( — zy? do + 2° dy), where C is the path from (—1,1) to (0,1) along line y = 1 and then from

EX 13.2.3: Compute/

c
(0,1) to (1,0) along quarter-circle 2 4 y* = 1.

Path C is too hard to parametrize! Therefore, subdivide C:
C is the path from (—1,1) to (0,1) along line y =1

C = Cy U (—C3), where s
C> is the path from (1,0) to (0,1) along quarter-circle z° + y* = 1 in Quadrant I

Parameterize subpaths Ci & Ca:

z(t) =—14+[0— (=1t z(t)=t—1
Cr:{ yt)y=1+(1—- 1)t SIMELIFY oo L y(t) =1
t€[0,1] te€[0,1]
x(t) = cost
Co: y(t) =sint <+— This parametrization of C3 is the simplest but is in the CCW orientation! [from (1,0) to (0,1)]
te0,m/2]

To remedy this, realize that — C5 is in the desired CW orientation. [from (0,1) to (1,0)]

Express dr & dy in terms of ¢ & dt:

Ciiz(t)=t—-1 = 2JH)=4[t-1]=1 = dr=2/(t) dt =dt
Cr:y(t)=1 = YO =4L4[1]=0 = dy=y'(t)dt=0dt
Cy:z(t)=cost = 2/(t)=L[cost]=—sint = dz=2a'(t)dt=—sintdt
Cy:y(t) =sint = y'(t)= <% [sint] = cost = dy=1y'(t) dt =cost dt

Rewrite line integral as an ordinary single integral & compute as appropriate:

/(—mdem—i—dey) / (—nyda:—i—xQ dy)+/ (—:cy2 d:c+m2dy>
e} C1 —C2
= / (—nydx—f—xQdy)—/ (—:cde:c+m2dy>
el Cs

1 /2
= /0 [—(t—1)(1)(dt) + (t — 1)2(0 dt)] — /0 [—(cos t)(sin t)?(—sint dt) + (cost)?(cost dt)]

1 /2 /2
= / (1-1¢) dt—/ sinBtcostdt—/ cos® t dt
0 0 0

The 3" integral is a CalclI integral!!

Since the integrand only involves an odd power of cosine,

factor cost & apply the Pythagorean Identity to what remains:

1 /2 /2
= / (1—1t)dt— / sin® t cost dt — / cos” tcost dt
01 07r/2 07r/2
= / (1-1) dt—/ singtcostdt—/ (1 —sin®t) cost dt
0 0 0

CV : Let u =sint, then du = cost dt, and u(0) =sin(0) =0 wu(w/2) =sin(7/2) =1

1 1 1
& /(1—t)dt—/u3du—/(1—u2)du
0 0 0

t=1 u=1 u=1
_ 1,2 1,4 1,3
- [t_it]t:o_[zu] _[U_Eu]

@ =-507) - o] - [sy' - 0] - [(1) = 5)) o]
5
- e
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