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Orthogonal Sets (Definition & Independence)

Definition
(Orthogonal Set)

Let (V, (-,-)) be an inner product space.

(4, q)) # 0 for i=j
(@,q) = 0
i.e. Every distinct pair of vectors in the set is orthogonal.

Then set {q1,qq, ..., q.} is an orthogonal set if: {

(Orthogonal Sets are Linearly Independent Corollary — OSLIC)

Given inner product space (V, (-,-)) and orthogonal set {qi,qy, . ..,qn}-
Then, the orthogonal set is linearly independent.

Josh Engwer (TTU) Orthonormal Bases, Gram-Schmidt, Reduced QR 30 Oct 2015 (revised 14 Nov 2021)



Orthogonal Sets (Definition & Independence)

Definition
(Orthogonal Set)
Let (V, (-, -)) be an inner product space.

. : i> 0 for i=j
Then set {qi,qy, ..., q.} is an orthogonal set if: (@,9) # i =]
e o 9 { q,q) = 0 for i#j

i.e. Every distinct pair of vectors in the set is orthogonal.

Corollary
(Orthogonal Sets are Linearly Independent Corollary — OSLIC)
Given inner product space (V, (-,-)) and orthogonal set {qi,qz, - . ., qn}-

Then, the orthogonal set is linearly independent.

.

PROOF: Letscalars cy,cp,...,cn € Randletciqy + coqz + -+ + cn@n = 0.
Letk € {1,2,...,n}. Then, compute ¢ by taking inner product with q; on both sides of equation:

Gk, c1q1 + -+ e + -+ - + enqn) = (q0)
= c{@q) + - F ol q) el qn) = 0 (Linearity of IP)
= c1 -0+ +ep-|lglP 4+ +en-0 = 0 (Defn of Orthogonal Set)
= - lawl = 0 (Since {(qk, q:) = 0)
= Ck = 0 (Since (qx, qi) # 0)
Since k was arbitrarily chosen, ¢y = ¢; = -+ =¢, =0 = Setis linearly independent [
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Orthogonal & Orthonormal Bases (Definition)
Orthonormal bases are extremely useful in applied mathematics:

Definition
(Orthogonal Basis)

Let (V, (-, -)) be a finite-dimensional inner product space.
Then basis Q = {qi,qs, - .-, 4.} is an orthogonal basis for V if:

<q,-,q,~> =0 fori;éj

i.e. Every distinct pair of basis vectors in Q is orthogonal.

4

Definition
(Orthonormal Basis)
Let (V, (-, -)) be a finite-dimensional inner product space.

Then basis © = {q;,q>, - - -, 4.} is an orthonormal basis for V if:

BB = 5 (@, Q) =0 if i)
@) = = { @ q)=11ii=j

i.e. Every distinct pair of unit basis vectors in O is orthogonal.
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Orthogonal & Orthonormal Bases (Examples)

Example of orthogonal basis for R?: Q = {[ _? } ) [ ; ]} ={d1.q}

since (q1.q2) = a{qz = (2)()+ (-1)(2) =0 — ¢/ L g

However, Q is not an orthonormal basis for R? since:

(i, a1) = qfq = (2)(2()j+ (—1)(=1)=5#1
an
(@) =g =1)(1)+(2)2)=5#1

Example of orthonormal basis: O

(] i} =aa
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(Orthogonal) Projection onto a Subspace (Definition)

Projy v

I
»
W2

(Above): In R3, plane W is subspace spanned by orthogonal vectors w; & w,.

(Projection onto a Subspace)
Let Q@ ={qi,q2,...,q,} be an orthogonal basis for subspace W of R". (p < n)
Then the (orthogonal) projection of vector v € R" onto subspace W is:

ProjyV = Profgan(o)¥ = Projg, v+ projg,v+---+ projqpv
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Converting [x]c — [x]5 (Procedure)

Coordinate vectors w.r.t orthonormal bases can be found w/o Gauss-Jordan:

Proposition
(Converting [x]s — [X] a)

Let (V,(-,-)) be a finite-dimensional inner product space.

