DOMAIN OF FUNCTIONS

FUNDAMENTAL DEFINITIONS:

e The domain of a function f, denoted Dom(f), is the set of all real numbers x such that f(z) is defined.

e The above domain definition in set notation: ~ Dom(f) := {z € R: f(z) is defined}

e The range of a function f, denoted Rng(f), is the set of all real numbers y such that y = f(z) Va € Dom(f)
e The above range definition in set notation: ~Rng(f) :={y € R:y = f(z) Va € Dom(f)}

e In general, finding Rng(f) is very tough without graphing f or using advanced analysis (beyond the scope of Calculus I).

DOMAIN OF SIMPLE FUNCTIONS:

e (DM.1) f1 € {1,z,2% 2% 2", 2°, ...} = Dom(f1) =

(DM.2) fo € {Vz, ¥z, ¥z, ¥x,...} = [Dom(f2) =[0,00) <= x>0
(DM.3) fs € {V/z, ¥z, Yz, Jx,...} = Dom(fs) =
( )
( )

DM.4 f46{;7zi27?1371i47z%71767' } = [Dom(f4) R\{O} — 1’#0]

DM5) fs € { . 4= o0 2o+ ) = [ Dom(fs) =Ry = (0,00) <= > 0]
(OM6) fo € { 3=, %,% =} = Dom(fe) = R\ {0} = (—00,0) U (0, 0)
(DM.7) fr € {€",(-2)*,3%,(v5)*,...} = Dom(fr) =R
(DM.8) fs € {Inz,loga,log, @, ...} = Dom(fs) =Ry = (0,00)
( )
(
(

DM9) fo € { s s g+ } = Dom(fy) =Ry \ {1} = (0.1) U (L oo)
DM.10) fi0 € {|z|,sinz,cosz} = Dom(fi0) =

DM.11) fi1 € {tanz,secz} — [Dom(fu) R\ {cosz =0} <= z ¢ { -
e (DM.12) fi2 € {cot z,cscz} — [Dom(flg):R\{sianO} — x¢{..,—4mr, —37,—2m, —7T,0,7r727r,371',47r,l..}}

DOMAIN OF ARITHMETIC COMBINATIONS OF FUNCTIONS:

DM.A) a € R = Dom(«af) = Dom(f)

DM.S) Dom(f + g) = Dom(f) N Dom(g)
DM.D

Dom(f — g) = Dom(f) N Dom(g)

N

Dom(fg) = Dom(f) N Dom(g)

om(f og) ={z € Dom(g) : g(x) € Dom(f)} (Composition of f and g — In general, fog # go f)

(f

Dom(f/g) = [Dom(f) N Dom(g)] \ {g(z) = 0} [i.e. Find Dom(f)N Dom(g), then exclude x’s where g(x) = 0]
(fo

Dom(f~

') = Rng(f) (f71 = inverse of f)

RANGE OF SIMPLE FUNCTIONS:

(RG.1) g1 € {z, 2% 2%, 27, ¥z, {/z,tanx, cot x,Inz, logx,log, x,...} = Rng(g1) =R
(RG.2) g2 € {Jol, 2%, 24,2%, /&, /5, U7, ...} = Rng(ga) = [0,00)

(RG:3) gu € {d. 97 95”3 (VB)", -} = Rug(gs) = (0,00)
(RG4) g4 € {sinz,cosz} = Rng(gs) = [—1,1]
(
(

RG.5) g5 € {cscz,secx} = Rng(gs) =R\ (-1,1) = (—o0, —1] U [1, 00)

RG.V) Rng(f™*) = Dom(f) (ffl = inverse of f)

(©2012 Josh Engwer — Revised December 27, 2012



EXAMPLE: Find the domain of f(z) = 223 — x + 10

(Easy Method) Observe that f is a polynomial, and further observe that a polynomial is defined everywhere.

Hence, | Dom(f) =R

EXAMPLE: Find the domain of f(z) = ﬁ
Tz —
(Easy Method) Observe that f is a rational function and is defined everywhere except where the denominator is zero.
= 2z—-10=0 = 20 =10 = 2 =5 <= =z € {5}

Hence, ] Dom(f) =R\ {5} = (—00,5) U (5, o0) \

(General Method) Let f1(z) =4, fo(z) = 22 — 10. Then, f(z) = fi(x)

- fe(z)
— Dom(f) = Dom (%) L2 [Dom(f1) NDom(f2)| \ {f2(z) = 0} "2 [RNR] \ {5} =R\ {5}
Hence, ’Dom(f) =R\ {5} = (—00,5) U (5,00) ‘
EXAMPLE: Find the domain of f(z) = H%

(Easy Method) Observe that f is a rational function and is defined everywhere except where 1 + z* = 0.

But, the equation 1+ 2* = 0 has no (real) solutions <= x € §. Hence, | Dom(f) =R

(General Method) Let fi(z) =1, fo(z) = 1 + z*. Then, f(z) = f1(:r)
fa(z)
fi

= Dom(f) = Dom (E) e [Dom(fl) ﬂDom(fz)] \ {fo(z) = 0} P! [RmR] \0=R.

Hence, | Dom(f) =R

EXAMPLE: Find the domain of f(z) = zlnz — /z
(General Method) Let f1(z) =z, f2(x) = Inz, f3 = \/x. Then, f(z) = fi(z)f2(x) — f3(x).
= Dom(f) = Dom(fifa — fs) = [Dom(fl) N Dom(f2)| N Dom(fs) = [leh] N[0,00) = Ry N[0, 00) = Ry

Hence, ’Dom(f) =R4 = (0,00) ‘

EXAMPLE: Find the domain of f(x) = /10 — z
(General Method) Let fi(z) =10 — z, fo(z) = v/z. Then, f = fao f1.
= Dom(f) =Dom(f0 f1) "= {z € Dom(f1) : fi(z) € Dom(f>)} = {z € R: (10— z) € [0,00)}
={zeR:10-2>0}={ze€R:2 <10} = (—o0, 10]

Hence, ’Dom(f) = (—o0, 10] ‘

EXAMPLE: Find the domain of f(z) = arcsinz
. DM.V . RG.4
(General Method) Dom(f) = Dom(arcsinz) ~ =" Rng(sinz) "= [—1,1]
Hence, ‘Dom(f) =[-1,1] ‘
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