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Symmetric Matrices (Definition)

The notion of a symmetric matrix is fundamental for later concepts & courses:
Definition
(Symmetric Matrix)

A square matrix A € R"™" is symmetric if A is equal to its transpose: AT = A

v

Corollary

(Diagonal Matrices are Symmetric)
A diagonal matrix D € R"*" js symmetric.

Symmetric Matrices: [1 2], [_4 0], [

2 3 0 -1

4 0 1 2 3
Not Symmetric: [ 1 — ] , 9 4 5
0 6
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Symmetric Matrices (Properties)

Symmetric matrices have some very nice properties:

(The Real Spectrum Theorem)

Let symmetric matrix S € R"*". Then the following all hold:
@ S is diagonalizable
@ All eigenvalues of S are real
@ If some eigenvalue X\, repeats, its multiplicities match: AM[\] = GM[ ]
i.e. If \x occurs j times, then )\, has j linearly independent eigenvectors:

Xi, 1y X2y - -5 Xij—1, Xkj
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Eigenvectors of a Symmetric Matrix (Revisited)

Eigenvectors of distinct eigenvalues of a symmetric matrix have a benefit:

(Eigenvectors of a Symmetric Matrix)
Let symmetric matrix S € R**" have eigenpairs (\1,x1), (A\2,xz). Then:

If eigenvalues \i, \, are distinct, then eigenvectors x,, x, are orthogonal.

ie. If)\l 7é Ao, then x; L x;.
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Orthogonal Matrices (Revisited)

Question: When is the inverse of a square matrix is simply its transpose??
Answer:  When the square matrix is orthogonal:

Definition

(Orthogonal Matrix)
A square matrix Q € R"" is orthogonal if Q is invertible and Q~! = Q7

Corollary
(Determining if a Matrix is Orthogonal)
A square matrix Q € R™" s orthogonal <— QTQ =1

A\

(An Orthogonal Matrix has Orthonormal Columns)
A square matrix Q is orthogonal < its columns form an orthonormal set.
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Orthogonally Diagonalizable Matrices (Revisited)

Definition
(Orthogonally Diagonalizable Matrix)

Let square matrix A € R**".
Then A is orthogonally diagonalizable if 30 € R"*" s.t. Q is orthogonal and

QTAQ = D where D is diagonal.

(Symmetric Matrices are Orthogonally Diagonalizable)
Square matrix A is orthgonally diagonalizable <— A is symmetric.

o
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Full SVD (Motivation)

Recall that only symmetric matrices have an ortho-eigen-decomposition:

Spxn = QAQT

Recall further that eigenvalues of a symmetric matrix are all real.
Recall further that eigenvalues of a square matrix may be complex in general.

Question:

If this decomposition is relaxed by allowing two unalike orthogonal matrices...
...but forcing all the middle’s main diagonal entries to be real numbers...
...can such a decomposition exist for all rectangular matrices???

i.e. For all m x n real-entried matrices A, is this possible:
Apsn = USVT st UTU = Lyxm, VTV =1I,xn, Zn.xnis real-entried diagonal

Answer: Turns out, YES! Let’s derive it!
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Full SVD (Motivation)

Given: m x n rectangular matrix A such that rank(A) = r.

Question: s it possible for Full SVD to recycle a prior decomposition?

Answer: YES! The ortho-eigen-decomposition for symmetric matrices:
Sn><n = QAQT

Question: How to produce a square symmetric matrix involving only matrix A?
Answer: ATA and AAT
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Full SVD (Properties of ATA & AAT)

(Properties of ATA & AAT)

Let A be a tall or square m x n matrix. Then:

(i) ATA and AAT are both symmetric.

(ii) The eigenvalues of ATA and AAT are all real.

(iii) The eigenvectors of ATA and AAT are orthonormal.

(iv) (u,v) # (0,0) is an eigenpair of ATA <= (u,Av) is an eigenpair of AA”.
(v) The eigenvalues of ATA and AAT are non-negative.

