]x=π

x=0

FTC
= 16(π)− 16(0) = 16π

⟨v3, q1⟩ = ⟨sinx, 4⟩ =
ˆ π

0

4 sinx dx =
[
− 4 cosx

]x=π

x=0

FTC
= −4 cosπ − (−4 cos 0) = 4 + 4 = 8

⟨v3, q2⟩ =
〈
sinx, x− π

2

〉
=

ˆ π

0

(
x− π

2

)
sinx dx

IBP
=

[(π
2
− x

)
cosx

]x=π

x=0
+

ˆ π

0

cosx dx = 0 + 0 = 0

⟨q2, q2⟩ =
〈
x− π

2
, x− π

2

〉
=

ˆ π

0

(
x− π

2

)2

dx =

ˆ π

0

(
x2 − πx+

π2

4

)
dx =

[
1

3
x3 − π

2
x2 +

π2

4
x

]x=π

x=0

FTC
=

π3

12

=⇒ q1(x) = v1(x) = 4

=⇒ q2(x) = v2(x)−
⟨v2, q1⟩
⟨q1, q1⟩

q1(x) = x−
(
2π2

16π

)
(4) = x− π

2

=⇒ q3(x) = v3(x)−
⟨v3, q1⟩
⟨q1, q1⟩

q1(x)−
⟨v3, q2⟩
⟨q2, q2⟩

q2(x) = sinx− 8

16π
(4)− (0)

⟨q2, q2⟩
q2(x) = sinx− 2

π
− 0 = sinx− 2

π

||q1|| =
√

⟨q1, q1⟩ =
√
16π = 4

√
π, ||q2|| =

√
⟨q2, q2⟩ =

√
π3

12
=

π3/2

√
12

||q3||2 = ⟨q3, q3⟩ =
ˆ π

0

(
sinx− 2

π

)2

dx =

ˆ π

0

(
sin2 x− 4

π
sinx+

4

π2

)
dx =

π

2
− 4

π
=

π2 − 8

2π
=⇒ ||q3|| =

√
π2 − 8

2π

q̂1(x) =
q1

||q1||
=

(
1

4
√
π

)
(4) =

1√
π
, q̂2(x) =

q2
||q2||

=

(√
12

π3/2

)(
x− π

2

)
, q̂3(x) =

q3
||q3||

=

√
2π

π2 − 8

(
sinx− 2

π

)

∴ Orthonormal Basis Q̂ = {q̂1, q̂2, q̂3} =

{
1√
π
,

(√
12

π3/2

)(
x− π

2

)
,

√
2π

π2 − 8

(
sinx− 2

π

)}
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