ORTHONORMAL BASES, SUBSPACE PROJECTIONS [LARSON 5.3]

ORTHOGONAL SET (DEFINITION): Let (V,(-,-)) be an inner product space.

Then set {q1,q2,...,qn} is an orthogonal set if:
(qi,q;) =0 fori#j
i.e. Every distinct pair of basis vectors in Q is orthogonal.

ORTHOGONAL SETS ARE LINEARLY INDEPENDENT COROLLARY — OSLIC:

Given inner product space (V, (-,-)) and orthogonal set {qi,q2,...,dqn}.

Then, the orthogonal set is linearly independent.

ORTHOGONAL BASIS (DEFINITION): Let (V,(:,-)) be a finite-dimensional inner product space.

Then basis Q@ = {q1,q92,...,q»} is an orthogonal basis for V if:

<qi7qj> =0 fori 75.]

i.e. Every distinct pair of basis vectors in Q is orthogonal.

ORTHONORMAL BASIS (DEFINITION): Let (V,{-,-)) be a finite-dimensional inner product space.

Then basis O = {Q1,42,...,49x,} is an orthonormal basis for V if:

(@, q;) =0 if 07

Qi, ;) = 0ij =
) =0 { @) =1 if 0=

i.e. Every distinct pair of unit basis vectors in 0 is orthogonal.

¢ (ORTHOGONAL) PROJECTION ONTO A SUBSPACE (DEFINITION):

Let © ={q1,qz2,...,dp} be an orthogonal basis for subspace W of R". (p < n)

Then the (orthogonal) projection of vector v € R" onto subspace W is:

Projy v i= PI0jpan()V = PrOjq, V + Projq, v + - + projq v

e CONVERTING [x]¢ = [x]g (PROCEDURE): Let (V,(;,-)) be a finite-dimensional inner product space.

Let O = {Q1,4d2,...,dn} be an ordered orthonormal basis for V.

Let £ = {e1,e2,...,e,} be the ordered standard basis for V.

GIVEN: Vector x € V in standard basis coordinates: x = [x]¢

TASK: Write vector x in non-std orthonormal basis O-coordinates: xla

(1) [X]@ = projsmn(é) [xX]e = projg, X + projg,X + - - - 4+ projg x =
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GRAM-SCHMIDT ORTHONORMALIZATION [LARSON 5.3]

e (CLASSICAL) GRAM-SCHMIDT ORTHONORMALIZATION, WITH LATE NORMALIZATION:
GIVEN: Induced-norm inner product space (V, (-,-),|| - ||) & Basis B = {vi,vo,...,v,} C V.
TASK: Find an orthonormal basis O = {d1,9q2,...,0qn} for span(B).

(1) Find orthogonal basis Q@ = {q1,q2,...,qn} for span(B) as follows:
(Here7 Qr:={q1,q2,...,qr} for k=1,--- ,n— 1)

q1 = Vi = Vi

q2 = V2 = PrOjspan(0,)V2 = V2 —Projg, V2

g3 = V3= PrOjspan(0,) V3 = V3 —Projy, Vs — proj,,vs

Qn = Vn = PIOjgan(g,_1)Vn = Vn = PIOjq, Vn = PI0jq,Va =+ — PIOjq, ,Vn

(2) Find orthonormal basis Q from Q by normalizing each vector:

dn
lla ||

~ q1 ~ q2

q1 = ) q2 = ) ) an:
lla | [z ]

e (CLASSICAL) GRAM-SCHMIDT ORTHONORMALIZATION, WITH EARLY NORMALIZATION:
GIVEN: Induced-norm inner product space (V, (-,-),|| - ||) & Basis B = {vi,va,..., v} C V.

TASK: Find an orthonormal basis O = {d1,42,...,09x.} for span(B).

(1) Find orthonormal basis Q as follows:

(Or == {@1,d2,...,qx} for k=1,---,n—1)

qi = Vi = Vi ) al = ql/quH
q2 = V2 — projspan@l)vQ = Vv — prOjalv2 ; Q2 = q2/Hq2H
qs = V3z— prOjSpan(éz)Vs = V3 — pI‘Oj;“V3 — Pr0j32V3 ;s = q3/Hq3H
qn = Vn — projspan(@nfl)vn = Va— proja1v" - projan—lvn ) an = qn/anH
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REDUCED QR FACTORIZATION OF A MATRIX [LARSON 5.3]

