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EX 6.1.1:| Let transformation 7:R — R? sit. T(t) = 0 :| . Show that T is a linear transformation.

It’s sufficient to show that the Superposition Principle (LT5) holds: [s,t € R and «,p € R]
0

2(as + Bt) 2as + 25t [ 20 25t 2s 2t

= = —+ ﬁ

0 0 0

Since T'(as + ft) = aT'(s) + BT(t), T is a linear transformation.

T(as + Bt) = { n

0 0
. 2 2 . . .
EX 6.1.2: | Let transformation 7: R — R* s.t. T(t) = E Show that T is not a linear transformation.

It’s sufficient to show that the ”Zero Vector Property” (LT3) does not hold in general:

R 0 2(0) 0 0 " 5
T00)=T = = =0cR
Since T(0) # 0, T is not a linear transformation.
. 2 2t+1 . . .
EX 6.1.3: | Let transformation 7: R — R® s.t. T(t) = . Show that T is not a linear transformation.

It’s sufficient to show that the ”Zero Vector Property” (LT3) does not hold in general:

-

T(0) =T ((0,0)") = (2(0) + 1, (0))" = (1,0)" # (0,0)" =0 € R?

Since T/(0) # 0, T is not a linear transformation.

Tl

EX 6.1.4:| Let transformation T:R? 5 R st. T (

Since the rule for 7T is complicated, show that the Axioms (LT1) & (LT2) hold:  [u = (u1,u2)”,v = (v1,v2)7 and o € R]

:|> =3xy —x1. Show that T is a linear transformation.
T2

(LT1): T(u+v) :T< R

uz + v ) = 3(uz +v2) — (ur + v1) = (Buz — w1) + (3vz — v1) = T(u) + T(v)

vl

(LT2): T(awv)=T (

]) = 3(awz) — (aw1) = a(3v2) — a(v1) = a(3v2 —v1) = aT'(v)

Since T(u+v) =T(u) + T'(v) and T(av) = aT'(v), T is a linear transformation.

V2

T1

EX 6.1.5:| Let transformation T:R? 5 R st. T (

It’s sufficient to show that the ”Zero Vector Property” (LT3) does not hold in general:
T(0)=T((0,07)=(0)+4=4#£0=0€R

> =x1+4. Show that T is not a linear transformation.
T2

Since T'(0) # 0, T is not a linear transformation.

T1

EX 6.1.6:| Let transformation T:R?> 5 R st. T (

Unfortunately, the ”Zero Vector Property” (LT3) does indeed hold:

:|> =22, Show that T is not a linear transformation.
T2

-

T(0)=T((0,00") =(0)>=0=0€R = T(0) =0
Hence, it’s easiest to show that the SM Axiom (LT2) does not hold for all @ € R:
T(av) =T ((av1,o0v2)") = (av1)? = a®v] # avf = oT'(v) for a#1

Since T'(awv) # oT'(v) in general, T is not a linear transformation.

EX 6.1.7:| Let transformation 7 : R? > R s.t. T(x) = ||x||. Show that T" is not a linear transformation.

Alas, the ”Zero Vector Property” does indeed hold: T'(0) = [|(0,0)%|| = /(02 4+ (0)2=0=0€ R = T(0) =0
Hence, it’s easiest to show that the SM Axiom (LT2) does not hold for all « € R:
NM3
T(av) = [lav] "2 |a]||v]| # al|vl| = aT(v) for a <0

Since T'(awv) # oT'(v) in general, T is not a linear transformation.
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EX 6.1.8:| Let transformation 7 :R? - R? st. T <

x 1 —T
! :|> = [ ! 2 :| . Show that T is a linear transformation.
x1

T2
It’s sufficient to show that the Superposition Principle (LT5) holds: [u= (u1,u2)’ and v = (vi,v2)" and a, B € R]
T(outpv) = T auy + Buy _ (qur + Bv1) — (auz + Bu2) _ (qur — auz) + (Bv1 — Pu2)
auz + Buz (au1 + Bu1) (o) + (Bor)
o } T T RPN e { oo ] = aT'(u) + BT(v)
auy Bui Uy VU1

Since T'(au + Bv) = aT'(u) + T (v), T is a linear transformation.

x1

EX 6.1.9: | Let transformation 7 : R? - R? st. T <

It’s sufficient to show that the ”Zero Vector Property” (LT3) does not hold in general:

S 0 _ (0) — (0) - 0 0] = 9
ror((2])- (5[] 3]

0
Since T'(0) # 0, T is not a linear transformation.

T —T
) = [ ! 2 :| . Show that T is not a linear transformation.

i) 1'1—2

EX 6.1.10: | Let transformation T :R3*? — R**3 st. T(A) = AT.  Show that T is a linear transformation.

It’s sufficient to show that the Superposition Principle (LT5) holds: [A,B € R**? and «,f € R]
T(aA+ BB) = (aA+ BB)" Z (ad)” + (8B)" Z a(AT) + B(BT) = oT(A) + BT(B)
Since T'(aA + BB) = oT(A) + fT(B), T is a linear transformation.

EX 6.1.11:| Let transformation 7T :R?*? — R**? st. T(A) = AX — XA where X is an arbitrary 2 x 2 matrix.

