EX H.1.1:| Let vector u:= (3,—-1)T € R%.

(a) Find the same-semiaxis Householder reflector h, for vector u.

[ulls = /3% (-1)2 = VIO

= h;y =u —sign(ui) - [|ull]z- & = |: 0

o ][] 1)

— [l = /(8 — VI0)? + (—1)2 = 20— 6V/I0

h o he 1 3- /10
7 Iyl 20 — 6v10 ~1

(b) Find the same-semiaxis Householder reflector hyperplane ¢4 for vector u.

(p ={x€R?:h; x=0}= {(m,azz)€R2:(37\/ﬁ)x17x2:0}

(¢) Reflect u about the same-semiaxis Householder reflector hy to produce snapped vector uy.

3 ]_2.<(3)(3—M)+(—1)(—1)>. 1 {3\@]

u+—u—2~pr0jﬁ+u—u—2(u-fl+)f1+—[

-1 20 — 61/10 V20 — 6/10 -1
| 3 o, 10-3v10 | 3-V10 | | 3 3-v10 | |] V10
T - 20 — 61/10 —1 I -1 - 0
(d) Find the same-semiaxis Householder reflector matrix H corresponding to h..
. 1 3—V10 1
Pp=h,hT=—— - e [(3-V10) -1
" V20 — 6y/10 -1 \/20—6\/10[ ]
B 1 (3-V10)(3 - V10) (3—V10)(-1) | 1 19— 6v10 -3+ 10
20 — 61/10 (—=1)(3 — V10) (=1)(=1) 20— 610 | —3++/10 1
Ho—7_ep |10 2 19-6V10 —3+v10 | 1 —184+6V10 6— 210
o Tl 1] 20-6/10| -3+ V10 1 “T120-6V/10| 6-2v10 18— 610
(SANITY CHECK) H. is symmetric: HI = Hy
760 — 240/10 0 10
(SANITY CHECK) H. is orthogonal: HY H. = __ = =1V
760 — 240v/10 0 760 — 2404/10 0 1
(CHECK) 1 —18+6vV10 6— 210 3 1 —60 4 201/10 V10 p
ui= = — — = =1u
Hyreflectsu: 20—6/10 | 6—2V10 18 — 61/10 -1 20 — 61/10 0 0 *
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EX H.1.2:| Let vector u:= (3,—-1)T € R%.

(a) Find the other-semiaxis Householder reflector h_ for vector u.

[ullz = /3% + (-1)2 = VIO

_ R — 1 3 1 3++v10
= h_ =u-+sign(ui)-||ull2-& = +51gn(3)~\/ﬁv[0]—|: ) +\/1O-[0]— ) }
= ||h_||2 = \/(3 +4/10)2 + (=1)2 = v/20 + 61/10

- h_ 1 3++V10
— h_ = =
|[h1]2 20 4 6v/10 -1
(b) Find the other-semiaxis Householder reflector hyperplane ¢_ for vector u.
/_ = {XER2 ch_ -x:O} = {(xl,xz) cR?: 3+ V10)xz1 — x2 :O}
(¢) Reflect u about the other-semiaxis Householder reflector h_ to produce snapped vector u_.
P 3 —1)(— 3 10
W —u-2-proj, u=u-2(u-h )i — _9. (3)3+V10) + (=1)(=1) \ | 1 +
- -1 20 + 610 v 20 4 610 -1
B 3 72‘10—1—3\/10 3+v10 | 3 | 34+VI10 | —v10
-1 20 + 6v10 -1 -1 -1 0

(d) Find the other-semiaxis Householder reflector matrix H_ corresponding to h_.

