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EX S.1.1:| Let matrix A :=
[EX S.L.1:] 0 V3

(a) Perform the Full SVD on matrix A.

1°¢, find the right-singular vectors ¥ of A by computing the eigenpairs of AT A in descending eigenvalue order.

NOTE: Since AT A is symmetric, its eigenvectors, denoted vy, will be orthogonal, but remember to normalize them to v.

2 0 2 1] [4 2
1 V3 0 V3 2 4
— Eigenvalues of AT A are (work omitted, see EX 7.3.4): 1 = 6, 2 = 2

1/v2 | -1V2
e | T e

ATA =

— Eigenvectors of AT A are (work omitted): v1 = [

24 find the singular values of A by taking the square root of the eigenvalues of AT A :

o1 ::,/m:\/é, o9 Z:‘/,Ua:ﬁ
374, find the left-singular vectors @, of A by dividing each product Avy by its singular value oy :

_%_1[2 1Hw5] 1[ 3/«5}_[@/2}

M T e o vB | e | T Ve | vane 1/2
AV 1201 S VA2 I U R VAV RN I B Vo
BT TVElo va || e Val vava ] | Ve

4" form the SVD factor matrices U, X, V7 :

. 5 _1 0 NG g U
| [2{ [0"2]{‘)” VQ] [_\/5\/5
2 1 | | V3/2 —1/2 V6 0 1/vV2 1/v2
0 V3| | 1/2 V32 0 V2 —1/vV2 1/V2

A U P vT

(b) Using the Full SVD, determine the rank of A.
r = rank(A) = (# non-zero singular values of A) = (# non-zero main-diagonal entries in X) =

(¢) Using the Full SVD, determine the four fundamental matrix subspaces of A.

ColSp(A) = Span{ai,---,0,} = Span{ai, G2} = ColSp(4) = Span{ _ \/32 | , _ \_/;g ] }
NulSp(4) = Span{¥,41,---,vn} = O(b/cr=n=2) = NulSp(A) = Span{0}

5 e o~ e e ([VE] [ e
ColSp(A”") = Span{vi,---,V,} = Span{¥i,V2} = | ColSp(A") = Span{ - V3 | ) _ V3 :|}
NulSp(AT) = Span{iisi, -, 0m} = 0 (bjcr=m=2) — | NulSp(A”) = Span{0} |
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1 V3

EX S.1.2:| Let matrix A :=
3

(a) Perform the Full SVD on matrix A.

1°¢, find the right-singular vectors ¥ of A by computing the eigenpairs of AT A in descending eigenvalue order.

NOTE: Since AT A is symmetric, its eigenvectors, denoted vy, will be orthogonal, but remember to normalize them to v.
2 2v/3
ATA = V3 }

11 V3|
V3 V3|1 V3 2v3 6
— Eigenvalues of AT A are (work omitted, see EX 7.3.5): u1 = 8, p2 =0

_\/:3,/2
1/2

1/2
= Eigenvectors of AT A are (work omitted): vi = / , Vo =
V3/2

24 find the singular values of A by taking the square root of the eigenvalues of AT A :

o1 ::,/m:\/g, o9 1= /2 =0

374, find the left-singular vectors 1, of A by dividing each product A¥vy by its positive singular value o.

For each zero singular value, find the corresponding left-singular vector by performing Gram-Schmidt orthonormalization.

v ) [an =[]

Y~ IS RV B VY 1/v3

Since o2 = 0, perform Gram-Schmidt on standard basis vector & := (0,1)” with respect to 1 :

e la =R = e[ )

V2 | 1/v2 1/2 |[uz]2 1/v2

1
7
1

2

)

Y = a1 0 = \/g 0 , VT — {,1 _ %\/g
0 o2 0 0 —_— V2 — —5

V3LV —1/V2 V8 0 1/2 V/3/2
V31V 12 0 —V3/2  1)2

A U >z vT

-
Il
I
g —
Il
| — |
S-S
Sl
_

—
—_ =

(b) Using the Full SVD, determine the rank of A.
r = rank(A) = (# non-zero singular values of A) = (# non-zero main-diagonal entries in X) =

(¢) Using the Full SVD, determine the four fundamental matrix subspaces of A.

ColSp(4) = Spanfiu,- @} = Spanf{i} =  |ColSp(4)=Span{(1/v2, 1/v2)"}
NulSp(4) = Span{¥,41,---,9n} = Span{vs} = Nulsp(A):Span{( V3/2, 1/2) T}
ColSp(AT) = Span{vi,---,%,} = Span{¥;} =— ColSp(AT):Span{ 1/2, V3/2) T}
NulSp(A”) = Span{@,41,---,4n} = Span{in} =— Nulsp(AT):Span{( 1/V2, 1/f)T}
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1 2
EX S.1.3:| Let matrix A:= | 2 1
2 2

(a) Perform the Full SVD on matrix A.
1°¢, find the right-singular vectors ¥ of A by computing the eigenpairs of AT A in descending eigenvalue order.