Show that T is a linear transformation.
Since the rule for 7" is complicated, show that the Axioms (LT1) & (LT2) hold: [A,B € R**? and « cR]
(LT1): T(A+B) = (A+B)X - X(A+B) """ AX 1 BX “ XA~ XB = (AX — XA) + (BX — XB) = T(A) + T(B)
M2

(LT2): T(aA) = (aA)X — X(ad) = a(AX) — a(XA) = a(AX — XA) =aT(A)
Since T(A+ B) =T(A) + T(B) and T(aA) = aT(A), T is a linear transformation.

EX 6.1.12:| Let transformation 7T :R?*? — R**? st. T(A) = A~'. Show that T is not a linear transformation.

Since O2x2 is not invertible, O2x2 ¢ CoDomain(7T) = ”Zero Vector Property” (LT3) does not hold.
Alternatively, show that the SM Axiom (LT2) does not hold for all a € R:
1 1
(LT2): T(aA) = (ad) ' 2 ~AT = T(A) # aT(A) when a # 1

Since T'(aA) # aT(A) in general, T is not a linear transformation.

EX 6.1.13:| Let transformation T : P; — Ps s.t. T(p) = 2*p(x). Show that T is a linear transformation.

It’s sufficient to show that the Superposition Principle (LT5) holds: [p,g € P3 and «,f € R]
T(ap + Bq) = 2*[ap(x) + Ba(z)] = az’p(x) + Brq(z) = alz®p(x)] + Blz°q(x)] = oT(p) + BT(q)
Since T'(ap + Bq) = T (p) + T(q), T is a linear transformation.

EX 6.1.14:| Let transformation 7 : P; — P1 s.t. T(p) =p”(z). Show that T is a linear transformation.
1 CALCULUS " 1 CALCULUS "
T(ap + Bq) = [ap(z) + Bq()] =" lap(@)]” + [Bq(2)] =" " ap’(z) + Bq"(x) = oT(p) + BT (q)
Since T'(ap + Bq) = T (p) + BT(q), T is a linear transformation.

EX 6.1.15: | Let transformation 7 : P; — P; s.t. T(p) = x> +p(x). Show that 7 is not a linear transformation.

It’s sufficient to show that the ”Zero Vector Property” (LT3) does not hold in general:
T(0) = T(2(x)) =T (02> + 02> + 02+ 0) = 2> + 0 =2 # 02° + 02> + 0z +0=0 € P;

Since T(0) # 0, T is not a linear transformation.
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1
EX 6.1.16: | Let transformation T :C[0,1] - R s.t. T(f) = / zf(z) de.  Show that T is a linear transformation.
0

It’s sufficient to show that the Superposition Principle (LT5) holds: [f,g€C[0,1] and «,p € R]

T(af+80) = [ slofe)+poa)) do = [ foaf(o) + Bag(@)] do = [ osf(@) dot [ pag(a) da

a/ xf(z) dx+5/0 zg(z) de = oT(f) + BT(g)

0

Since T'(af + Bg) = aT(f) + BT (g), T is a linear transformation.

1
EX 6.1.17: | Let transformation 7' : C[0,1] — R s.t. T(f) = / [x 4+ f(z)] de. Show that T is not a linear transformation.
0

It’s sufficient to show that the ”Zero Vector Property” (LT3) does not hold in general: [z(z) = 0]
. 1 1 1 1 517=! prc 1 9 1 2 1 _
T(0) = T(2(z)) :/ [z + 2(z)] dm:/ [z + (0)] d:p:/ z do = [ﬁ ] ¢ -1 - 20> =-#£0=0€R
o o ) 2" Jaco T 2 2 2

Since T'(0) # 0, T is not a linear transformation.

EX 6.1.18:| Let linear transformation L :R? - R? st. L (

(a) Compute L <[ _;l ])

The key is to write vector (—4,8)” as a linear combination of the two given input vectors (1,0)” and (0,1)

D=1 e ([V]) 5]

and then use the Superposition Principle (LT5):

—4 1 01\ ors 1 o\ _, . [ -3 1
(1)) - sleols]oS]) = e (a]) ([ 0]) -0 2 o[
[12} {8 {20}
- 4 -
-8 40 32
(b) Compute L ([ . ]), where 1,z € R.
L< > - L(m)“ +<x2>[?]>LE5<x1)L<[é >+<x2>L< 2D:<x1>[‘3 +<x2>“}

B —3x1 n x2 | —3x1 + T2
211 5o 2x1 + dxo

EX 6.1.19:| Let linear transformation L: P, — P, st. L(1)=2+5 and L(z) =2 — 3z.

(a) Compute L(4x — 3).

Write linear polynomial 4z — 3 as a linear combination of the two given input linears 1 and =

and then use the Superposition Principle (LT5):

L(4z — 3) = L[4(z) — 3(1)] "£° 4L(x) —3L(1) =4(2—32) — 3(x + 5) =8 — 12z — 3z — 15 =
(b) Compute L(azx + b), where a,b € R.

LTS5

L(ax +b) = L{a(z) + b(1)] "£° aL(z) + bL(1) = a(2 — 3z) + b(z + 5) = 2a — 3az + bz + 5b = ] (b— 3a)z + (2a + 5b) \
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