L 1 3410 1
P.=hhl=——u—— e [3+V10) -1
20 + 61/10 ~1 } V20 + 61/10 [ ]
B 1 (3+VI0)(3+v10) (3+VI0)(-1) | 1 194610 —3—+/10
20 + 61/10 (—1)(3 4+ /10) (=1)(-1) 20+ 610 | —3— /10 1
T I 2 19+6/10 —-3-v10 | 1 ~18 —6v/10 6+ 2v/10
C T lo o1 20+ 610 | —3— /10 1 12046V10 | 6+2V10 18+ 6110
(SANITY CHECK) H_ is symmetric: HZ = H_ v
760 + 240+/10 0 10
(SANITY CHECK) H_ is orthogonal: HTH_ = L + = =1V
760 + 2401/10 0 760 + 240v/10 0 1
(CHECK) 1 —18 —6v/10 6+ 2v/10 3 1 —60 — 201/10 —V/10 p
H_ reflects u : 204 6v10 | 6+2/10 184610 -1 20 + 61/10 0 0
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EX H.1.3:| Let vector v := (—4,4,7)" € R®.

(a) Find the same-semiaxis Householder reflector h, for vector v.

IVll2= /(-4 +42 + 72 = /81 =9

—4 —4
= hy =v—sign(vy)-||v|lz2-é1=| 4 | —sign(—4)-9-| 0 =] 4 |+9-]0|=
7 7 7

= |[hylla =52 T 22 + 72 =90

- fl+ h+ 1

byl | V90

(b) Find the same-semiaxis Householder reflector hyperplane ¢4 for vector v.

Z+:{XGR3:h+»x:0} = {($1,$2,$3)€R315$1 +4x2+7x3:0}

(¢) Reflect v about the same-semiaxis Householder reflector l:1+ to produce snapped vector v.

. o (=4)(5)+ @@ + (7)) 1
v+:v—2-pr0JB+v:v—2(v~h+)h+: 4 -2 C—
! (comrigocom).
—4 45 5 -4 5 -9
= a2 lal=] a|-|af=]] 0
7 7 0

. 5 . . (5)(5)  (5)(4) (5)(7) . 25 20 35
Pi=hhT=——| 4| =B 47=_—| @6 @A @ |==1]20 16 28
van van " (MG) (ME) (7)) " 35 28 49
1 00 25 20 35 20 —20 —35
Hy=1-2P,=]0 1 0 —% 20 16 28 | = % —-20 29 -—28
0 0 1 35 28 49 —35 —28 —4

(SANITY CHECK) H. is symmetric: HL = Hy v

. 2025 0 0 1 0 0
(SANITY CHECK) H. is orthogonal: H$H+:M 0 2025 O =010 |=1V
0 0 2025 0 0 1
20 —20 —35 —4 —405 -9
(CHECK) H L 20 29 —28 4 ! 0 0 v
vV =— — — = — = =V
H . reflects v : - 45 45 *
—35 —28 —4 7 0 0
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EX H.1.4:| Let vector v := (—4,4,7)" € R®.

(a)

. V234
—4 —13 —4 —13 9
= 4 -2 ﬂ 4 = 4 - 4 = 0
- 234 B B
7 7 7 7 0
(d) Find the other-semiaxis Householder reflector matrix H_ corresponding to h_.
. —13 . L | G118 (18)(4)  (=13)(
Po=h_h’= — = [-13 4 7] = 4)(—13 4)(4 4
N N 1= 551 13 @@ @
(T)(-13) (T)(4) (7)(
1 0 0 5 169 —52 —-91 ) —52 52 91
H =I-2P_.=|0 1 0| — 334 —52 16 28 | = 17 52 101 —28
0 0 1 -91 28 49 91 -—28 68
(SANITY CHECK) H_ is symmetric: H. = H_ v
) 13689 0 0 1 0
(SANITY CHECK) H_ is orthogonal: H'H_ = 13659 0 13689 0 =10 1
0 0 13689 0
—52 52 91 —4 1053 9
(CHECK) H ! 52 101 28 ! 0 0 v
-V=-— - = —= = =v_
H_ reflects v : 117 117
91 -—-28 68 7 0 0

Find the other-semiaxis Householder reflector h_ for vector v.