(vi) NulSp(ATA) = NulSp(A),  NulSp(AAT) = NulSp(AT)

(vii) ColSp(ATA) = ColSp(AT), ColSp(AAT) = ColSp(A)
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Full SVD (Properties of ATA & AAT)

(Properties of ATA & AAT)

Let A be a tall or square m x n matrix. Then:

(i) ATA and AAT are both symmetric.

(i) The eigenvalues of ATA and AAT are all real.

(iii) The eigenvectors of ATA and AAT are orthonormal.

(iv) (u,v) # (0,0) is an eigenpair of ATA <> (u,Av) is an eigenpair of AA”.
(v) The eigenvalues of ATA and AAT are non-negative.

(vi) NulSp(ATA) = NulSp(A),  NulSp(AAT) = NulSp(AT)

(vii) ColSp(ATA) = ColSp(AT), ColSp(AAT) = ColSp(A)

PROOF: (i) (ATA)T = ATATT = ATA = ATAis symmetric, AAT is left to the reader to prove.
(if) & (iii) Both follow immediately since AAT and AAT are symmetric matrices.

(iv) ATAVZE v L5 AATAY) = A(uy) “EE (AAT)(Av) = A(uv)
FACTOR ( EIG

AAT)(Av) = p(Av) < (p,Av) is an eigenpair of AAT.
(v) Let (u,v) be an eigenpair of ATA and (p, u) be an eigenpair of AA”. Then:

EIG A
[[Av||3 = (AV)T(Av) = vIATAV = v pv = pvl'v = p|v|} = I\‘Ivvl‘llg >0

Tyl2 T )T (AT TAATy EC T 2 1A ul 3
[[ATulf3 = (ATu)"(ATu) = uTAATu = ' pu = puu = plu|)} = p= TE >0 O
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Full SVD (Properties of ATA & AAT)

(Properties of ATA & AAT)

Let A be a tall or square m x n matrix. Then:

(i) ATA and AAT are both symmetric.

ii) The eigenvalues of ATA and AAT are all real.

iii) The eigenvectors of ATA and AAT are orthonormal.

iv) (u,v) # (0,0) is an eigenpair of ATA <= (u,Av) is an eigenpair of AAT .
v) The eigenvalues of ATA and AAT are non-negative.

vi) NulSp(ATA) = NulSp(A),  NulSp(AAT) = NulSp(AT)

vii) ColSp(ATA) = ColSp(AT), ColSp(AAT) = ColSp(A)

N S A A A

PROOF:
(vi) NuISp(474) = {x € R" : ATAx =0} = {x € R : Ax = 0} := NulSp(4)
NUISp(AAT) = {y € R™: AATy = 6} - {y eR™: ATy = 6} .= NulSp(A”)

FTLA )L FTLA

(vii) ColSp(ATA) " NuIsp(A74)~ % NulSp(A ColSp(AT)
ColSp(AAT) " NuIsp(AaT) L Y NuISp(AT)~ ™ ColSp(a)
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Full SVD (Derivation, starting from ATA)

m X n rectangular matrix A such that rank(A) = r.

Given:
vy = vl = M =diag(pr, -+, fn)

TA — T nxXn 1> s Hn .

Factor A"A = VMV* s.t. { (51,902 = 8 L ATAV, = v Yk < n Then:

~ ~ A T . ~ EIG . A AT A ~
1AV 3 = (AVi)T (AV) = V[ (AT = V] Vi = pe (Vi) = el [l 15 = pue - 1= pe

HA{/kHZ = /i = o — ﬁk = Aflk/Uk
Descend-sort-label the singular values of A like so: oy > - >0, >0

- o AV\T (AN 1 VTATAY g o . L o
(8;,8;), = o] & = (*’) <—’) == NIy =6 = (ly,0), = 0y

o] aj 0i0; oio;
A\}k = O'kﬁk for 1<k<r
Avy = 0 for r<k<n

, v, are called the right-singular vectors of A

LAV =US = |[A=uUuxVT

Note that vy, - - -
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Full SVD (Derivation, starting from AAT)

m X n rectangular matrix A such that rank(4) = r.

