FUNCTIONS OF SEVERAL VARIABLES: CHAIN RULES [SST 11.5]

THE ”1-1” CHAIN RULE (FROM CALCULUS I):

dy _ dyda

— = 1 = 1 : = —
Let y = f(z) € C* where z = g(¢t) € C*. Then: T d @

THE ”1-2” CHAIN RULE:

0z  dz Oz 0z dzOx
_ _ 1 _ E8)) 0z _ 9z _dz 0z
Let z = f(x) € C* where = g(s,t) € C'".  Then: 95 = dz Ds % = do Ot

THE »”2-1” CHAIN RULE:

dz Ozdx 0Ozd
_ - (L) - 1 - 1 Q2 gEar, 92
Let 2 = f(z,9) € CT where 2 = g(t) € C" and y = h(t) € C". Then: = = 5 = + 5

THE ”2-2” CHAIN RULE:

— Let z = f(x,y) € CMY where z = g(s,t) € CY and y = h(s,t) € C1Y. Then:

0: _0z0n 920y 0z _0:00 020y
0s  Oxds OyOs ot Or ot Oy ot
THE ”1-3” CHAIN RULE:
0z dz Ox 0z dz Oz 0z dz Oz
_ _ 1 _ (1,1,1) .0z _ azox 0z _dzox 0z _ azox
Let z = f(z) € C* where z = g(r,s,t) € C . Then: 5 = dm Or 55— du Bs 5 = du Bt
THE ”3-1” CHAIN RULE:
dw OJwdr OJwdy OJwdz
_ _ (1,1,1) _ 1, 1, _ 1 LW _owar  owdy  owdz
Let w = f(z,y,2) € C st.z=g(t) e C,y=h(t) e C", z=p(t) € C". Then: d = ordi oy di + 5 di

THE ”2-3” CHAIN RULE:

— Let z = f(z,y) € CV st = g(r,s,t) € CEYY |y = h(r,s,t) € OB, Then:
0z 0z0x  0z0y 0z _ 0z0x | 020y 0z _ 0z0x | 020y

or Oz or ' Oy or Os Oz s  OyOs ot dx ot ' Oy ot
THE ”3-2” CHAIN RULE:

— Let w = f(z,y,2) € CLIY st &= g(s,t), y = h(s,t), z=p(s,t) € OV, Then:
Ow _Owdzr  Owdy  Owoz Ow _Owdzr  Owdy  Owiz

ds  Ox ds Oy Bs Oz Os ot dx ot ' Oy ot | 0z Ot
THE ”3-3” CHAIN RULE:

— Let w = f(z,y,2) € COMY st o= g(r,s,t), y = h(r,s,t), z=p(r,s,t) € CHYY . Then:

du _ouwds  owdy , owo dw _wde  dwdy , dwos
or  Ox Or Oy or Oz 0r 0s Oxrds Oyods Oz 0s
ow Owdxr Owdy Owoioz

o " or ot T oyor oz ot

IMPLICIT DIFFERENTIATION (2-VARIABLE FUNCTION):

— Let F(z,y) =0s.t. F e ™Y and y is implicitly a function of . Then:

dy _ _Fo
N

IMPLICIT DIFFERENTIATION (3-VARIABLE FUNCTION):

provided Fy # 0

— Let F(z,y,2z) =0s.t. F € C®bY and z is implicitly a function of (z,y). Then:

% = f%, provided F, # 0
g—; = f%, provided F, # 0

(©2013 Josh Engwer — Revised September 22, 2014



EX 11.5.1:| Let z = 2%y —xy?, e =3 +t°, y =5 — 2.

E Sketch the dependency tree for z.

(b) | Write out the Multivariable Chain Rule for %
dz

dt

d
(¢) | Using the Chain Rule found in part (b), compute i

dt’

(d) | Compute % when ¢t = 1.
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EX 11.5.2: | Let w=ae??, 0 =2+t y=1—1t, 2 =3 — 2L.

E Sketch the dependency tree for w.

(b) | Write out the Multivariable Chain Rule for %
dw

dt

d
(¢) | Using the Chain Rule found in part (b), compute dlf'

(d) | Compute dd—qf when ¢t = 1.
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EX 11.5.3:| Let z = e®¥ tan(wx), x = s — 3t, y = st.

E Sketch the dependency tree for z.

(b) | Write out the Multivariable Chain Rule for %
Oz

ot

(¢) | Using the Chain Rule found in part (b), compute 0z

ot

(d) | Compute % when s =1 and ¢t = 2.
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EX 11.5.4:| Let u = 2% —zy, x = prsiné, y =rcosf, z=p —r.

E Sketch the dependency tree for w.

(b) | Write out the Multivariable Chain Rule for g—z
Ou

Op

m Using the Chain Rule found in part (b), compute gz

(d) | Compute g—; when p=2,r=3,and 0 = 7.
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EX 11.5.5:| Let v = +/r? + 52, r = 4y + zcos(3t), s = x — ysin(2t).

E Sketch the dependency tree for v.

(b) | Write out the Multivariable Chain Rule for %
Ov

or

(¢) Using the Chain Rule found in part (b), compute 9

oz’

o

d) Compute when x =1,y =2, and ¢t = 0.
ox
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— st
11.5.6: | Let z = arctanx, =z = r—st

V3
(a)| Sketch the dependency tree for z.

(b) | Write out the Multivariable Chain Rule for %
0z

ds

(c) Using the Chain Rule found in part (b), compute gz
s

(d) Compute % when r =3, s =2, and t = 2.

(©2013 Josh Engwer — Revised September 22, 2014



EX 11.5.7:| Given implicit function sin(z + 5y) = Tze™Y, use a Multivariable Chain Rule to find %

EX 11.5.8:| Given implicit function yz = In(z + z), use a Multivariable Chain Rule to find % & %
£ Y
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EX 11.5.9: | A rectangular box is changing in such a way that its length ¢ is increasing at a rate of 3 ft/hr, its width w is
increasing at a rate of 5 ft/hr, and its height h is decreasing at a rate of 2 ft/hr.

At what rate is the volume of the box changing when its length is 10 ft, its width is 20 ft, and its height is 15 ft?
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