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PART I:

Householder Reflectors in R?
Householder Reflectors in R”

Properties of Householder Reflector Matrices
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Householder Reflection onto Same x;-Semiaxis in R?

(Quadrant I)

R "__,,.-"

How to reflect a vector u in Quadrant | onto the same x;-semiaxis, denoted as u :
@ Observe thatuy = +1 - [|u||; - & since reflections do not alter magnitude.
© Form bisecting ray, £, from origin outward into the same x,-halfplane as u.
© Form & normalize vector h orthogonal to £, and pointing toward same x,-halfplane as u.
@ Project vector u onto unit vector h .
© Subtract twice this projection from vector u, resultinginu; =u—2- projﬁ+u.
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Householder Reflection onto Other x;-Semiaxis in R?
(Quadrant I)

How to reflect a vector u in Quadrant | onto the other x;-semiaxis, denoted as u_:
@ Observe thatu_ = —1 - ||ul|, - & since reflections do not alter magnitude.
Q Form bisecting ray, £_, from origin outward into the other x;-halfplane as u.

© Form & normalize vector h_ orthogonal to /_ and pointing toward same x,-halfplane as u.
@ Project vector u onto unit vector h_.
© Subtract twice this projection from vector u, resultinginu_ =u—2- proj; u.
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Householder Reflection onto Same x;-Semiaxis in R?
(Quadrant II)

How to reflect a vector u in Quadrant Il onto the same x;-semiaxis, denoted as u-:
@ Observe thatuy = —1-||u|, - & since reflections do not alter magnitude.
@ Form bisecting ray, £, from origin outward into the same x;-halfplane as u.

© Form & normalize vector h; orthogonal to £ and pointing toward same x;-halfplane as u.

@ Project vector u onto unit vector hy. .
© Subtract twice this projection from vector u, resultinginu; =u—2- projmu.
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Householder Reflection onto Other x;-Semiaxis in R?
(Quadrant II)

How to reflect a vector u in Quadrant Il onto the other x;-semiaxis, denoted as u_:
@ Observe thatu_ = +1 - ||u, - & since reflections do not alter magnitude.
© Form bisecting ray, ¢_, from origin outward into the other x;-halfplane as u.
© Form & normalize vector h_ orthogonal to ¢/_ and pointing toward same x,-halfplane as u.
@ Project vector u onto unit vector h_.
© Subtract twice this projection from vector u, resultinginu_ =u—2- proj; u.
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Householder Reflection onto Same x;-Semiaxis in R?
(Quadrant Ill)

How to reflect a vector u in Quadrant Ill onto the same x;-semiaxis, denoted as u :
@ Observe thatuy = —1 - ||u||, - & since reflections do not alter magnitude.
© Form bisecting ray, 24, from origin outward into the same x,-halfplane as u.
© Form & normalize vector h. orthogonal to £ and pointing toward same x,-halfplane as u
@ Project vector u onto unit vector h .
© Subtract twice this projection from vector u, resultinginu; =u—2- projﬁ+u.
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Householder Reflection onto Other x;-Semiaxis in R?
(Quadrant Ill)

How to reflect a vector u in Quadrant lll onto the other x;-semiaxis, denoted as u_:
@ Observe thatu_ = +1 - ||u]|, - & since reflections do not alter magnitude.
© Form bisecting ray, ¢_, from origin outward into the other x;-halfplane as u.

© Form & normalize vector h_ orthogonal to /_ and pointing toward same x,-halfplane as u.

@ Project vector u onto unit vector h_.
© Subtract twice this projection from vector u, resultinginu_ =u —2- proj; u.
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Householder Reflection onto Same x;-Semiaxis in R?

(Quadrant V)

\‘“‘\,] L

How to reflect a vector u in Quadrant IV onto the same x;-semiaxis, denoted as u:
@ Observe that u;. = +1 - ||ul|, - & since reflections do not alter magnitude.
@ Form bisecting ray, £, from origin outward into the same x;-halfplane as u.

© Form & normalize vector h; orthogonal to £ and pointing toward same x;-halfplane as u.
@ Project vector u onto unit vector h .
© Subtract twice this projection from vector u, resultinginuy =u —2- projhu.
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Householder Reflection onto Other x;-Semiaxis in R?
(Quadrant V)

How to reflect a vector u in Quadrant IV onto the other x;-semiaxis, denoted as u_:
@ Observe thatu_ = —1 - ||ul|» - & since reflections do not alter magnitude.
© Form bisecting ray, ¢, from origin outward into the other x;-halfplane as u.
© Form & normalize vector h_ orthogonal to /_ and pointing toward same x,-halfplane as u.
@ Project vector u onto unit vector h_.
© Subtract twice this projection from vector u, resultinginu_ =u —2- proj; u.
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Signum Function

Definition
(Signum Function)

+1 L,ifx>0
sign(x) := 0 ,ifx=0

-1 ,ifx<0
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Signum Function

The signum function can be modified so that zero is forced to be either +1 or —1:

(Upper-Signum Function)

Sl = { 1 ,ifx<0

Definition
(Lower-Signum Function)

: +1 ,ifx>0
w(’“):{q <0

For Householder Reflectors, it's convenient to use the upper-signum function.
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Same-Semiaxis Householder Reflectors in R”

Proposition
(Same-Semiaxis Householder Reflectors)
Let vectoru € R". Then:

(1) hy=u—sign(u)-|jull- &

(2) hy=h/|h]
(3) £y —{XxER":h, -x =0}

(4) P, =h.h]
(5) H+ = I— 2P+

(6) uy=Hiu=u-—2- proj;, u

SANITY CHECKS: H. is symmetric and orthogonal.
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Other-Semiaxis Householder Reflectors in R”