Given:
UTu=UU"T =1 M = diag(u1, -, tm)

T _ T mxXm s 1s s Hm .

Factor AA" = UMU" s.t. { (7, 07)2 = 8 , TGy = i Vk < m Then:

~ ~ ~ T . ~ EIG . ~ AT A ~
AT |13 = (AT (AT ) = f (AAT) by =" 07 puly = (67 ) = poge| [0 |3 = poe - 1 = g

ATl = ik := o = Vi := AT /oy
Descend-sort-label the singular values of A likeso: oy > -+ >0, >0

. . ATo\T (AT&N 7 6TAATG; go i . L o
<V,‘,Vj>2 = V;-er = ( l) ( '/) = L= D lliTllj = 6,‘]' - <Vl',Vj>2 = 5,-1-
o; aj ioj ;0
ATa, = o for 1<k<r
ATa, = 0 for r<k<m

Note that ay, - - - ,a,, are called the left-singular vectors of A

LATU =V — AT =vxTyT L |4 =usy?
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Full SVD (Derivation, final matrix shapes)

rank(A) =r
A=UxVT
| s —
Apxn= | 0y -+ 0, [rxro ,,,,,, ] :
| | (n—r)x (n—r) .
—_— Vy —
nxn
nxXn nxn
| | o —
Apxcn = L PR i P l: - =T *:*0 ******* :|
| | (m—r)x(n—r) .
—_— Vy —
mxn
mxXm nxn
g1

where: U'=UT, v =V %= witho; > - >0, >0

o,
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Full SVD (Procedure)

Proposition

(Full SVD)
GIVEN: m x n tall (m > n) or square (m = n) matrix A with column rank r < n:
TASK: FactorA = USVT where: UTU = Lyxm, V'V = ILix,, 3 ism x n diagonal

000000

Find the n eigenvalues y; > -+ > py > pyq1 = -+~ = py = 0 of sSymmetric matrix ATA.
Find the r right-singular vectors of A: ¥, --- ,V, = eigenvectors of ATA w.r.t. py, -, pr
Find the r singular values of A: oy := \/u1, -+, 07 := \/fir

Find the r left-singular vectors of A: W, := AV, /oy, ---, U, := AV, /o,

Ifr < n, use Gram-Schmidt on std basis vectors &.41,--- ,&, € R" to find: V,41,--- , ¥,

Ifr < m, use Gram-Schmidt on std basis vectors é.1,--- ,&, € R" to find: .41, -- ,ly

Form the matrices comprising the Full SVD like so:

| | . ‘ — i —
~ A~ Er><r . = T
Amxn = u e Wy | [-= === S ettt o =UXV
| | . Otn—r)x(n—n) ;
Vn —
[ ——
mXm mxn
nxn
where: O(,_)x (u—r) IS zero matrix and % := diag(cy, -+ ,o,) withoy > -+ > o, > 0
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The Four Fundamental Matrix Subspaces via Full SVD

Given: m x n rectangular matrix A s.t. rank(A) = rand A = UXV’. Then:
AV = oy, k< r . ColSp(A) := Span{A¥; : k < n} = Span{a,--- ,a,}
A= 0,r<k NulSp(4) := Span{x : Ax = 0} = Span{¥,;1,--- ,Va}

{ AT, = oy Vi, k< r

ColSp(AT) := Span{ATdy : k < m} = Span{¥Vy, -+ ,V,}
ATﬁk = 6, r<k

NuISp(A”) := Span{y : ATy = 0} = Span{ii,;1,- - , 0}
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The Four Fundamental Matrix Subspaces via Full SVD

(The Four Fundamental Matrix Subspaces via Full SVD)

