TRIPLE INTEGRALS: CYLINDRICAL & SPHERICAL COORDINATES [SST 12.7]

¢ SURFACES WITH SIMPLE REPRESENTATION IN CYLINDRICAL COORDINATES: (k € R)
SURFACE CYLINDRICAL FORM
z-simple (Circular) Cylinder r=k
z-simple (Circular) Cone r=kz
z-simple (Circular) Paraboloid r? =kz
z-simple (Circular) Hyperboloid of 1 Sheet r? =241
z-simple (Circular) Hyperboloid of 2 Sheets r?=2%-1

¢ RECTANGULAR TO CYLINDRICAL COORDINATES:

xr =rcosf
y =rsinf
z=z

Let f(z,y,2) € C(E), where solid E C R? is z-simple s.t. its proj. D is r-simple.
oYL Largest 6-value in D Outer BC of D Top BS in cyl. form
// fav X / / / frdedrdd
E Smmllest (9 v‘Llue in D JInner BC of D Btm BS in cyl. form
g2 ( f2(r cos 0,rsin 0)
/ / / f(rcosf,rsinb, z) r dz dr df
9 f

1(0) 1(r cos 6,rsin 0)
REMARK: If region D only has an outer BC, then the inner BC is the pole (r = 0).
REMARK: Always integrate in the order dz dr df.

¢ SURFACES WITH SIMPLE REPRESENTATION IN SPHERICAL COORDINATES: (k € R)
SURFACE SPHERICAL FORM | REMARKS (IF ANY)
Sphere p=k k>0
z-simple (Circular) Half-Cone o=k k#m/2
zy-plane p=m7/2
Plane z =k p=kseco
Plane y = k p = kcscpcesch
Plane x = k p = kcscpsech
¢ RECTANGULAR TO SPHERICAL COORDINATES: (O <o < 7r)

x = psin¢cosf
y = psin ¢sinf
zZ=pcos¢

Let f(z,y,2) € C(E) st. E CR?is a closed & bounded solid . Then:

SPH Largest 6-val in E Largest ¢-val in E Outside BS of E
// fdv °= / / / fp’sing dp do do
E S S I

mallest -val in E mallest ¢-val in E nside BS of E

/// f(psingcosf, psin ¢sin b, p cos ¢p) p2sing dp do do
E
— OR EQUVIALENTLY —

SPH Largest ¢-val in E Largest 6-val in E Outside BS of E
// fav "= / / / fp’sing dp do do
E S S I

mallest ¢-val in E mallest #-val in E nside BS of E

// f(psingcosb, psin ¢sin b, p cos ¢p) p2sing dp do do
E

REMARK: Setting up iterated triple integral is harder since projection of E on zy-plane is useless!
REMARK: Always integral in either dp d¢ df or dp df d¢ order.
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EX 12.7.1: | Using cylindrical coordinates, compute I = /// ¥/ x2 + y2 dV, where E is the solid half-cylinder
E
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EX 12.7.2:| Using cylindrical coordinates, compute [ = /// 2% dv,
E

22 py? =1
where FE is the solid bounded by the cylinders &
0<2<2
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below by paraboloid 2z = z? + y>.

Using cylindrical coordinates, compute I = / / dV, where E is the solid bounded above by plane z = 3 &
E
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EX 12.7.4:| Using spherical coordinates, compute I = /// S dv,
B 2?2 +y? + 22

2yt 422 <1 }

where F is the right solid hemisphere
y20

(©2013 Josh Engwer — Revised October 27, 2014



Using spherical coordinates, compute I = / / / z dV, where FE is the solid bounded above by plane z = 3 &
E

below by the half-cone z = /22 + y2.
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