NOTE: Since AT A is symmetric, its eigenvectors, denoted vy, will be orthogonal, but remember to normalize them to v

1 2

1 2 2 9 8
2 1] =

2 1 2 8 9
2 2

— Eigenvalues of AT A are (work omitted): p; =17, 2 =1

1/V2

— Eigenvectors of AT A are (work omitted): vi =
g ( ): V1 [ 1/v3

ATA =

,1/\/§
1/V2

}7.\’2:

24 find the singular values of A by taking the square root of the eigenvalues of AT A :
o1 = /1 = V17, o2 ::1/;12:\/121

374, find the left-singular vectors 1, of A by dividing each product Avy by its singular value oy, :

3/v2 3/V/34

AV 1 L2 1/v2 1
il [ w&]‘m YVE | = /A
1
4/\2 4/+/34
1 2 1/4/2
= AV2 1y [ “1/V2 } 1;2
5= == = | =
g2 1 1 2
2 2 /f 0
There are only two singular values, so apply Gram-Schmidt to std basis vector és := (0,0, 1)Tw.r.t 1, @12 to get i3
o o —12/V/34 —2/V17
us 2 & — proj,, & — projg,és = € — éii‘;iiz iy — <<E2$>>2 == | —12/y/34 | = 3= | —2/VI7
’ ’ 18//34 3/V/17

4* form the SVD factor matrices U, %, VT and be sure to pad ¥ with a third row of zeros:

g1 0 .
U=| & @ a3, S=|0 oo |, VT= v ]
0 G
1 2 3/vV34  1/vV2 —2/V/17 VIT 0 VB 13
2 1| =1 3/V34 -1/v2 —2/V17 0 1 { v 1/\6]
2 2 4//34 0 3/V/17 0 0
—— vT
A U b
(b) Using the Full SVD, determine the column space of A and the null space of A”.
3/v/34 1/v2
ColSp(A) = Span{ai,---,0a,} = Span{ti,t2} = |ColSp(A4)= Span 3/V34 |, | —1V2
4//34 0
NulSp(4T) = Span{t,41} = Span{us} = NulSp(A™) = (—2/V17, -2/V17,3/V17)"
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1 V2

EX S.1.4:| Let matrix A:= | 1 /2 |. Perform the Full SVD on matrix A.
V2

1

1%¢, find the right-singular vectors ¥ of A by computing the eigenpairs of AT A in descending eigenvalue order.

NOTE: Since AT A is symmetric, its eigenvectors, denoted vy, will be orthogonal, but remember to normalize them to 4.

1 V2
Ao ] L1 1] :[3 3\/5]

1 V2
ﬂx/i\/ilﬂ 32 6

— Eigenvalues of A7 A are (work omitted): p1 =9, p2 =0

1/3} o

= Eigenvectors of A7 A are (work omitted): V1 = { 23

VI
i

24 find the singular values of A by taking the square root of the eigenvalues of AT A :

0’1::\/1141:\/@:3, 02::‘//112:\6:0
374, find the left-singular vectors 1, of A by dividing each product Avy by its singular value oy :

) 1 V2 V3 1/v/3

.\ TR ) R { 1/3]_1 Vi | = | 1/va
2/3 3

V3 1/v/3

g1 3
1 V2

Since o2 = 0, perform Gram-Schmidt on standard basis vector &z := (0,1,0)” with respect to

1/V3 -1/3 -1/v6

€2, U 1
us %géQ—projﬁlé2:é2—%ﬁ1: 1 _ﬁ 1/\/§ = 2/3 == 02 = Hu ‘ = 2/\/6
1,U1,2 212
0 1/V3 -1/3 -1/V6

There are only two singular values, so apply Gram-Schmidt to std basis vector é; := (0,0, 1)Tw.r.t 1, @12 to get w3
o o -1/2 -1/V2
s % & — projg, s — projg, es = &y — (oo tl2g,  Cnlg g | g o |
(1, T )2 (G2, Gz2)2
1/2 1/V2

4*" form the SVD factor matrices U, X, V7 and be sure to pad £ with a third row of zeros:

U

1 V2 1/V/3 —1/v6 —1/V2 30 73 /373

1 V2 | =] 1/V3 2/V6 0 0 0 [ 573 13}

1 V2 V3 —1/v6  1/V2 00 —v2/ /
A > Ve
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