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PART I

PART I:

Symmetric Matrices (Revisited)
Orthogonal Matrices (Revisited)

Orthogonal Diagonalization (Revisited)
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Symmetric Matrices (Definition)

The notion of a symmetric matrix is fundamental for later concepts & courses:

Definition
(Symmetric Matrix)

A square matrix A ∈ Rn×n is symmetric if A is equal to its transpose: AT = A

Corollary
(Diagonal Matrices are Symmetric)

A diagonal matrix D ∈ Rn×n is symmetric.

Symmetric Matrices:
[

1 2
2 3

]
,

[
−4 0

0 −1

]
,

 1 2 3
2 4 5
3 5 6


Not Symmetric:

[
−4 0

1 −1

]
,

 1 2 3
9 4 5
8 0 6

,

 1 2 3
9 4 5
3 5 6


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Symmetric Matrices (Properties)

Symmetric matrices have some very nice properties:

Theorem
(The Real Spectrum Theorem)

Let symmetric matrix S ∈ Rn×n. Then the following all hold:
S is diagonalizable
All eigenvalues of S are real
If some eigenvalue λk repeats, its multiplicities match: AM[λk] = GM[λk]
i.e. If λk occurs j times, then λk has j linearly independent eigenvectors:

xk,1, xk,2, . . . , xk,j−1, xk,j
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Eigenvectors of a Symmetric Matrix (Revisited)

Eigenvectors of distinct eigenvalues of a symmetric matrix have a benefit:

Theorem
(Eigenvectors of a Symmetric Matrix)

Let symmetric matrix S ∈ Rn×n have eigenpairs (λ1, x1), (λ2, x2). Then:

If eigenvalues λ1, λ2 are distinct, then eigenvectors x1, x2 are orthogonal.

i.e. If λ1 ̸= λ2, then x1 ⊥ x2.
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Orthogonal Matrices (Revisited)

Question: When is the inverse of a square matrix is simply its transpose??
Answer: When the square matrix is orthogonal:

Definition
(Orthogonal Matrix)

A square matrix Q ∈ Rn×n is orthogonal if Q is invertible and Q−1 = QT

Corollary
(Determining if a Matrix is Orthogonal)

A square matrix Q ∈ Rn×n is orthogonal ⇐⇒ QTQ = I

Theorem
(An Orthogonal Matrix has Orthonormal Columns)

A square matrix Q is orthogonal ⇐⇒ its columns form an orthonormal set.
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Orthogonally Diagonalizable Matrices (Revisited)

Definition
(Orthogonally Diagonalizable Matrix)

Let square matrix A ∈ Rn×n.
Then A is orthogonally diagonalizable if ∃Q ∈ Rn×n s.t. Q is orthogonal and

QTAQ = D where D is diagonal.

Theorem
(Symmetric Matrices are Orthogonally Diagonalizable)

Square matrix A is orthgonally diagonalizable ⇐⇒ A is symmetric.
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PART II

PART II:

Full Singular Value Decomposition (SVD)
The Four Fundamental Matrix Subspaces via Full SVD

Reduced Singular Value Decomposition (SVD)
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Full SVD (Motivation)

Recall that only symmetric matrices have an ortho-eigen-decomposition:

Sn×n = QΛQT

Recall further that eigenvalues of a symmetric matrix are all real.
Recall further that eigenvalues of a square matrix may be complex in general.

Question:

If this decomposition is relaxed by allowing two unalike orthogonal matrices...
...but forcing all the middle’s main diagonal entries to be real numbers...
...can such a decomposition exist for all rectangular matrices???

i.e. For all m × n real-entried matrices A, is this possible:

Am×n = UΣVT s.t. UTU = Im×m, VTV = In×n, Σm×n is real-entried diagonal

Answer: Turns out, YES! Let’s derive it!
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Full SVD (Motivation)

Given: m × n rectangular matrix A such that rank(A) = r.

Question: Is it possible for Full SVD to recycle a prior decomposition?

Answer: YES! The ortho-eigen-decomposition for symmetric matrices:

Sn×n = QΛQT

Question: How to produce a square symmetric matrix involving only matrix A?