Let O = {q1,9, - --,q,} be an ordered orthonormal basis for V.
LetE = {ey,e,,...,e,} be the ordered standard basis for V.

GIVEN: Vectorx € V in standard basis coordinates: x = [x|¢

TASK: Write vector x in non-std orthonormal basis Q-coordinates: x5
)

X, gl
X, G2)

o~

(1) [x]@ = projman(é)[x]g = Projg X + projg,x + - - - + projg x =

(x, @)
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Converting [x]s — [x]5 (Example)

WEX 5-3-1: Let orthonormal basis O = {[ _?;ﬁ } ; [ ;;ﬁ }} ={q,,q:}.

Find (x5 if [Xle = [ 2 }




PART Il

PART II:

Classical Gram-Schmidt Orthonormalization w/ late normalization (CGS-LN)
Classical Gram-Schmidt Orthonormalization w/ early normalization (CGS-EN)
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(Classical) Gram-Schmidt Orthonormalization

(Classical) Gram'-Schmidt® is a procedure to produce an orthonormal basis:

Proposition

(Classical Gram-Schmidt w/ Late Normalization Procedure — CGS-LN)

GIVEN: Induced-norm inner product space (V, {-,-),|| - ||) & Basis B = {vi,v2,...,va} C V.
TASK: Find an orthonormal basis Q = {qi,qq, - - ., qn} for span(B).

(1) Find orthogonal basis Q as follows: (Qx :={qi,qz,...,q}; k=1,--- ,n—1)

a = Vi ) =V )

qQ = V- projspan(QI)Vz = Vy— prqu]vz

q3 = V3—- pro/span(Qz)VS = = pro](llv3 - pro]q2V3

Q= Va— PlOpuu(o, Vn = Va— Projg Vn — Projg,Va — - — Projy  va

(2) Find orthonormal basis O from O by normalizing each basis vector:

~ _ _q -~ Q@ &~
Q T2l g U = Tlg, ]

tJ. Gram, Om Raekkenuaviklinger bestemte ved Hjaelp af de mindste Kvadraters Methode, 1879.
YE. Schmidt, "Zur Theorie der linearen und nichtlinearen Integralgleichungen”, M. Ann., 63 (1907).
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(Classical) Gram-Schmidt Orthonormalization

(Classical) Gram'-Schmidt* is a procedure to produce an orthonormal basis:

Proposition

(Classical Gram-Schmidt w/ Early Normalization Procedure — CGS-EN)

GIVEN: Induced-norm inner product space (V, (-, -),|| - ||) & Basis B = {v{,v2,...,va} C V.

TASK: Find an orthonormal basis © = {qi,qq, - . ., qn} for span(B).

(1) Find orthonormal basis O as follows: (@k ={q,Q,..., @}, k=1,---,n—1)
qaQ = Vi ) = Vi ) 7§ =q1/||qu|
©Q = V2= Pro,,5,)V2 = V2 — Projgvs ; @ = q/||q2f|
G = V3= Pro,.5,0% V3 — Projz v — projz, v i @ = aq3/l|as]|
QG = Vo= PO .5 Vi = PIOfg Vn =+ = PrOfg Va5 Gn :=Gu/||qnl|

v

tJ. Gram, Om Raekkenuadviklinger bestemte ved Hjaelp af de mindste Kvadraters Methode, 1879.
tE. Schmidt, "Zur Theorie der linearen und nichtlinearen Integralgleichungen”, M. Ann., 63 (1907).
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PART Il

PART IlI:

Matrix-Vector Products (Ax) in terms of column combinations
Matrix-Matrix Products (AB) in terms of column combinations

