
SINGULAR VALUE DECOMPOSITION (SVD)

� FULL SINGULAR VALUE DECOMPOSITION (MOTIVATION):

Recall that only symmetric matrices have an ortho-eigen-decomposition: Sn×n = QΛQT

Question: If this decomposition is relaxed by allowing two unalike orthogonal matrices but forcing...

...all the middle’s main diagonal entries to be real #’s can such a decomposition exist for all rectangular matrices???

i.e. Is this possible: Am×n = UΣV T s.t. UTU = Im×m, V TV = In×n, Σm×n is real-entried diagonal

Answer: Turns out, YES! Let’s derive it!

� FULL SINGULAR VALUE DECOMPOSITION (PROPERTIES OF ATA & AAT ):

Let A be a tall or square m× n matrix. Then:

(i) ATA and AAT are both symmetric.

(ii) The eigenvalues of ATA and AAT are all real.

(iii) The eigenvectors of ATA and AAT are orthonormal.

(iv) (µ,v) ̸= (0, 0⃗) is an eigenpair of ATA ⇐⇒ (µ,Av) is an eigenpair of AAT .

(v) The eigenvalues of ATA and AAT are non-negative.

(vi) NulSp(ATA) = NulSp(A), NulSp(AAT ) = NulSp(AT )

(vii) ColSp(ATA) = ColSp(AT ), ColSp(AAT ) = ColSp(A)

� FULL SINGULAR VALUE DECOMPOSITION (DERIVATION):

Given: m× n rectangular matrix A such that rank(A) = r.

Factor ATA = VMV T s.t.

{
V TV = V V T = In×n , M = diag(µ1, · · · , µn)

⟨v̂i, v̂j⟩2 = δij , ATAv̂k = µkv̂k ∀k ≤ n

}
Then:

||Av̂k||22 = (Av̂k)
T (Av̂k)

T
= v̂T

k ATAv̂k
EIG
= v̂T

k µkv̂k = µk(v̂
T
k v̂k) = µk||v̂k||22 = µk · 1 = µk

||Av̂k||2 =
√
µk := σk =⇒ ûk := Av̂k/σk. Descend-sort-label the singular values of A like so: σ1 ≥ · · · ≥ σr > 0

⟨ûi, ûj⟩2 = ûT
i ûj =

(
Av̂i

σi

)T (
Av̂j

σj

)
T
=

v̂T
i ATAv̂j

σiσj

EIG
=

µj

σiσj
· v̂T

i v̂j
⊥
= δij =⇒ ⟨ûi, ûj⟩2 = δij

∴

{
Av̂k = σkûk for k ≤ r

Av̂k = 0⃗ for r < k ≤ n
=⇒ AV = UΣ =⇒ A = UΣV T

Factor AAT = UMUT s.t.

{
UTU = UUT = Im×m , M = diag(µ1, · · · , µm)

⟨ûi, ûj⟩2 = δij , AAT ûk = µkûk ∀k ≤ m

}
Then:

||AT ûk||22 = (AT ûk)
T (AT ûk)

T
= ûT

k (AAT )ûk
EIG
= ûT

k µkûk = µk(û
T
k ûk) = µk||ûk||22 = µk · 1 = µk

||AT ûk||2 =
√
µk := σk =⇒ v̂k := AT ûk/σk. Descend-sort-label the singular values of A like so: σ1 ≥ · · · ≥ σr > 0

⟨v̂i, v̂j⟩2 = v̂T
i v̂j =

(
AT ûi

σi

)T (
AT ûj

σj

)
T
=

ûT
i AAT ûj

σiσj

EIG
=

µj

σiσj
· ûT

i ûj
⊥
= δij =⇒ ⟨v̂i, v̂j⟩2 = δij

∴

{
AT ûk = σkv̂k for 1 ≤ k ≤ r

AT ûk = 0⃗ for r < k ≤ m
=⇒ ATU = V ΣT =⇒ AT = V ΣTUT T

=⇒ A = UΣV T

Am×n =

 | |
û1 · · · ûm

| |


︸ ︷︷ ︸

m×m

[
Σ̇r×r

O(m−r)×(n−r)

]
︸ ︷︷ ︸

m×n


v̂1

...

v̂n


︸ ︷︷ ︸

n×n

where: U−1 = UT , V −1 = V T , Σ̇ :=


σ1

. . .

