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EX 7.3.4:| Let symmetric matrix A = 5 4 :| .

(a) Find the characteristic polynomial pa()).

(4-x 2

det(A—\)=| T

‘ =(@4=-N)?=(2)(2) = (16=8A+A) -4 = A2 -8\ +12 = ’pA(A) =2\ -8\ 412

(b) Find the eigenvalues A\; > Az of A.

paN) =0 = X2 —8x+12=0""ZFA-2)A—6) =0 = )€ {2,6} =

(¢) Find the eigenspaces Ey,, Ex, of A.

4- 2 —2 2
EAI—NulSp(A—)qI):>A—)\II_A—61_[( 26) }_{ ]

- -2 210 -2 210 —3)R1i—R1 1 =110
o |- e c
2 -210 0 0|0 0 00
Column 2 has no pivot
1 t 1 1
x2 is a free variable = { =t = = =1 . | Ex, =span
i) t 1 1
Let 20 =t

EAQZNulSp(A—)\QI):>A—)\QI:A—ZI=[(42) 2 }:{2 2]
2 (4-2)
. 2 2
-5

Column 2 has no pivot

T —t —1 —1

zo is a free variable — { T =—t — = . =t . .. | Ex, = span )
T
Let 20 = ¢ 2

(d) Find orthogonal eigenvectors qi,q2 of A.

[(A W)

0 0 0

0:| (=1)Ry1+Ry—Rs [2 2
e

. 1 1
a1 = (basis vector of Ey,) = |: ) :| q = |: ) :|

: -1 —1 ]
q2 = (basis vector of Ey,) = |: ) :| Q= |: )

(e) Find orthonormal eigenvectors 1, Q2 of A.

. oq 1 S D U O R R VAVD) V2
Tl " VETE 1] Va1 ] |1 R YN
. 92 1 -1 _ 1| -1]_ —1/v2 N e VAVS)
P aell: ~ Vo rz| 1| V2] 1| | e S R YN

(f) Factor A as A = QAQT where matrices Q is orthogonal and A is diagonal.

1/vV2 —1/v2 |

[ M o0 [6 0
o I 0 x| |0 2

Q=|aq q | = 1/v/3 1/\/5_, A=

4 2 [1/v2 —1/v2][6 0 1/V2 1/V2
2 4 | 1/vV2  1v2 o0 2 —1/vV2 1/V2

—— ———
A Q A QT
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EX 7.3.5:| Let symmetric matrix A =

(a)

2 2V3

2v3 6 |

Find the characteristic polynomial pa ().

2-2))  2V3
2v3  (6-1)

Find the eigenvalues A1 > A2 of A.

paN) =0 = X2 —8x=0"" LT A\A-8) =0 = Ae{8,0} = [\ =8, \=0

det(A—\I) = = (2=N)(6—2\)—(2v/3)(2V3) = (12—8\+)1%)—12 = \? -8\ = ’pA(,\) =X -8\

Find the eigenspaces E»,, Ex, of A.
2 — 2 —6 2
Bx, = NulSp(A— 1) — A— \T=A—si—| 278 VB || 6 23
2v3  (6-28) 2v3 -2
[(A D) ’ 6] 6 2v3|0 | (J)m+reore [ 6 2¢/3|0 | (-4)mi—~m ~1/v3 |0
_ - AV VAN
' 23 -2 |0 0 0 |o 0 o o

Column 2 has no pivot

x2 1S a free variable :>{x1—t - - = t\/g = \/g L \; = span \/g

Letxgzt\/g
2 23
Ey, =NulSp(A — o) = A— Xl =A—-0-T=A=
A2 p( 21) 2 23 6 ]
. 2 23|10 | —var , 2 2v3 1|0 DRi-R 1 310
o <[ 2 28[0] comenen [2 295 [0] Qinon, 1] V3
2v3 6 |0 0 0 |0 0 0lo0

Column 2 has no pivot

x2 is a free variable = { = —t/3 =— |:371:|:|:—t\/§:|:t|:_\/§:| Exzzspan{[_\/g]}

o t 1 1

Let 220 = ¢
Find orthogonal eigenvectors qi,qz of A.

(basi tor of Ey,) L

= (basis vector o =
q1 A1 _ \/5
[ —v3 V3
q2 = (basis vector of Ey,) = If :| Q= |: 1[ ]
Find orthonormal eigenvectors qi, 42 of A.
T 1 '1] 1[1] {1/2] g {1/2]
1 = = = - = . 1 =

llal2 124+ (v3)2 L V3 2| V3 V3/2 V3/2
) Q@ 1 [ —v3 1| -v3 —V/3/2 ) —V3/2
7 Taells ~ N el T e Y T e

212 (_\/§)2+12 L / /

Factor A as A = QAQT where matrices Q is orthogonal and A is diagonal.
A' A' 1/2 —V3/2 A1 0 8 0
o V3/2 1/2 0 X2 0 0

2 2V3 | 1/2 —V3/2 8 0 1/2 V/3/2
| V32 1/2 0 0 —V3/2  1)2

——
A Q A QT
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EX 7.3.6:| Let symmetric matrix A =

(a) Find the characteristic polynomial pa()).
2-x 2 0
det(A—\I) = 2 (2-X\) 0 = (=}
0 0 (0-2X)
(b) Find the eigenvalues A\; > A2 of A.

paN) =0 = XN2(4—)) =0 = A€ {4,0} =

(¢) Find the eigenspaces Ey,, Ex, of A.

S NN
S NN
o O O

(2-4) 2 0 —2 2
Ex, =NulSp(A—MI) = A-MI=A—-4]= 2 (2—-4) 0 = 2 -2
0 0 (0—4) 0 0 —4
-2 2 0]0 -2 00(1)RR71
[(a-xn|o]=| 2 -2 ofo |22 0olo | —2T5 ] o
(- )
0 0 —410 0 0 —410
Column 2 has no pivot . T1 t 1
-
x2 is a free variable = { ! 0 — x2 | = | t | =1] 1 E\, = span
T3 =
Let 20 =t ’ T3 0 0
2 2 0]
EAQZNHISP(A—)\QI):>A—)\QI:A—0~I:A: 2 2 0
0 0 0 |
2 2 00 200'(1)RR100
— — = —
[(a=xeny 6] =] 2 2 oo | E22EE2E 1 g o o0 |25 0 0 0o
0 0 0]0 0 0|0 | 0 0 010
Columns 2 & 3 have no pivot
X1 —t —1 0
T2, T3 are free variables
= |z | = t | =t 1 |+s| 0 oo | Ex, = span
Let zo =t, z3 =5
Ts S 0 1
Then 1 = —t¢
(d) Find orthonormal eigenvectors q1,Q2,1, Q2,2 of A.
1/v2 -1/v2
(Normalize each basis vector of Ex,, Ex,) => |q1= | 1/v2 |, Q21= 1/vV2 |, Q2=
0 0
(e) Factor A as A= QAQT where matrices Q is orthogonal and A is diagonal.
\ | | 1/vV2 —-1/vV2 0 A0 0 4 0 0
Q=| @& @1 G2 |=|1/V2 1/V2 0|, A=| 0 X 0 |=[00 0
| | | 0 0 1 0 0 X 0 0 O
2 0 1/vV/2 —1/v/2 0 4 0 0 1/vV/2 1/vV2 0
2 0|=1|1/V2 1/V/2 0 0 0 0 —1/vV/2 1/v/2 0
0 0 0 0 1 0 0 0 0 0 1
A Q A QT
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