Reduced QR Factorization via CGS-EN
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Matrix-Vector Products (Ax) as column combination

ayp apz as | | X1
Let A = az; ax ax = a; a as and x:= X2
as; axn azy | x3
Entry View:
app app aps X1 apxy + apxy + apsx;
AX= | a1 ax»n ax3 X2 | = | ao1x1 + anxy + ax;xs
asz;  aszn  ass X3 az1x) + azx; + assx;
Column View:
| | | X1 3
AX = a a a3 X2 = xja; +xa; + x3a3 = E Xrdy
| | | X3 k=1

linear combination of
the columns of A
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Matrix-Matrix Products (AB) as column combination

apl ap |
A= any ann = a)
az  axn |
apn an
C:=AB = a a»n
asy asn
C:=AB —

|
| b b2 _
a|2 ’ B'_{bm (23] } €=
Entry View:
(ar1b1y + a1aba)
by b | _
{ by by ] = | (a21b11 + anba)

(a31b11 + azbay)

Column View:
c11 = anbiy + anbyy
c21 = ag1byy + axnbyy
c31 = azi1bi1 + azbyy
— {

ci2 = anbp + apbn
¢ = ag1biy + anbxn
c32 = az1biy + anbn

)
()
)
]
()
Il
°
o
[}

(a11b12 + apnby)
(a21b12 + anbxn)
(a31b12 + aznby)

¢y =bna; + byay
¢ = bppa; + bpay

.. Each column of C is a linear combination of the columns of A built from a column of B.
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Reduced QR Factorization via CGS-EN

Consider 4 x 3 matrix A:= | a; a; a3z | such thatA has full column rank.

L
1. Perform CGS-EN (with v; := ay, v2 :=ay, v3 := a3; Q) := {q1}, @ := {@1,@}):

q = a . = aj . R 5 ﬁl = ql/||q1H2
© = My-proj .5 % = A - (qTa)q, i @2 = q2/]|q2]]2
G = a3 —proj 58 = a3— (@) — (@Ga)d ;@ = a3/llasll

2. Now, solve each equation for a; and express each q; in terms of q;:

a llaill2 - 4@ a = nq
a
a;

@Taz) @1 + 9l - @ R a rlzil + r22§2 N

(aTas) -q) + (¢fa3) - @ + [|as]|2 - Q3 a3 = r3q 4+ 3+ rsgs
3. Finally, observe that the above system is a linear-combination-of-columns view of a
matrix-matrix product:

| | | A| A\ A| T T3 o
a a a3 |=|q Q@ q3 0 o 3 <~ A=0R
[ [ 0 0 13

Notice that 4 x 3 matrix Q has orthonormal columns.
Notice that 3 x 3 matrix R is upper triangular.

\This is known as a reduced OR factorization of matrix A. \
This factorization applies to tall (m > n) or square (m = n) m x n matrices with full column rank.
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Reduced QR Factorization via CGS-EN

Proposition
(Reduced QR Factorization via CGS-EN)

[ |
GIVEN: Tall or square (m > n) full column rank matrix Ay xn := l: a; a -+ a, |.

TASK: Factor A = QR where Q.. has orthonormal columns Q; and R, is upper triangular.

(1) Perform Classical Gram-Schmidt w/ early normalization on the columns of A:
(% ={a, G, @G} k=1,--- ,n—1)

q1 aj = a s d =i/ |laill2
~——
) S N i
©Q = P, a0 = a—(qa)q ; @2 = q2/ ||az]]2
?2 T 2
G = A= Proj 5,8 = a—(qa3)q — (@a3) @ s @3 = q3/ |[as]2
N—— N~ S——
3 rn3 r33
qn = a— profspan<é ¥ = A= @a) @ — - — (@ _3) Gt 5 G = au/ ||l
n N ” N / N e’
Tln T'n—1,n T'nn
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Reduced QR Factorization via CGS-EN

Proposition
(Reduced QR Factorization via CGS-EN)

I |
GIVEN: Tall or square (m > n) full column rank matrix Ay xn := { ap a .- a, |.

