0
| | 1 -3

Let A= | wy wo | =] -2 5 |. Then, W+ = NulSp(A7T)
| | 0

-3 5 810 0 -1 8|0

[ fa]- 1) 72

0} 3Ry +Ry— Ry { -2 0

0:| (—~1)R2—Ro [ -2 0

. 1 0 —-1610 "
ERCARLEELN = [RREF(AT) ] 0]
0 ~8 (0
L — 16 = 0 = 16t
Interpret rows of [ RREF(AT) ‘ 0 }: Let 3 =t. Then: o s == o
i) — 8I3 = 0 i) = 8t
1 16t 16 16
— To = 8 | =t 8 o lwt = span 8
xrs3 t 1
1 1 6
EX 5.4.2:| Let vector v= | 2 | and subspace W = span -2 1, 3 = span{qi,qz2}- Compute projy, v.
3 0 2
projy, v Projg, v+ projg, v

qi-v as v
—q1 a2
q1 - q1 qs Q2

- WO+ (E@+06) o OO +ER)+RE)
(1) + (=2)(=2) + (0)(0) (6)(6) +(3)(3) + (2)(2)

= (7))o

1
3 18
= (=2)| -2 |+
SIRIECIE
-3/5 (6 - 18)/49
= 6/5 | + | (3-18)/49
0 (2-18)/49

(=3-49+46-18-5)/(5-49) N : .
If you want to simplify these fractions, have fun with that!
= (6-49+3-18-5)/(5-49) —

(2-18)/49 But leaving the fractions like this is acceptable for WeBWorK.
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EX 5.4.3: | Given the inconsistent linear system Ax = b, where A= | 1 —1 |[andb=] 1

1 1 0
(a) Find the least-squares solution x* via the normal equations.
111 b 3 -2 111
ATA= 1 -1 | = ATb =
-2 -1 1 1 1 —2 6 -2 -1 1

)

3 -2 T 2
The normal equations are: A7 Ax* = ATb — { 5 6 ] [ 961 } = [ 3 ]
Perform Gauss-Jordan Elimination on the augmented matrix:

|:ATA ’ ATb] _ 3 -2 2 2R1— Ry 6 —4 4 Ri+Ro—Ro 6 —4
—2 6| —3 3Ry—Ro 6 18] —9 0

2/3 (2)R2+R1—Ry 3/7 N
5/14} [0 .5/14} [I’X}

1 3/7
X" = |: o :| = |: / :| i.e. the ”best-fit” line to the three points (—2,1),(—1,1), (1

4

-5
(é)Rl—ﬂ?rl |: *2/3
0

—5/14

(b) Find the minimum square-norm residual of the linear system: min [|[Ax — b]|3
xeR

1 -2 1 16/14 1 2/14
Ax* —b = 1 -1 |: _35//714 :| - 1 = 11/14 - 1 = —3/14
1 1/14 0 1/14
2
| 2 o 2/14 2/14 2/14 )\ 2 ,
i [l — bIJ3 = [l 4x" ~ b3 = || | ~3/14 314 || —sua | = (ﬁ) +(-ﬁ

1/14 1/14 1/14

(c) Find the projection matrix P onto the column space of A.

Since AT A is a 2x2 matrix, use determinant-adjoint formula (Ch2/Ch3) to find its inverse.

aO) isy=

)+ (i

This essentially means that the sum of squares of the vertical errors of the ”best-fit” line to the three points is

~ 2
147

\Uw

Sl

)2:

S
4

In general, find inverses of a 3x3 or larger AT A matrix via Gauss-Jordan Elimation of augmented matrix: [ AT A ‘ 1 ]

N 6 2 1011 N I
CP=AATA) AT = — | 1 -1 =— 14 -1
14 2 3 2 1 1 14 2 -1 1

(d) Find the best approximation b* € ColSp(A) to the RHS vector b.

_| X
14

10 6
6 5
-2 3

-2
3
13

- 3/7 16/14
(Option #1) Use least-squares solution: b* =Ax*=| 1 -1 |: 5/14 :| = 11/14
1 1/14
10 6 -2 1 16
(Option #2) Use projection matrix: b* = Pb = % 6 5 3 1| = 1—14 11 | =
-2 3 13 0 1