Proposition
(Other-Semiaxis Householder Reflectors)
Let vectoru € R". Then:

(1) h_=u+Sign(u,) - [ull> - &
(2) ho=h_/[[h_|;
(3) (. ={xeR':h_-x=0}

(4) P_=h_hn"
(5) H-=1-2P_

(6) uw=H u=u—2-proj u

SANITY CHECKS: H_ is symmetric and orthogonal.
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Properties of Householder Reflector Matrices

Proposition
(Properties of Householder Reflector Matrices)

Let H := hh? € R"*" be a Householder Reflector matrix. Then:

(1) H is symmetric:
(2) H is orthogonal:
(3) H isinvolutory:

(4) Hh=—h
(5) Hh, =h, Vh; € {h}*-

(6) The eigenvalues of H are:

(7) det(H) = —1

H' =H
H'=H"
H?> =1

—1;1,1,---,1
———

n—1

PROOEF: Left as an exercise for the reader.
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PART Il

PART II:

Full OR Factorization via Householder Reflectors
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Full OR Factorization via Householder Reflectors

Suppose A = { aidn ] Then:

az; an
a; .= (an,a21)T =54 h1 = a :tsign(all) . ||a1||2 . él —— ﬁl = hl/HhIHZ
— H|=1-2hh] = H, = [ Toxo H, ] = H,

ay, d
HlAz[ 0 a}z}zR
22

| ORTH , 7 SYM
=" HI =

= 0= (H\)'=H{ H,
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Full OR Factorization via Householder Reflectors

a  ap
Suppose A = | ax; ax |. Then:
asy  as

a; = (6111,6121,6131)T —— h1 = a; :I:sign(an) . ||31||2 ‘él E=4 ﬁl :h1/||h1||2

— H,=1-2hh] = H, = Toxo H, = H,
aj dp

H]A = 0 a’22
0 d,

al 1= (aby,d5,)" = hy = aj £sign(ab,) - [[a}|l2- & = hy =hy/||hy|>

— Hjy=1-2hh] — HZ:{IIM ” ] = [1 H,}
2 2

dy  dy,
HzHlA = 0 a’2’2 = R
0 0
— 0= (HH) " =H;'Hy" 2" BTHT 2 B H,
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Full OR Factorization via Householder Reflectors

w afm ] we[Be ] - ]
ary axn H
ay, ap

—  HA= ! = R
0 a5

— —1 ORTH SYM
= Q= (H)'=H""="H "= H,
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Full OR Factorization via Householder Reflectors

Let A=
— HlA =
= H,HA=

= Q= (HH)~

Josh Engwer (TTU)

a  ap
(53 5%)
as;  asp

! /

ap Aap
/

0 a,
/

0 ax

dyy  ap
0 4 = R
0 0 |
1 _ Hl_lH_l ORTH HTHT SYM H1H2
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Full OR Factorization via Householder Reflectors

ap app a3
a a a I
Let A= 21 G a3 Hy = | foxo
a4z a3
ay 4y ag3 |
/ / / 1
I PR
0 a a I
= HA=| o 7 7 = Hy=
2 93
0 ap ay |
/ / / 7
oo oop
0 d)y a I
- HyH|A = 0 62 ?,3 — H; =
A
0 0 ay |
/ / / 7
GG op
0 a a
= HiHA=| o 2 7 = R
33
0 0 0
- —1gy—1gy—1 ORTH sym
= Q= (H:HH))~' =H;'H;'H;' "=" HTHYH] °=' H\H,H;
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Which Householder Reflector to Choose??

There are two Householder Reflectors to choose from:
h, = a —sign(a()) - |laj" ||, - &
h- =aj" +sign(al))) - [laf" [ - &
So, given the Householder Reflector expression containing a &+ symbol:
h, =al" +sign(@!)) - ]al"]], - &
...which sign should one choose??
Answer: It depends!

If computing Householder Reflectors by hand (using exact arithmetic),
either + or — is fine,
so pick one.

However, if computing Householder Reflectors via a computer,
always pick the + (i.e. always pick h_)
because the result will be more accurate.

S.J. Leon, Linear Algebra with Applications, 9" Ed., Pearson, 2015.
A. Householder, "Unitary Triangularization of a Nonsymmetric Matrix”, J. ACM, 5 (1958), 339-342.
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Full OR Factorization via Householder Reflectors

Proposition

(Full QR Factorization via Householder Reflectors)

GIVEN: Tall or square (m > n) full column rank matrix A, with columns ay,.

TASK: Factor A = QR where Q.,xm has orthonormal columns q;. and R, x» is upper triangular.
(0) For each upcoming +: by computer, always pick +; by hand, either + or — is fine, pick one.
(1) Build Householder Reflector, H;, that nullifies sub-diagonal 1*' column of A:

al) = (a1, ,am)’ = hy =al” £sign(@) - ]alV |, - & = Ry =hy/||hy ||,
loxo
= H| =1-2hh] = H = { x H] } = H|
(2) Foreachj=2,---,n
Build Householder Reflector, H;, that nullifies sub-diagonal ™" column of HiH;_ ---HH\A := C;j:
= (), fn’}) = hy=c +5ign(c) - [[c|], - & = by =hy/| [yl

TG 1yx (-1
— H/ =1 — 20T :>H,:[ =D x(=1) HJ]
(3) R=HyH,_ ---HyH A
(4) Q=H\H, - -H,_Hy,

S.J. Leon, Linear Algebra with Applications, 9" Ed., Pearson, 2015.
A. Householder, "Unitary Triangularization of a Nonsymmetric Matrix”, J. ACM, 5 (1958), 339-342.
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