10 -8
EX 7.1.2:| Let square matrix A = 12 -10
—2 2

(a) Find the eigenvalues A1 < A2 < Az of A.

-5
—6
1

with characteristic polynomial pa(A) = A(A + 1)(A — 2).

PaN) =0 = AA+DA=2)=0 = A€ {0,-1,2} = [\ =-1,1 =0 =2

(b) Find the eigenspaces Ey,, Ex,, Ex, of A.

Ex, =NulSp(A—MT) = A—MI=A+1=

11 -8 —5/0
[(A— M) ‘ 6] =] 12 9 —6]o0
-2 2 2|0

-1 —1]0

(=4)R1+R2— Ry 0 210

(=11)R1+R3—R3
0 3 6|0

Column 3 has no pivot
T

x3 is a free variable — { !

Let 23 =t

T2

Ex, = NulSp(A — XoJ) = A— ol = A=

10 -8 —5]0

[(A— AoT) ‘ 6] =| 12 —10 —6]|0
-2 2 1|0

-1 -1/2|0

(—6)R1+R2— Ry 0 0 0

(—10)R1+R3—R3
0 2 0 0

Column 3 has no pivot
3 is a free variable — {

Let x3 = 2t

€2

8 -8 5|0
12 —12 —610 Gauss—Jordan
—2 2 —11]0

Column 2 has no pivot
. . T1
x5 is a free variable

Let 20 = ¢

=

(¢) Find eigenvectors x1,x2,x3 of A.

€3

—1
—2
1

x1 = (basis vector of Ey,)
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(10+1) -8 -5 11 -8 -5
12 (-10+41) -6 |=| 12 -9 —6
—2 2 (1+1) —2 2 2
-2 2 20 ) -1 -1
Ri6 Ry (-3)RioR
12 -9 —610 : 4 -3 =2
Ry R
1 o8 —5|o0 ] @™l s 510
-1 —1/0 0 1]0
M} 0 210 RotFR1— Ry 0 210
0 01]0 0 0 00
’ T —t -1 -1
o — X9 = -2t | =t | -2 E\, = span -2
X3 t 1 1
10 -8 =5
12 —-10 -6
—2 2 1
-2 2 1 ) -1 -1/2|0
R1+*R3 (7§)R1‘>R1
Emm— 12 —-10 -6 6 =5 =310
(3)rarrs
10 -8 =5 10 -8 510
[ 0 -1/21|0
(—2)Ry+Rs— Rs B B "
e 0 0 |0 |=[RREF(A- 1) | 0]
i 0 0 |0
" X1 i t 1
0 — To = 0 =t| 0 Ey, = span 0
I3 | 2t 2
(10 —2) -8 -5 8 -8 =5
12 (-10-2) -6 |=| 12 —-12 -6
—2 2 (1-2) —2 2 -1
-1 0|0
0 0 0 (Gauss-Jordan steps omitted to conserve space.)
0 0 010
— Il t 1 1
: 0 — To = t =1 Ey, = span 1
B 3 0 0 0
1
, x2 = (basis vector of E),) = | 0 |, x3 = (basis vector of E),;) = | 1
0




-3 0 0

EX 7.1.3:| Let sparse square matrix A = 0 3 -1
0 -2 2

(a) Find the characteristic polynomial pa()).
(=3-21) 0 0 (3- ) .
det(A — \I) = 0 3—=2X) -1 =(=3-2X)
-2 (2-2X)
0 -2 (2-2X)

:(—3—)\)[6—5)\+>\2—2] = (=3 N\ —5x+4)=(—

N1

pa(N) = det(A] — A) = (—1)%det(A — AI) = (—1) [(—3 — N —4) (A —

1)} =[0+3)0 -9 -

1)‘

(b) Find the eigenvalues Ay < A2 < Az of A.

‘_(3)\)[(3>\)(2)\)2]

pa) =0 = A+3)A-HA-1)=0 = Ae{-3,41} = [\ =-3, Jo=1 Ig=4]
(¢) Find the eigenspaces Ey,, Ex,, Ex, of A.
(—=3+3) 0 0 0 0 0
Ex, = NulSp(A — \I) = A—\I=A+3]= 0 3+3 -1 |=|0 6 -1
0 2 (2+3) 0 -2 5
0 0 010 0 -2 510 0 -2 510
[(A_)\lf) ’ 6] =lo 6 —1]0 |22 o 6 —1|0 | FEIE G o 140
0 -2 510 0 0 010 0 0 010
-2 5|0 0 -2 0|0 0 [1] 0 |0]
(#5)R2— Rz 0 | CREARImRL 0 (-3)R1—Ry 0 .
0 010 0 0 0 1|0 0 0 0 |0 ]
Column 1 has no pivot [ x4 t 1 1]
x1 is a free variable { To =0 | =t]| 0 E\, = span 0
Let 21 =t | =3 0 0 0 J
(—=3-1) 0 0 4 0 0
Ex, = NulSp(A —XoJ) => A— Al =A—1T= 0 3-1 -1 |=| 0o 2 -1
) —2  (2-1) 0 -2 1
~4 0 0]0 —4 0107 iymon 0 0
IR -2 —
[(A— AoT) ’ 0} =| o 2 —1|o | Bt —1 TR o ~1/2
(3)R2—R2
0 -2 1 010 0 0 0
Column 3 has no pivot 0 x1 0 0 0
x
z3 is a free variable — { ! . — To | = t =t| 1 E\, = span 1
To =
Let x5 = 2t ? s 2 2 2
(—=3—-4) 0 0 7 0 0
Ex, = NulSp(A — As) = A— sl = A— 4 = 0 3-4 -1 |=| 0o -1 -1
0 —2 (2-4) 0 -2 -2
-7 0 0]0 =70 of0] . 0 00
— (—=2)R2+R3++R3 — 7 )F1—R
A=\l ’ 0] = -1 - (2Rt Rs o lts, -1 -
[(A=2a1) | 0] 0 -1 -1]0 0 -1 1|0 [0 1|0
0 -2 =210 0 0 0 0 0 010
Column 3 has no pivot 0 T1 0 0 0
x
xz3 is a free variable — { ! . — zo | = | =t | =t| -1 Ey, = span —1
x _
Let x3 =t 2 T3 t 1 1
(d) Find eigenvectors x1, X2, X3 of A.
x1 = (basis vector of Ey,) = (1,0,0)”, xa = (basis vector of Ey,) = (0,1,2)", x3 = (0,-1,1)7
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