Answer: ATA and AAT
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Full SVD (Properties of ATA & AAT)

Theorem
(Properties of ATA & AAT )

Let A be a tall or square m × n matrix. Then:
(i) ATA and AAT are both symmetric.
(ii) The eigenvalues of ATA and AAT are all real.
(iii) The eigenvectors of ATA and AAT are orthonormal.
(iv) (µ, v) ̸= (0, 0⃗) is an eigenpair of ATA ⇐⇒ (µ,Av) is an eigenpair of AAT .
(v) The eigenvalues of ATA and AAT are non-negative.
(vi) NulSp(ATA) = NulSp(A), NulSp(AAT) = NulSp(AT)
(vii) ColSp(ATA) = ColSp(AT), ColSp(AAT) = ColSp(A)
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Full SVD (Properties of ATA & AAT)

Theorem
(Properties of AT A & AAT )

Let A be a tall or square m × n matrix. Then:
(i) AT A and AAT are both symmetric.
(ii) The eigenvalues of AT A and AAT are all real.
(iii) The eigenvectors of AT A and AAT are orthonormal.
(iv) (µ, v) ̸= (0, 0⃗) is an eigenpair of AT A ⇐⇒ (µ,Av) is an eigenpair of AAT .
(v) The eigenvalues of AT A and AAT are non-negative.
(vi) NulSp(AT A) = NulSp(A), NulSp(AAT) = NulSp(AT)
(vii) ColSp(AT A) = ColSp(AT), ColSp(AAT) = ColSp(A)

PROOF: (i) (AT A)T = AT ATT = AT A =⇒ AT A is symmetric, AAT is left to the reader to prove.

(ii) & (iii) Both follow immediately since AAT and AAT are symmetric matrices.

(iv) AT Av EIG
= µv A·⇐⇒ A(AT Av) = A(µv) ASSOC.⇐⇒ (AAT)(Av) = A(µv)

FACTOR⇐⇒ (AAT)(Av) = µ(Av) EIG⇐⇒ (µ,Av) is an eigenpair of AAT .

(v) Let (µ, v) be an eigenpair of AT A and (µ, u) be an eigenpair of AAT . Then:

||Av||22 = (Av)T(Av) = vT AT Av EIG
= vTµv = µvT v = µ||v||22 =⇒ µ =

||Av||22
||v||22

≥ 0

||AT u||22 = (AT u)T(AT u) = uT AAT u EIG
= uTµu = µuT u = µ||u||22 =⇒ µ =

||AT u||22
||u||22

≥ 0
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Full SVD (Properties of ATA & AAT)

Theorem
(Properties of AT A & AAT )

Let A be a tall or square m × n matrix. Then:
(i) AT A and AAT are both symmetric.
(ii) The eigenvalues of AT A and AAT are all real.
(iii) The eigenvectors of AT A and AAT are orthonormal.
(iv) (µ, v) ̸= (0, 0⃗) is an eigenpair of AT A ⇐⇒ (µ,Av) is an eigenpair of AAT .
(v) The eigenvalues of AT A and AAT are non-negative.
(vi) NulSp(AT A) = NulSp(A), NulSp(AAT) = NulSp(AT)
(vii) ColSp(AT A) = ColSp(AT), ColSp(AAT) = ColSp(A)

PROOF:

(vi) NulSp(AT A) :=
{

x ∈ Rn : AT Ax = 0⃗
}

=
{

x ∈ Rn : Ax = 0⃗
}

:= NulSp(A)

NulSp(AAT) :=
{

y ∈ Rm : AAT y = 0⃗
}

=
{

y ∈ Rm : AT y = 0⃗
}

:= NulSp(AT)

(vii) ColSp(AT A) FTLA
= NulSp(AT A)⊥

(vi)
= NulSp(A)⊥ FTLA

= ColSp(AT)

ColSp(AAT)
FTLA
= NulSp(AAT)⊥

(vi)
= NulSp(AT)⊥

FTLA
= ColSp(A)
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Full SVD (Derivation, starting from ATA)

Given: m × n rectangular matrix A such that rank(A) = r.

