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Common Vector Spaces

Set of all real numbers (scalars)

Set of all ordered pairs (2-wide vectors)

Set of all ordered triples (3-wide vectors)

Set of all ordered n-tuples (n-wide vectors)
Set of all m x n matrices

Set of all n x n square matrices

Set of all polynomials of degree n or less

Set of all continuous functions on [a, b]

Set of all differentiable functions on [a, b]

Set of all twice-differentiable fcns on [a, b]

Set of all everywhere-continuous functions
Set of all everywhere-differentiable functions
Set of all everywhere-twice-differentiable fcns
Set of all everywhere-infinitely-differentiable fcns

REMARK: Always assume that the operations of vector addition & scalar
multiplication are the standard definitions.

One could define these operations in other ways, but such scenarios are dealt
with extensively in Abstract Algebra. (MATH 3360)
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Transformation (Definition)

Definition
(Transformation)

A transformation 7 is a function between vector spaces V, W.
The signature of transformation 7 from vector spaces V into W is written:

T:V—>W

V is the domain of T and W is the codomain of T.
T(v) € W is called the image of vectorv € V.
The set of all images of all vectors in V is the range of 7

Range(T) :={T(v):veV} CW

—8

Domain of T Codomain of T'
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Examples of Transformations

SIGNATURE EXAMPLE SPECIAL NAME
T:R—R T(x)=x*>+1 (Scalar) Function
n | 1=t .
T:R—>R T(1) = { Vi w Vector Function
T:R" >R T (x) =2x'x Scalar Field
T:R" >R T q ;Cl D =X — X0 Scalar Field
2
T:R" - R" T(x)=Ax (A €R¥>%) Vector Field
1 sin
T:R" R | T|| xn|]= RN Vector Field
. Inxy, — x7
3
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Examples of Transformations

SIGNATURE EXAMPLE SPECIAL NAME
T:R— R™" T(t)=11 (I'is3 x 3 identity matrix) | Matrix Function
_ 4
T:R— R™" T(t) = 8 (1 ,t ) Matrix Function
cos(mt) Se
T:R"™ R T(A) =det(A) +7 27?7
app  apn
T:R™" - R T ar;  an =daay — a§2 27?7
asy  as
T : Rmxn — RM*n TA)=1-3A 27?7
ayy  dap a%3 0
T : Rmxn 5 RM*n | T ay|; dap) = apzai as 29?7
as;  am; Vair  6axn
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Examples of Transformations

SIGNATURE EXAMPLE SPECIAL NAME
T:P, >R T(p) = 3p(1) — 2p(~1) + 4 2227
T:P, R | T(ax> +bx+c) =3a—b*+ 3 29272

T:Pyis— P, T(p) = p’(x) 2222

T:P,— P,y T(p) = /p(x) dx 77?7

T:CXR) =R | T()=3"(2) — 2f'(1) +£(0) Functional

T:C[0,1] - R T(f) = /01 X (x) dx Functional
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Linear Transformation (Definition)

The most useful transformations are linear transformations:

Definition
(Linear Transformation)

Let V, W be vector spaces and transformation 7 : V. — W. Then:
T is a linear transformation if the following all hold Vu,v € V and Va € R:

(LT1) T(m+v) = T(u)+T(v) Preservation of Vector Addition
(LT2) T(av) = aT(v) Preservation of Scalar Mult.

i.e. Linear transformations preserve vector addition & scalar multiplication.

REMARK: If you are told a transformation is linear a priori, then the linear
transformation will be denoted by L instead of T.
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Linear Transformation (Properties)

Theorem
(Properties Linear Transformation)

LetL : V — W be a linear transformation.
Then the following all hold Yu,v € V and Vo, € R:

(LT3) L(0) = 0 Lmaps0ecViobecW
(LT4) L(u—v) = L(u)—L(v) Preservation of Vector Subtraction
(LT5) L(am+ pv) = aL(u)+ BL(v) Superposition Principle

Establishing (LT5) is sufficient when showing T is a linear transformation.
(LT3) may be helpful when showing T is not a linear transformation.

Corollary
(General Superposition Principle)
LetL : V — W be a linear transformation andv € V. Then:

V=cC|Vi +cVy+---+cpv, — L(V) = C]L(V]) =+ C2L(V2) —+ -4 CnL(Vn)

where vi,v,...,v, €V and ci,cs,...,c, € R.
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Linear Transformation (Properties)

Theorem
(Properties Linear Transformation)

LetL : V — W be a linear transformation.
Then the following all hold Yu,v € V and Vo, € R:

0 Lmaps0cVitoleWw
L(u) — L(v)  Preservation of Vector Subtraction
aL(u) + SL(v) Superposition Principle

(LT3) L(0)
(LT4)  Lu—v)
(LT5) L(au+ Bv)

PROOF:
L(0) = L((0)v) = (0)L(v) =0

Liu—v) =L+ (=1)v) L L) + L((=1)v) L L(u) + (=1)L(v) = L(u) — L(v)
L(ou + B8v) "Z' L(ou) + L(8v) "Z aL(u) + BL(v) QED
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Two Special Linear Transformations

Proposition
(Zero Transformation & Identity Transformation)

LetL : V — W be a linear transformation. Then:

veV

(ZT) Listhe  zero transformation  if L(v)=0 V
=V WeV

(IT) Listhe identity transformation if L(v)

PROOF (that zero & identity transformations are linear):
Let T be the zero transformation (ZT). Then:

T(au+ Bv) Z 0= (0)0 + ()0 Z aT(u) + T(v) => ZTis linear
Let T be the identity transformation (IT). Then:

T(ou + Bv) L ou+ Bv L aT(u) + BT(v) = ITis linear
QED
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Linear Transformation given by a Matrix

(Linear Transformation given by a Matrix)
Let A be an m x n matrix.

Then T(v) = Av is a linear transformation from R" into R™ :

T:R"— R™

PROOQOF: The shape of matrix A forces the shapes of v & its image T(v):

apy app - g Vi apvy +apvy + -+ apwn
ay axp -+ Ay 1) a vy +anvy + -+ dyvy
aml Am2 " Amn Vn amV1 + Va2 + -+ QupVn
——
A (mxn) v (nx1) T(v) (mx1)

= veR and T(v) eR" = T:R" - R"

T(au+ Bv) = A(au + fv) = A(om) + A(Bv) = a(Au) + B(Av) = aT (u) + BT(v)
= T islinear QED

Josh Engwer (TTU)

Linear Transformations: Definition, Image

06 November 2015 11/12



losh Engwer (TTU; Linear Transform: initi 6 November 201 12/12