IVll2= /(=42 +42 + 72 =81 =9

—4 1 -4
= h_ = v +sign(vi) - ||v]|2-é1 = 4 | +sign(—4)-9 0| = 4
7 0
= ||h_|]2 = /(—13)2 4+ 42 + 72 = /234
—13
o _ b |1
- -l V234

Find the other-semiaxis Householder reflector hyperplane ¢_ for vector v.

/_ = {XER3:h_ -sz} = {(l‘1,.’L‘2,:E3) cR?: —13x1 + 4x5 + Txs :O}

Reflect v about the other-semiaxis Householder reflector h_ to produce snapped vector v_.

v_ :v—2~pr0jﬁiv:v—2(v~f1,)h, =

g s | 2o ((—4)(—13>+ (@) + <7><7>) ,
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EX H.1.5:| Given the matrix A = Z ) :|
- |

Perform the Full QR Factorization of A by constructing and applying appropriate Householder reflectors.

_ 1] [ 8
+81gn(8)-10-{0}—[ 6}

15t produce other-semiaxis Householder reflector, Hy, for 15¢ column of A :

N . 8
Ha1||2 =82 +62=+v100=10 = h; =a; +sign(a11) . Ha1||2 ey = |: 6

B B o hy 1 [8
= ||hi|]2 = V182 4+ 62 = V360 —> hl_Hh1||2_7\/ﬁ [ p }
as)e | _ 1 [ 324 108
(6)(6) | 360 | 108 36

P 2 [324 108 ] 1 [ -144 -108
L 7o 1 60 | 108 36 | 180 | —108 144
I 1 144 -1 —4/5 —
HI[OXO /][H” [ 08}[ /5 3/5:|
Hl

180
274 apply this Householder reflector, Hi, to A :

1
360

(18)(18

P =hahi = (6)(18

)
)

—108 144 -3/5  4/5

1 —144 —108 8 -2
HiA=—.
180 —108 144 6 -1

T 180 0 7

1 [ —1800 396 } B

—10
0

11/5
2/5

|

, —-4/5 -3/5
A=QR where Q= (H)) l=g 1O grS¥M g o=
Q Q= (M) =H; ! v=e=| T i

A=

8 -2 ] _ { —4/5 —3/5 ] { —10 11/5

6 —1 ~3/5  4/5 0o 2/5 } = QR

ALTERNATIVE SOLUTION

15t, produce same-semiaxis Householder reflector, Hy, for 15* column of A :

R . 8 R 1 -2
[lat]]2 =82 +62=+100=10 = h; =aj —sign(ai1) - ||aill2 - &1 = |: p :| — sign(8) - 10 - |: 0 :| = |: :|

6
— |l = VDT = VA0 — By = ||rl:11u2 _ J}O [ N
Pl T — - (=2)(=2) (=2)(6) | _ 1 4 —12
P T (6)(=2)  (6)(6) | 40 | —12 36

_ 10 2 4 —12 1 [16 12 ]
Hl =1-2P = = =
0 1 40 —12 36 20 12 —-16
I 1 16 12 4/5 3/5
Hy = 0x0 / Z[Hi}zf- _ / /
H) 20 | 12 —16 3/5 —4/5
274 apply this Householder reflector, Hy, to A :
16 12 ]fs8 —2|_1 [20 —aa]| _|[10 —11/5]_,
12 —16 6 —1 | 20 0o -8 | || o —2/5 |
4/5 3/5
A=QR where Q= (Hy)'=mn 98T gr Mg — Q:[ / / ]

3/5 —4/5
8 2]{4/5 3/5} [ 10 11/5]@3
6 -1 3/5 —4/5 0 -2/5

1
HiA=— -
20

A=
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1 -2 | |

EX H.1.6:| Given the matrix A= | 1 —-1 | = | a; as

1 1 | |
Perform the Full QR Factorization of A by constructing and applying appropriate Householder reflectors.