GIVEN: m x n tall/square (m > n) matrix A with column rank r < n and Full SVDA = UXVT.
Then, the four fundamental matrix subspaces of A are (directly via the Full SVD):

@ ColSp(A) = Span{uy,--- ,a,}

@ NulSp(A) = Span{V,i1,- -, Vu}
@ ColSp(AT) = Span{¥;,--- ,¥}
@ NulSp(AT) = Span{@,. 1, ,0m}

Moreover, the relations among these fundamental subspaces are now immediate:

(i) dim ColSp(A) = r
(i) dim ColSp(A”) = r

(iiiy R™ = ColSp(A) @& NulSp(AT)
(iv) R = ColSp(AT) © NulSp(A)
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Reduced SVD (Procedure)

Proposition

(Reduced SVD)

GIVEN: m x n tall (m > n) or square (m = n) matrix A with column rank r < n:
TASK: FactorA = USVT where: UTU = Luxm, VIV = ILixn, 3 isrx r diagonal

@ Find the n eigenvalues iy > --- > piy > piypy1 = - - = pn = 0 of symmetric matrix ATA.
Q Find the r right-singular vectors of A: Vi, --- ,V, = eigenvectors of ATA w.r.t. py,--- , pr
© Find the r singular values of A: oy := \/fi1, -+, o := \/fir
@ Find the r left-singular vectors of A: W, := AV, /oy, --- , U, := AV, /o,
© Form the matrices comprising the Reduced SVD like so:

| | g1 — Vi —

Amx,,z[ﬁl ﬁ,} : = UsiT
| | o || — 5 —
mxr rxr rxn

where: oy > --- >0, >0
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Full SVD - Use & Proof (Selected Bibliography)

S.J. Leon, Linear Algebra with Applications, 9" Ed., Pearson, 2015. (§6.5)
D.C. Lay, Linear Algebra and its Applications, 4" Ed., Pearson, 2012. (§7.4)
H. Anton Elementary Linear Algebra, 10" Ed., Wiley, 2010. (§9.5)

J.R. Schott, Matrix Analysis for Statistics, Wiley, 1997. (§4.2)
B. Jacob, Linear Algebra, W.H. Freeman & Company, 1990. (§4.6)
C.L. Lawson, R.J. Hanson, Solving Least Square Problems, Prentice Hall, 1974. (Ch2)

Josh Engwer (TTU) Singular Value Decomposition (SVD): A = usvl 18 September 2022



SVD History (Selected Bibliography)

G.W. Stewart, "On the Early History of the Singular Value Decomposition”,
SIAM Review, 35 (1993), 551-566.

G.H. Golub, C. Reinsch, "Singular Value Decomposition and Least Squares Solution”,
Numerische Mathematik, 14 (1970), 403-420.

R. Penrose, "A Generalized Inverse for Matrices”,
Mathematical Proceedings of the Cambridge Philosophical Society, 51 (1955), 406-413.

H. Weyl, "Inequalities Between the Two Kinds of Eigenvalues of a Linear Transformation”
Proceedings of the National Academy of Sciences, 35, (1949), 408-411.

C. Eckart, G. Young, "A Principal Axis Transformation for non-Hermitian Matrices”,
Bulletin of the American Mathematical Society, 45 (1939), 118-121.

H. Hotelling, "Analysis of a Complex of Statistical Variables into Principal Components”,
Journal of Educational Psychology, 24 (1933), 417-441 and 498-520.

E.H. Moore, "On the Reciprocal of the General Algebraic Matrix”,
Bulletin of the American Mathematical Society, 26 (1920), 394-395.

C. Jordan, "Mémoire sur les formes bilinéaires”,
Journal de Mathématiques Pures et Appliquées, 19 (1874), 35-54.

E. Beltrami, "Sulle Funzioni Bilineari”,
Giornale di Matematiche ad Uso degli Studenti Delle Universita, 11 (1873), 98-106.

Josh Engwer (TTU) Singular Value Decomposition (SVD): A = usvl 18 September 2022



Fin.
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