Factor AT A = VMVT s.t.
{

VT V = VVT = In×n , M = diag(µ1, · · · , µn)
⟨v̂i, v̂j⟩2 = δij , AT Av̂k = µk v̂k ∀k ≤ n

}
Then:

||Av̂k||22 = (Av̂k)
T(Av̂k)

T
= v̂T

k (A
T A)v̂k

EIG
= v̂T

k µk v̂k = µk(v̂T
k v̂k) = µk||v̂k||22 = µk · 1 = µk

||Av̂k||2 =
√
µk := σk =⇒ ûk := Av̂k/σk

Descend-sort-label the singular values of A like so: σ1 ≥ · · · ≥ σr > 0

⟨ûi, ûj⟩2 = ûT
i ûj =

(
Av̂i

σi

)T (
Av̂j

σj

)
T
=

v̂T
i AT Av̂j

σiσj

EIG
=

µj

σiσj
· v̂T

i v̂j
⊥
= δij =⇒ ⟨ûi, ûj⟩2 = δij

∴

{
Av̂k = σkûk for 1 ≤ k ≤ r
Av̂k = 0⃗ for r < k ≤ n

Note that v̂1, · · · , v̂n are called the right-singular vectors of A

∴ AV = UΣ =⇒ A = UΣVT

Josh Engwer (TTU) Singular Value Decomposition (SVD): A = UΣVT 18 September 2022 14 / 23



Full SVD (Derivation, starting from AAT)

Given: m × n rectangular matrix A such that rank(A) = r.

Factor AAT = UMUT s.t.
{

UT U = UUT = Im×m , M = diag(µ1, · · · , µm)
⟨ûi, ûj⟩2 = δij , AAT ûk = µkûk ∀k ≤ m

}
Then:

||AT ûk||22 = (AT ûk)
T(AT ûk)

T
= ûT

k (AAT)ûk
EIG
= ûT

k µkûk = µk(ûT
k ûk) = µk||ûk||22 = µk · 1 = µk

||AT ûk||2 =
√
µk := σk =⇒ v̂k := AT ûk/σk

Descend-sort-label the singular values of A like so: σ1 ≥ · · · ≥ σr > 0

⟨v̂i, v̂j⟩2 = v̂T
i v̂j =

(
AT ûi

σi

)T (
AT ûj

σj

)
T
=

ûT
i AAT ûj

σiσj

EIG
=

µj

σiσj
· ûT

i ûj
⊥
= δij =⇒ ⟨v̂i, v̂j⟩2 = δij

∴

{
AT ûk = σk v̂k for 1 ≤ k ≤ r
AT ûk = 0⃗ for r < k ≤ m

Note that û1, · · · , ûm are called the left-singular vectors of A

∴ AT U = VΣT =⇒ AT = VΣT UT T
=⇒ A = UΣVT
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Full SVD (Derivation, final matrix shapes)

rank(A) = r

A = UΣVT

An×n =

 | |
û1 · · · ûn

| |


︸ ︷︷ ︸

n×n

[
Σ̇r×r

O(n−r)×(n−r)

]
︸ ︷︷ ︸

n×n

 v̂1
...

v̂n


︸ ︷︷ ︸

n×n

Am×n =

 | |
û1 · · · ûm

| |


︸ ︷︷ ︸

m×m

[
Σ̇r×r

O(m−r)×(n−r)

]
︸ ︷︷ ︸

m×n

 v̂1
...

v̂n


︸ ︷︷ ︸

n×n

where: U−1 = UT , V−1 = VT , Σ̇ :=

 σ1
. . .

σr

 with σ1 ≥ · · · ≥ σr > 0

Josh Engwer (TTU) Singular Value Decomposition (SVD): A = UΣVT 18 September 2022 16 / 23



Full SVD (Procedure)

Proposition
(Full SVD)

GIVEN: m × n tall (m ≥ n) or square (m = n) matrix A with column rank r ≤ n:

TASK: Factor A = UΣVT where: UT U = Im×m, VT V = In×n, Σ is m × n diagonal
1 Find the n eigenvalues µ1 ≥ · · · ≥ µr > µr+1 = · · · = µn = 0 of symmetric matrix AT A.
2 Find the r right-singular vectors of A: v̂1, · · · , v̂r = eigenvectors of AT A w.r.t. µ1, · · · , µr