¢ MATRIX-VECTOR PRODUCTS (Ax) IN TERMS OF LINEAR COMBINATIONS OF COLUMNS:

a1l a2 Qi3 | | | 1
Let A:= a1 Q22 Qo3 = a; as as and X := T2
as1  as2  ass | | | z3
ail  ai2  a13 1 a11x1 + a12x2 + a13x3 ail a1z ais
Ax=| a21 a2 a23 T2 | = | a21®1 +a2ex2 taswrs | =21 | a21 | +x2 | a2 | +x3| a3 | = x1a1 + x2az + x3a3
asl a2  as33 T3 az1z1 + a32x2 + a33rs3 asi as2 ass

linear combination of

the columns of A

¢ MATRIX-MATRIX PRODUCTS (AB) IN TERMS OF LINEAR COMBINATIONS OF COLUMNS:

a1 a2 [ \ c11 c12 \ |
B _ | bur biz2 _ _
A= a1 a2 |=| a1 ax |, B:= , Ci=] ca c2 | =| c1 c2
b21  ba2
az1l  as2 L | €31 €32 \ |
ail a2 b b ] (a11b11 + a12b21)  (a11b12 + a12b22) \ |
11 bi2
C=AB=| a1 a2 { b b = | (a21b11 + a22b21) (a21b12 + a22ba2) | = | (bi1a1 +b21az) (biz2a1 + bazaz)
21 ba2
a31  as2 - (a31b11 + az2b21)  (a31biz + az2b22) \ |

c1 = bii1ar + b21az

c2 = bizay + bozaz

C=AB — { <— Each column of C'is a linear combination of the columns of A built from a column of B

¢ REDUCED QR FACTORIZATION VIA CLASSICAL GRAM-SCHMIDT w/ EARLY NORMING (CGS-EN):
. \

GIVEN: Tall or square (m > n) full column rank matrix Amxn = | a; as --- a,

TASK: Factor A = QR where Qan has orthonormal columns qj and Roxn 1= [7i5],, % is upper triangular.

(1) Perform Classical Gram-Schmidt w/ early normalization on the columns of A:

(Q\k: = {a17a27-"7ak}; k:17 7n_1)

q = ai = a ;A1 i= q1/||q1||2
——
r11
. ~T —~ —~
Q2 = a2 — Proj ., (5,)a2 = a—(qia2)q: ; d2 :=q2/ ||CI2||2
—— ——
r12 ra2
. ~T ~ ~T —~ —~
g3 = a3 —Proj .. (5,)a3 = a3—(q ag) q1 — (QQ as)qz ; 43 = C[3/ ||q3||2
—— —— ——
r13 ro3 r33
. T ~ T ~ ~
Qn = 8y —PrOjung, 8 = @ — (A1an)d1— = (Gn-180)Gn-1 5 Gn = da/ [[dnll2
—— —_——r ~——
Tlin Tn—1,n Tnn

(2) Use the G vectors to build Q matrix and 7;; entries to build R matrix:

i1 Ti2z ot Tipel T1in
| | | 0 722 -+ T2,n-1 T2n
Q=|a @ d |»  R=
| | | 0 0 - Tpin1l Talnm
0 0 0 Tnn

¢ REDUCED QR FACTORIZATION VIA CGS-EN (PROPERTIES):

Let Apmxn be tall or square (m > n) and have full column rank. Let A = QR as Reduced QR via CGS-EN. Then:

(@) QTQ = Iixn (b) rer #0 Vk (¢) R is invertible
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1 1

6
EX 5.3.1:| Let vector v= | 2 | and subspace W = span -2 1, 3 = span{qi,q2}. Compute projy, v.
3 2

1 0 0 20
EX 5.3.2:| Let orthonormal basis O = 0|, 4/5|,| —-3/5 = {q1,4q2,q3}- Find [x]g if [x]le = | —5
0 3/5 4/5 50
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EX 5.3.3:| Let vectors u,v,w € R? such that u = (4, -3,0)7, v = (1,2,0)7, and w = (0,0,4)7.

Moreover, define inner product (-,-) on R?® as so: (v, W) := viw1 + vews + vaws = v w

Perform the classical Gram-Schmidt process to produce orthonormal basis O := {Q1,q92,q3} for span{u, v, w}.
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EX 5.3.4:| Let functions f, g, h € C[0, 7] such that f(z) =4, g(z) ==, and h(z) =sinz.

Moreover, define inner product (-,-) on C[0,1] as so: (f,g) := / f(z)g(z) dx
0

Perform the classical Gram-Schmidt process to determine an orthonormal basis 0= {q1,q2,q3} for span{f,g,h}.
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