TASK: Factor A = QR where Q,,x. has orthonormal columns qy and R, is upper triangular.
(2) Use the q. vectors to build O matrix and rij entries to build R matrix:

[rin r2 r3 o ccc TFiga i Tin ]
0 rp rn3s -+ a2 gl Ton
‘ | | 0 0 r3 e 3,02 I3 p-1 3n
o=@ @ - @ |, R=| : - : : :
‘ | 0 0 0 ce Th2,n2  Th2n-1  Th2n
0 0 0 cee 0 n-1,n-1 Tn-1,n
Lo 0 0 - 0 0 i
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Reduced QR Factorization via CGS-EN (Properties)

Proposition

(Properties of Reduced QR Factorization)
GIVEN: Tall or square (m > n) full column rank A, x,. LetA = OR as Reduced QR via CGS-EN:

o T2 T3 i
| | | 0 rmo 13 Tan
men = |: al 62 an ) Rnxn = g Y "33 "3n
[ | : : :
0 0 0 i
Then:
((1) QTQ = Inpxn
(b)  r#0 Vk
(¢) R is invertible
PROOF:
i — TR (7
- (' || | ¢a o 4G,
T ~ ~ ~
(@) Q"0 = . a Q @ | = . ) _
: | \ : : :
@ — q/q; qlq 7,
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Reduced QR Factorization via CGS-EN (Properties)

Proposition
(Properties of Reduced QR Factorization)
GIVEN: Tall or square (m > n) full column rank A, x,. LetA = OR as Reduced QR via CGS-EN:

i rz2 r3 o I
|| | 0 rn 13 - o
men = |: zil 62 an s Ran = 0 0 vEy o cee 3
o | Lo
0 0 0 Fnn
Then:
(a) QTQ = Iyxn
(b) i # 0 Vk
(¢) R isinvertible
V.
PROOF: R AA
TRV, ﬂ;ﬂl ETEZ ﬂiﬂ" 1 0 0
R Qar 99 - qdn - 0 1 0
(a) QTQ - : : : . = . — InXn
G4 @ o Gh 0 0 - 1

() 0 was formed via Reduced QR = Q has orthonormal columns =—> q'q =6
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Reduced QR Factorization via CGS-EN (Properties)

Proposition

(Properties of Reduced QR Factorization)
GIVEN: Tall or square (m > n) full column rank A, x,. LetA = OR as Reduced QR via CGS-EN:
i r2 r3 o Tlin
| | | 0 rn 3 on
men_|:zil © - an:|7 Ruxn = 0 0 m3 - 13
o | 8 E o
0 0 0 Ynn
Then:
(a) QTQ = Inxn
(b) 1w #0 Vk
(¢) R isinvertible
V.
PROOF:
(b) A has full column rank the columns of A, {a;,--- ,a,}, are a basis for ColSp(A)
the columns of A, {a;,--- ,a,}, are linearly independent

per CGS-EN, each projxpan(@k_”ak % ay
per CGS-EN, each q; := a; — Proj, .5, # 0
per CGS-EN, each ry := ||qk||2 # 0 O

FEELL
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Reduced QR Factorization via CGS-EN (Properties)

Proposition
(Properties of Reduced QR Factorization)
GIVEN: Tall or square (m > n) full column rank A, x,. LetA = OR as Reduced QR via CGS-EN:

i 2 Rz ot T
| | | 0 rp r3 0 1y
men:[al © - a":|7 Ruxn = 0 0 733 - 13,
| | S :
0 0 0 Fnn
Then:
(a) QTQ:Ian
(b)  ru#0 Vk
(¢) Risinvertible
v
PROOF:

() Frompart (b), g 20 Vk = det(R) 2 ITizi e =rurz--ran #0
= det(R) #0
— Risinvertible [

(%) The determinant of an upper triangular square matrix is the product of its main diagonal entries.
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Fin.
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