SINGULAR VALUE DECOMPOSITION (SVD)

e FULL SINGULAR VALUE DECOMPOSITION (MOTIVATION):

Recall that only symmetric matrices have an ortho-eigen-decomposition:  Spxn = QAQT

Question: If this decomposition is relaxed by allowing two unalike orthogonal matrices but forcing...
...all the middle’s main diagonal entries to be real #’s can such a decomposition exist for all rectangular matrices???
i.e. Is this possible:  Apmxn = ULV st. UTU = Lnxm, VTV =I.xn, Zmxn is real-entried diagonal
Answer: Turns out, YES! Let’s derive it!

e FULL SINGULAR VALUE DECOMPOSITION (PROPERTIES OF ATA & AAT):

Let A be a tall or square m x n matrix. Then:
(i)  ATA and AAT are both symmetric.
(it) The eigenvalues of AT A and AAT are all real.

(iii) The eigenvectors of AT A and AAT are orthonormal.

(iv)  (u,v) # (0,0) is an eigenpair of ATA <= (u, Av) is an eigenpair of AAT.

(v)  The eigenvalues of ATA and AAT are non-negative.

(vi) NulSp(ATA) = NulSp(4),  NulSp(AAT) = NulSp(47T)

(vii) ColSp(AT A) = ColSp(AT),  ColSp(AAT) = ColSp(A)
e FULL SINGULAR VALUE DECOMPOSITION (DERIVATION):

Given: m X n rectangular matrix A such that rank(A) = r.

Ty _ yyT — — i
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[|AVk|l2 = /oK := 0 = Uy := AVy/op. Descend-sort-label the singular values of A like so: 1 > -+ >0, >0
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[|AT Gy |2 = /it = o = V1, := ATy /o). Descend-sort-label the singular values of A like so: o1 > -+ > 0y >0
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where: U*IZUT7 V’1:VT, 3= with oy > -+ >0, >0
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SINGULAR VALUE DECOMPOSITION (SVD)

e FULL SINGULAR VALUE DECOMPOSITION (PROCEDURE):

GIVEN: m x n tall (m > n) or square (m = n) matrix A with column rank r < n:

TASK: Factor A =UXVT where: UTU = Inxm, VTV = I.xn, X ism X n diagonal

1. Find the n eigenvalues p1 > -+ > pr > pir41 = -+ = pn, = 0 of symmetric matrix AT A.
2. Find the r right-singular vectors of A:  ¥y,---,¥, = eigenvectors of ATA w.r.t. 1, -, pir
3. Find the r singular values of A: o1 :=/u1, -+, 0r := /lr
4. Find the r left-singular vectors of A: 01 := Avi/o1, -+, Ur 1= AV, /o,
5. If r < n, then use Gram-Schmidt on std basis vectors €,41, - ,&, € R" to find: V,41,- - ,Vp
6. If r < m, then use Gram-Schmidt on std basis vectors €,41,- - ,&n € R™ to find: Qpt1,--- ,Um
7. Form the matrices comprising the Full SVD like so:
| | . — 1 —
Er r .
Amsn = | @y -+ 1 ,777&7% 77777777 : =uxv?
. O(m—r)x(n—r) .
| | Vp —
mXn
mXm nxn
where:  O(m—r)x (n—r) is zero matrix and ¥ = diag(o1, -+ ,00) with o1 > - > 0, > 0

e THE FOUR FUNDAMENTAL MATRIX SUBSPACES VIA FULL SVD:

GIVEN: m x n tall/square (m > n) matrix A with column rank r < n and Full SVD A = UXV7”.
Then, the four fundamental matrix subspaces of A are (directly via the Full SVD):
* ColSp(A) = Span{ay,--- ,0,} NulSp(A) = Span{¥V,41,--- ,Vn}

x ColSp(AT) = Span{¥1,--- ,¥,} NulSp(AT) = Span{ti,41,--- ,m}

Moreover, the relations among these fundamental subspaces are now immediate:

% dim ColSp(A) = dim ColSp(AT) =r
* R™ = ColSp(A4) @ NulSp(A7T)
* R™ = ColSp(A”) @ NulSp(A)

¢ REDUCED SINGULAR VALUE DECOMPOSITION (PROCEDURE):

GIVEN: m x n tall (m > n) or square (m = n) matrix A with column rank r < n:

TASK: Factor A = USV7T where: UTU = mXm, VY = X1, YNisrxr diagonal

1. Find the n eigenvalues py > -+ > ptr > firy1 = - -+ = pin = 0 of symmetric matrix AT A.
2. Find the r right-singular vectors of A:  ¥y,---,¥, = eigenvectors of ATA w.r.t. gy, -, pr
3. Find the r singular values of A: o := VHL, oy O =\l
4. Find the r left-singular vectors of A: 0 := AVy /oy, --+, O, 1= AV, /o,
5. Form the matrices comprising the Reduced SVD like so:

| e —

Amxn = | @17 -+ 1, =0xvT
| | S
mxr TXT XN

where: o1 > --->0,.>0
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EX S.1.1:| Let matrix A :=
[EX S.L.1:] 0 V3

(a) Perform the Full SVD on matrix A.

(b) Using the Full SVD, determine the rank of A.

(c) Using the Full SVD, determine the four fundamental matrix subspaces of A.
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EX S.1.2:| Let matrix A :=
3

(a) Perform the Full SVD on matrix A.

(b) Using the Full SVD, determine the rank of A.

(c) Using the Full SVD, determine the four fundamental matrix subspaces of A.
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EX S.1.3:| Let matrix A:= | 2 1
2 2

(a) Perform the Full SVD on matrix A.

(¢) Using the Full SVD, determine the column space of A and the null space of AT,
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EX S.1.4:| Let matrix A:= | 1 /2 Perform the Full SVD on matrix A.
1 V2
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