16/14
11/14
1/14

This essentially means that Ax™ = b™ is the ”closest” consistent linear system to the inconsistent system Ax = b.
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1 -2 1
EX 5.4.4:| Given the inconsistent linear system Ax = b, where A= | 1 —1 |[andb= ] 1
1 1 0
(a) Perform the Reduced QR Factorization of A using Classical Gram-Schmidt with early normalization.
1 1 1/V3
o — — VT2 12— a1 - -
qui=ar=| 1 | = r1:=|lqillz2=V1?+12+1 _\/§:>Q1'_T_% 1 1/V3
1 H 1 1/v3
-2 ) 1/vV3 7] [ —4/3
d2 i= a2 — proj,,.. (5, a2 = a2 — projg, az = as — (@a)gi=| -1 | - <%) 1/V3 | =] —1/3
12 1 -~ [ 1/v3 ] 5/3
12
—4/3 7 [ —4/v42
—4\? —1\2 5\2 V42 _ q2 3 / V2
= m=llellk=\(5) +(5) t{3) =5 = @=_=75| 13|= —1/vV42
2 5/3 ] | s/va2
L VB —4/VE3
. N 3 —=2/V3
Q= |da g | =] 1/v/3 -1/V42 and R:{rél 2 ]:{\Of \/4%\/{]
| 1/V3  5/va2
1/v/3  —4//42
A=0QR= 1§£ 4?& V3 =23 +— SANITY CHECK: QTQ =TI
0 \/5/3 . 2x2

1/v3  5/V42

(b) Find the projection matrix P onto the column space of A.

1/V/3  —4/V/42 {

P:=QQT = | 1/vV3 -—1/V42
V3 532

(c) Find the best approximation b* € ColSp(A) to the RHS vector b.

" V3 1/\@} 5/7  3/7 —1)7

R

L[ w06 2 1 L[ e 16/14

* = P = — = — =
b b=21 65 3 1 o |1 11/14
-2 3 13 0 1 1/14

(d) Find the minimum square-norm residual of the linear system: min [|[Ax — b]|3
xeR

2 2
1 16/14 —2/14 —2/14
min [|Ax = b[[3 = |lb—Pbll3=|/| 1 || 11/14 ||| = 3/14 ||| =| 3/14
xE
0 1/14 1|, -1/14 ]|, —1/14

(e) Find the least-squares solution x* via the Reduced QR Factorization performed in part (a).

Use the Reduced QR Factorization to form upper-triangular linear system:

Iox2

N AT N A A N N ~
Ax=b £ ORx* =b &&= QTQRx" =0"b &2 Rx* =0Q"b

om [ UV Vs uvE]L | L[ s
I R VAVZC R VAV VYAV | vz
o Vi 23 ][ai] [ 2va
Rt Aia I | )
Back-solve upper-triangular linear system:
VB .5 15 5 a2 . 2 (2
3 T2 = \/E:%* i 147(\/3)1 \/§2*\/§:>(\/§)1 <\/§><

e 3 B 3/7
ST 3 | || —-5/14
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10 6 -2
1 6 5 3
-2 3 13
—2/14 ]
3/14 = ﬁ
—1/14
> _ 2 = i
V3 '




1 -2 1
EX 5.4.5:| Given the inconsistent linear system Ax = b, where A= | 1 —1 |[andb=] 1
1 1 0
(a) Perform the Full QR Factorization of A using Classical Gram-Schmidt with early normalization.
1/vV3 —4/V42
5 AI Al / / A i1 ri2 V3 =2/V3
FromEX 544 Q:==| q1 q2 | =] 1/vV3 —1/V42 and R= 0 =1 VI3/3
o V3 5/VE2
Produce a basis {an+1,an+2, - ,am} for ColSp(A)+ FLLA NulSp(AT):
- 1 1 1 auss—Jordan 1 -2 0
GE 0 | Gauss—Jordan, 0 O]~ [ rercar | 5]
-2 -1 10 0 3l0

There is one column of RREF(AT) without a pivot, meaning there’s one free variable.

2t 2
Let v3 =t. Then, vo +3t=0 = vo = -3t and v1 —2t=0 = v] =2t — v := —3t =t| -3
t 1
2 2 ) 2 2/\/14
*. ColSp(A)+ = Span -3 = az=| -3 = Q3 := B | 3| = —3//14
llasll2 V14
1 1 1 1/V/14
Form @ by augmenting Q,- to Q, and form R by augmenting compatible zero matrix below R:
\ 2/V14 [ 1/V3 —4/v42  2/V14
CQe= | @ = 3V L Q=@ &)= @ @ @ |=| 1V —1yvR -3V
\ 1/V14 [ 1/vV3  5/V42 1/V14
f A V3 —2/V3 1/V3 —4/vV42  2/v14 | [ V3 —2/V3
. R:= Om =| o Va/3 A=QR=| 1/v/3 -1/v/42 -3/V14 0 V42/3
L e 0 0 1/v3  5/V42  1/V1i 0 0
(b) Find the projection matrix P onto ColSp(A).
[ 1/v/3 —4/V42 5/7  3/7 —1)7 10 6 -2
_ A A 1/vV/3 1/V/3 1/v3 1
P:=QQ" =1 1/v3 -1/V42 { 4/9% 1/{/\% 5//\% = 3/7 5/14 314 | =4 6 5 3
| 1/vV/3  5/V/42 -1/7 3/14 13/14 -2 3 13
(¢) Find the best approximation b* € ColSp(A) to the RHS vector b.
. 10 6 -2 1 ) 16 16/14
b :Pb:ﬂ 6 5 3 1 =1 11 | = 11/14
-2 3 13 0 1 1/14
(d) Find the projection matrix P. onto ColSp(A)*.
2/y/14 4/14 —6/14  2/14 4 -6 2
Pri=QQF = | —3/Vid | [ 2/vTd —3/Vid 1/VId |=| —6/14 9/14 -3/14 | = = 6 9 -3
1/3/14 2/14 -3/14  1/14 2 -3 1
(e) Find the minimum square-norm residual of the linear system: min ||[Ax — b|[3
x€ER
. 4 -6 2 1 . [ -2 —2/14
Pb= 1 —6 9 -3 1| = 1 3| = 3/14
2 -3 1 0 | —1 —1/14
—2/14 —2/14 —2/14 :
i A_b2: PT»bZI = — | —
min || Ax — |z = || P-blf2 3/14 3/14 3/14 11
—1/14 —-1/14 | —-1/14