15t produce Householder reflector, Hy, for 15t column of A :

1 1 14++/3
llaillz2 = V12 +12+ 12 =3 = h; =a; +sign(a11) - |Jaiflz-é1=| 1 | +sign(1)-vV3-| 0 | = 1
1 0 1
1+3
— fhulle =0+ VE2+ 12412 = V642v8 — hy= b -1 .
[lhillz V6 +2V3
L I+vV3)(1+v3) (1+v3)(1) 1+Vv3)(1) ) (44+2v3) (1++v3) (1+V3)
P{ =hihf = : 1)1 +v3) (1)(1) m | = 1 a+vE) 1 1
or2vs W+ V3 (W(1) om ] S aeve 1
100 (4+2v3) (1+Vv3) (1+V3) 1 (-1-v3) (-1-v3) (-1-+3)
H =I-2P[=|0 1 0 |-————=| (1++3) 1 1 = | (=1=V3)  (24+V3) -1
0 0 1 6+2V3 (1++3) 1 1 3+ V3 (=1 —+3) -1 (2+3)
. ] - ((1-V3) (-1-V3) (-1-V3)
le[ x ,]z H |=———-| (-1-v3) (243 -1
= 3HVB | 1 2+ /3)
274 apply this Householder reflector, Hi, to A :
(-1-V3) (-1-v3) (-1-v3) 1 -2 1 (=3-3v3) (2+2V3) -V3 (2/V3)
HiA= (-1—v3)  (2+3) -1 1 -1 | = . 0 (=1+V3) | = 0 (-1+4+2/V3)
3+v3 (-1-+3) -1 (2+V3) 11 3+v3 0 (54 3v/3) 0 (1+2/V3)
T s . . /. (—1—}—2/\/3) — ’
374 produce Householder reflector, Ha, for 15¢ column of 2x1 lower-right submatrix of Hi A, denoted A’ := (1+2/v/3) :| = | a)
e = /(- )+ (4 )" = (- + )+ (1 8) = /F =8
- (-1+ % - 1] w [ (-1+ 5+
ho — a’ + sien(a’.) - la’lls - &5 = 3 sien [ — 2 )., /14 = 3 3
= hy = aj +sign(ajy) - |laj][2- &1 (1+\?§;:|+g(1+\/§> 3 [0 [ 1+%)
() —1+Z=-B4 =B B — S (-1+ ) =41
_ L2, vId)? 2 \? _ VPesra/id-2/42 ~ hy 1 ) 2—V3+V14
= Hh2l|2_\/< ) () = V3 :>h2_||h2|2_\/28+4\/ﬁ—2\/@{ 2+ V3 ]
Pl — il — 1 | @43+ 4v14-2V42) (14214 +V42)
R R TN v ) (1+ 2v14 + V12) (7 +4v3)
g op |t O] 2 ] @l-4vB+4v1a-2V42)  (1+2V14+V42)
2 2710 1 28 + 4v/14 — 2v/42 (14 2v14 + V42) (74 4v/3)
— - 1 | —14+8V3 - 4v14 4+ 2V42 -2 —4y/14 — 2v/42
27 284414 —2V42 —2 — 414 — 21/42 14 — 8v/3 + 4¢/14 — 21/42

0 0

= Iixa |1 _ | o =14+8vE-avTit2vA2 —2-4/14-2/42
2= ool - |- 28+4+/14—2/42 28+4y/14—2/42
2 2 —2-4/14—2/42 14—8+/3441/14—2/42
28+4+/14—2/42 28+4/14—2/42
4th  apply this Householder reflector, Ho, to Hi A :
s Or i Jg o -V3 (2/V3) V3 2/V3
—144-8v3—-4144+2./42 —2-4/14-2V42
H HiA=| 0 2s+4\/r1472¢\/@ 28%@\}2@ 0 (=1+2/V3) | = 0 —V42/3 | =R
—2-4/14-2V42 14—8v/344v/14—21/42
28+414—2v/42 28+414—2v/42 0 a+ 2/\@) 0 0

A=QR where Q= (HyH)"'=H; 'Hy' “"E" gTul M [, {1,
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