3 Find the r singular values of A: σ1 :=
√
µ1, · · · , σr :=

√
µr

4 Find the r left-singular vectors of A: û1 := Av̂1/σ1, · · · , ûr := Av̂r/σr

5 If r < n, use Gram-Schmidt on std basis vectors êr+1, · · · , ên ∈ Rn to find: v̂r+1, · · · , v̂n

6 If r < m, use Gram-Schmidt on std basis vectors êr+1, · · · , êm ∈ Rm to find: ûr+1, · · · , ûm

7 Form the matrices comprising the Full SVD like so:

Am×n =

 | |
û1 · · · ûm
| |


︸ ︷︷ ︸

m×m

[
Σ̇r×r

O(m−r)×(n−r)

]
︸ ︷︷ ︸

m×n

 v̂1
...

v̂n


︸ ︷︷ ︸

n×n

≡ UΣVT

where: O(m−r)×(n−r) is zero matrix and Σ̇ := diag(σ1, · · · , σr) with σ1 ≥ · · · ≥ σr > 0
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The Four Fundamental Matrix Subspaces via Full SVD

Given: m × n rectangular matrix A s.t. rank(A) = r and A = UΣVT . Then:

{
Av̂k = σkûk, k ≤ r
Av̂k = 0⃗, r < k

=⇒ ColSp(A) := Span{Av̂k : k ≤ n} = Span{û1, · · · , ûr}
NulSp(A) := Span{x : Ax = 0⃗} = Span{v̂r+1, · · · , v̂n}

{
AT ûk = σk v̂k, k ≤ r
AT ûk = 0⃗, r < k

=⇒ ColSp(AT) := Span{AT ûk : k ≤ m} = Span{v̂1, · · · , v̂r}
NulSp(AT) := Span{y : AT y = 0⃗} = Span{ûr+1, · · · , ûm}
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The Four Fundamental Matrix Subspaces via Full SVD

Theorem
(The Four Fundamental Matrix Subspaces via Full SVD)

GIVEN: m × n tall/square (m ≥ n) matrix A with column rank r ≤ n and Full SVD A = UΣVT .

Then, the four fundamental matrix subspaces of A are (directly via the Full SVD):

ColSp(A) = Span{û1, · · · , ûr}
NulSp(A) = Span{v̂r+1, · · · , v̂n}
ColSp(AT) = Span{v̂1, · · · , v̂r}
NulSp(AT) = Span{ûr+1, · · · , ûm}

Moreover, the relations among these fundamental subspaces are now immediate:

(i) dim ColSp(A) = r
(ii) dim ColSp(AT) = r

(iii) Rm = ColSp(A) ⊕ NulSp(AT)
(iv) Rn = ColSp(AT)⊕ NulSp(A)
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Reduced SVD (Procedure)

Proposition
(Reduced SVD)

GIVEN: m × n tall (m ≥ n) or square (m = n) matrix A with column rank r ≤ n:

TASK: Factor A = ÛΣ̇V̂T where: ÛT Û = Im×m, V̂T V̂ = In×n, Σ̇ is r × r diagonal
1 Find the n eigenvalues µ1 ≥ · · · ≥ µr > µr+1 = · · · = µn = 0 of symmetric matrix AT A.
2 Find the r right-singular vectors of A: v̂1, · · · , v̂r = eigenvectors of AT A w.r.t. µ1, · · · , µr

3 Find the r singular values of A: σ1 :=
√
µ1, · · · , σr :=

√
µr

4 Find the r left-singular vectors of A: û1 := Av̂1/σ1, · · · , ûr := Av̂r/σr

5 Form the matrices comprising the Reduced SVD like so:

Am×n =

 | |
û1 · · · ûr
| |


︸ ︷︷ ︸

m×r

 σ1

. . .
σr


︸ ︷︷ ︸

r×r

 v̂1
...

v̂r


︸ ︷︷ ︸

r×n

≡ ÛΣ̇V̂T

where: σ1 ≥ · · · ≥ σr > 0
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Fin

Fin.
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