(f) Find the least-squares solution x* via the Full QR Factorization performed in part (a).

HEIEA

3/7

Use the Reduced QR Factorization from EX 5.4.4: x* : 5/14
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EX 5.4.6: | Perform the Full QR Factorization using Classical Gram-Schmidt with early normalization of A =

15t Perform Classical Gram-Schmidt w/ early normalization on the columns of A : {aj, a2,

qi:=a; = (3, -3, 3, 0 o)T
g = 4
ri o laf2 3f

= (1/V3, —1/V3, 1/v/3, 0, 0)7

Q2 := as — projg, a2 = as — (41 a2)d1 = a2 — (—v3)a1 = (1, 1, 0, -1, 0)T
Jay (di a2) ( ) ( )

T12

T12

T13

OO%

G-t _ B _D
722 Hq2”2 \/3
= i : _ =T
43 = a3 — Projg, &3 — Projg,as = as (w)q
Gy = o = BB
rs3  lasll2 4
1/V3  1/V/3  1/4
-1/v/3  1/V3  2/4
A=QR=| 1/V3 0 1/4
0 -1/v/3 3/4
0 0 1/4

274 Produce a basis {a4, a5} for ColSp(A)

3 -3 3 0
[ATjﬁ]z 0 2 -1 -1 0]o0
2 -1 3 4

There are two columns of RREF(AT) without a pivot, meaning there are two free variables:

Assign a unique parameter to each free variable and solve for each component:

r1 — 24 — %CE5 = 0

x4 x4 + 115 0

3 + 314 + %x5 = 0 =
T4 = s
x5 3t

374, Perform Classical Gram-Schmidt w/ early normalization on the basis of ColSp(A)~+

qii=as=(2, -1, =3, 1, 0)T
Qs
[lasll2

Q4
V15

qs := a5 — proja4as =as — (qf as)ds = a5 — (

_ a5
[las||2

- m/s)
2/V15
—1/V15
-3/V15
1/V/15
0

ds
|

FTLA
1 Nu

2 =(1/v3, 1/V3, 0, —=1/V3, 0)T

(4% as3)q> = a3 — (2\[)(11
=

7‘13

723

= (1/4, 2/4, 1/4, 3/4, 1/4)T

Gauss—Jordan

—1/+/240
—2/+/240
—1/+/240
—3/4/240
15//240

9
i

-3 23
V3 -3
0 4
1Sp(AT):
0 0
0

0
0

2s + +(3t)

—5 — 7(3t)

—3s — §(3t)
3t

0

=

= (2/\/ﬁ7 _1/\/ﬁv _3/\/ﬁv 1/\/ﬁ7 O)T

+— SANITY CHECK:

-2 —1/3 o0
1 1/3]0
3 2/3]0

xr1
€2
3
x4

x5

1,22,
2
-1

=s5| —3

——

aq

CGS-EN

-3
3 -1
0 -1
0 0

az} ———— {d1,492,q3}

QTQ = I3x3

= [ RREF

L4, T5
T3,T4, X5

1
-1

+t 2

N——

as

o]

€ NulSp(AT)

CGS-EN

)a4 = (=1/5, —2/5, —1/5, —3/5, 15/5)T
= (—1/+/240, —2/+/240, —1/+/240, —3/+/240, 15/+/240)"

4t" Form @Q by augmenting Qr to @, and form R by augmenting compatible zero matrix below R:

: {as, a5} ————— {ds1, 95}

T A=QR= [Q5><3 Q7',5X2] [

1/V3
_1/\/§
1/V3

0

0

,1/\/5

1/v3
1/V3
0

1/4
2/4
1/4
3/4

0 1/4

2/V/15
_1/\/ﬁ
_3/\/ﬁ

1/4/15

0

—1/+/240
—2/+/240
—1/+/240
—3/+/240
15/+/240

3V3

o o o o
|
ooo%é

2V/3
3
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