σr

 with σ1 ≥ · · · ≥ σr > 0
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SINGULAR VALUE DECOMPOSITION (SVD)

� FULL SINGULAR VALUE DECOMPOSITION (PROCEDURE):

GIVEN: m× n tall (m ≥ n) or square (m = n) matrix A with column rank r ≤ n:

TASK: Factor A = UΣV T where: UTU = Im×m, V TV = In×n, Σ is m× n diagonal

1. Find the n eigenvalues µ1 ≥ · · · ≥ µr > µr+1 = · · · = µn = 0 of symmetric matrix ATA.

2. Find the r right-singular vectors of A: v̂1, · · · , v̂r = eigenvectors of ATA w.r.t. µ1, · · · , µr

3. Find the r singular values of A: σ1 :=
√
µ1, · · · , σr :=

√
µr

4. Find the r left-singular vectors of A: û1 := Av̂1/σ1, · · · , ûr := Av̂r/σr

5. If r < n, then use Gram-Schmidt on std basis vectors êr+1, · · · , ên ∈ Rn to find: v̂r+1, · · · , v̂n

6. If r < m, then use Gram-Schmidt on std basis vectors êr+1, · · · , êm ∈ Rm to find: ûr+1, · · · , ûm

7. Form the matrices comprising the Full SVD like so:

Am×n =

 | |
û1 · · · ûm

| |


︸ ︷︷ ︸

m×m

[
Σ̇r×r

O(m−r)×(n−r)

]
︸ ︷︷ ︸

m×n


v̂1

...

v̂n


︸ ︷︷ ︸

n×n

≡ UΣV T

where: O(m−r)×(n−r) is zero matrix and Σ̇ := diag(σ1, · · · , σr) with σ1 ≥ · · · ≥ σr > 0

� THE FOUR FUNDAMENTAL MATRIX SUBSPACES VIA FULL SVD:

GIVEN: m× n tall/square (m ≥ n) matrix A with column rank r ≤ n and Full SVD A = UΣV T .

Then, the four fundamental matrix subspaces of A are (directly via the Full SVD):

⋆ ColSp(A) = Span{û1, · · · , ûr} NulSp(A) = Span{v̂r+1, · · · , v̂n}

⋆ ColSp(AT ) = Span{v̂1, · · · , v̂r} NulSp(AT ) = Span{ûr+1, · · · , ûm}

Moreover, the relations among these fundamental subspaces are now immediate:

⋆ dim ColSp(A) = dim ColSp(AT ) = r

⋆ Rm = ColSp(A) ⊕NulSp(AT )

⋆ Rn = ColSp(AT )⊕NulSp(A)

� REDUCED SINGULAR VALUE DECOMPOSITION (PROCEDURE):

GIVEN: m× n tall (m ≥ n) or square (m = n) matrix A with column rank r ≤ n:

TASK: Factor A = ÛΣ̇V̂ T where: ÛT Û = Im×m, V̂ T V̂ = In×n, Σ̇ is r × r diagonal

1. Find the n eigenvalues µ1 ≥ · · · ≥ µr > µr+1 = · · · = µn = 0 of symmetric matrix ATA.

2. Find the r right-singular vectors of A: v̂1, · · · , v̂r = eigenvectors of ATA w.r.t. µ1, · · · , µr

3. Find the r singular values of A: σ1 :=
√
µ1, · · · , σr :=

√
µr

4. Find the r left-singular vectors of A: û1 := Av̂1/σ1, · · · , ûr := Av̂r/σr

5. Form the matrices comprising the Reduced SVD like so:

Am×n =

 | |
û1 · · · ûr

| |


︸ ︷︷ ︸

m×r


σ1

. . .

σr


︸ ︷︷ ︸

r×r


v̂1

...

v̂r


︸ ︷︷ ︸

r×n

≡ ÛΣ̇V̂ T

where: σ1 ≥ · · · ≥ σr > 0
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EX S.1.1: Let matrix A :=

[
2 1

0
√
3

]
.

(a) Perform the Full SVD on matrix A.

(b) Using the Full SVD, determine the rank of A.

(c) Using the Full SVD, determine the four fundamental matrix subspaces of A.
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EX S.1.2: Let matrix A :=

[
1

√
3

1
√
3

]
.

(a) Perform the Full SVD on matrix A.

(b) Using the Full SVD, determine the rank of A.

(c) Using the Full SVD, determine the four fundamental matrix subspaces of A.
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EX S.1.3: Let matrix A :=

 1 2

2 1

2 2

.
(a) Perform the Full SVD on matrix A.

(c) Using the Full SVD, determine the column space of A and the null space of AT .

©2022 Josh Engwer – Revised October 16, 2022



EX S.1.4: Let matrix A :=

 1
√
2

1
√
2

1
√
2

. Perform the Full SVD on matrix A.
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